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EXTENSION OF CR-FUNCTIONS INTO WEIGHTED WEDGES
THROUGH FAMILIES OF NONSMOOTH ANALYTIC DISCS

DMITRI ZAITSEV AND GIUSEPPE ZAMPIERI

ABSTRACT. The goal of this paper is to develop a theory of nonsmooth analytic
discs attached to domains with Lipschitz boundary in real submanifolds of C™.
We then apply this technique to establish a propagation principle for wedge
extendibility of CR-functions on these domains along CR-curves and along
boundaries of attached analytic discs. The technique from this paper has been
also extensively used by the authors recently to obtain sharp results on wedge
extension of CR-functions on wedges in prescribed directions extending results
of BOGGESS-POLKING and EASTWOOD-GRAHAM.

1. INTRODUCTION

The classical HARTOGS extension theorem states that holomorphic functions in
a neighborhood of the Hartogs figure extend holomorphically to a larger subset.
Such automatic extension to larger subsets plays an important role in the study of
holomorphic functions in several complex variables. A general result of this type
has been recently obtained by TuMANOV [T95]. He shows, for a wedge V' with
generic edge F in a submanifold M C C™, that holomorphic functions in a (fixed)
neighborhood of V' extend holomorphically to a (fixed) wedge in C™ with edge E.

If the edge FE is not generic, the conclusion about joint extension to a wedge
may not hold (see Example 2.3 below). The same may happen if the edge E is not
smooth but only Lipschitz (see Example 2.4). However, one may still ask:

When do all holomorphic functions in a neighborhood of V' extend holomorphi-
cally to a subset of a given geometric shape near E, not necessarily a wedge?

In this paper we give conditions on V' that guarantee holomorphic extension in
the above sense to regions more general than wedges which we call a-wedges and
which can be viewed as wedges in the space where the normal directions to M
have a weight 0 < a < 1 (see Definition [2:2). In order to treat equally the case of
wedges with Lipschitz edges, we consider a more general class of open sets V' C M
with Lipschitz boundary, and for every p € 0V we denote by Cp,V C T, M the open
tangent cone (see §2). We define the complex angle of V' at p to be the maximal
angle of the intersection of C},V with a complex line in T),M. If all intersections
are empty, we say that the complex angle is 0. It is clear that the complex angle is
a local biholomorphic invariant of V' at p.
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We prove:

Theorem 1.1. Let M C C" be a generic submanifold of class C* and V. C M
an open subset with Lipschitz boundary at a point p € OV with complex angle w«
for some o > 1/2. Then for every neighborhood V' of V' in C™ there exists an
a-wedge V" in C™ over V at p such that all holomorphic functions in V' extend
holomorphically to V.

The angle ma = 7/2 plays a special role, as we observed in [ZZ01]. The main
reason is that for & > 1/2 and ¢ > 0 small, the power t/® dominates the power ¢2
that appears in the defining equations of M. Observe that in the result of [T95]
mentioned above, where V' is a wedge with generic edge F, the complex angle of V'
at a point p € E is always 7 (see [2Z01]), and hence « > 1/2. In contrast to [T'95],
the edge F plays a secondary role in Theorem [IJ] and can be seen as a subset of
the Lipschitz boundary of V.

The result of TumaNOV [T95] was obtained as a consequence of a more general
propagation principle for wedge-extendibility of CR-functions that we also estab-
lish here in our case. Recall that a CR~curve in M is a piecewise smooth curve
~v:[0,1] — M with ~/(¢) € Ts,yM for all t € [0,1], where TSM := T, M NiT, M.
We have:

Theorem 1.2 (Propagation of wedge extension along CR-curves). Let M C C"
be a generic submanifold of class C*, and V. C M an open subset with Lipschitz
boundary at a point p € V. Let v: [0,1] — {p} UV be a CR-curve with v(0) = p
such that +'(0) € C,V and the angle of the sector C,V N C~'(0) is e for some
1/2 < a < 1. Then, for any wedge V' with edge V in C"™ at (1), there exists an
a-wedge V" in C™ over V at p such that any continuous CR-function on V that
has a holomorphic extension to V' also has a holomorphic extension to V.

As in [T95] we also study extension of CR-functions to wedges in submanifolds
of lower dimension:

Theorem 1.3 (Propagation of CR-extension along CR~curves). Under the assump-
tions of Theorem [L3, for any wedge V' with edge V' at (1) in a submanifold of
C™ with boundary V, there exists an a-wedge V" over V at p in a submanifold
of C™ with boundary M such that any continuous CR-function on V that has a
CR-extension to V' also has a CR-extension to V.

As in [T95] we obtain Theorems[[.2 and by approximating a CR-curve by a
sequence of attached analytic discs and applying a propagation result along such
discs. The main difference here is that we allow nonsmooth discs A: A — C" of
the form

(1) A(T) = (1 =7)% A0 + Au(7),

where Ag € C and A; € CYP(A) N O(A) for some 0 < 8 < 1. By a small disc of
the above form we mean a disc with both Ay and A; being small in corresponding
norms. Our propagation result along analytic discs can be stated as follows:

Theorem 1.4 (Propagation along nonsmooth analytic discs). Let M C C™ be
a generic submanifold of class C* through p = 0, and V. C M an open subset
with Lipschitz boundary at p € OV. Fiz a vector v € T,M such that, for some
1/2 < a < 1, the sector {T%v : ReT > 0, 7 # 0} is contained in C,V. Then, for
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any sufficiently small analytic disc A attached to M of the form () with Ag € Ryv,
Ay € CYB(A) and A1(1) = p, and for any q € A(OA) NV, the following hold:
(i) For any wedge V! C C™ with edge V at q, there exists an a-wedge V" C
C™ at p over V such that any continuous CR-function on V that has a
holomorphic extension to V' also has a holomorphic extension to V.
(ii) For any wedge V' with edge V' at q in a submanifold M’ with boundary V of
class C*, there exists an a-wedge V" over V at 0 in a submanifold M" C C"
with boundary M of class C' such that any continuous CR-function on V
that has a CR-extension to V' also has a CR-extension to V. Moreover,
given several wedges VY, ..., V! as above in s linearly independent directions
in T,C"/T,M, the corresponding submanifolds M/, ..., M can be chosen
in s linearly independent directions in T,C™/T,M.

Theorems can be seen as boundary versions of corresponding propagation
results for interior points of a generic submanifold due to HANGES-SJOSTRAND
[HS82], HaNGES-TREVES [HT83], TREPREAU [Tr90] and Tumanov [T93], [T94].

We now compare our methods with those of [T95]. The assumption that V is
a wedge with generic edge E was essentially used in [T'95] for the construction of
smooth (C®) analytic discs A: A — C" attached to V for which open pieces
of A(OA) are contained in E. The assumption that the edge has regularity at
least C1* was also needed there. In our situation such discs may not exist. Our
approach is based on attaching nonsmooth analytic discs A as in () for which
A(1) € OV and A(OA\{1}) C V. In particular, the case of Lipschitz edges can also
be treated. The next technical difficulty arising here when pursuing known methods
is to determine what should be the directions of those discs at their singular points.
The classical theory of attaching discs in Holder spaces C'* is not satisfactory, since
a general Holder vector-function may not be differentiable and hence its direction
at a boundary point may not be defined in a reasonable sense. Instead of working
in this large class we solve the Bishop’s equation in a more restrictive class of “a-
discs” of the form () for which their directions are defined in the space normal to
Ap and are given by the derivatives of A;. The a-wedges are obtained as unions of
those discs as A(1) moves in V.

Another important feature of our method is that all normal directions to M for
an a-wedge are obtained directly by deforming a-discs rather than by separately
treating directions of automatic extension and directions transversal to them as in
[T95).

Finally, establishing uniform approximation of CR-functions on V' by polyno-
mials in the spirit of the celebrated BAOUENDI-TREVES theorem [BTRI] requires
additional care in our case. Since the boundary 0V may not contain generic sub-
manifolds, the method of [BT8I] cannot be applied directly as in [T95]. Here we
refine the arguments to obtain approximation separately on the boundary of each
sufficiently small a-disc; this suffices for our purposes.

We conclude by giving an application of Theorem to a description of holo-
morphic hulls of pieces of generic real submanifolds near their boundaries. Recall
that a generic submanifold M C C" is called minimal at a point ¢ € M if any sub-
manifold S C M through ¢ with 7,5 D TSM for all x € S coincides with M. By
TUMANOV’s extension theorem [T88], [T90], if M is minimal at ¢, all CR-functions
on M extend holomorphically to a wedge in C™ with edge M at q. Hence we obtain
the following immediate corollary of Theorem [[21
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Corollary 1.5. Let M, V, p, a and v be as in Theorem [1.2 and suppose in
addition that M is minimal at v(1). Then all continuous CR-functions on V extend
holomorphically to an a-wedge in C™ at p over V.

It follows that also polynomial, rational and holomorphic (with respect to a Stein
neighborhood) hulls of V' contain an a-wedge in C™ at p over V.

2. PRELIMINARIES AND EXAMPLES

In this section we recall some basic concepts used in {1l and conclude by giving
examples demonstrating phenomena that were discussed there.

By a cone I' in the euclidean space R™ we always mean a subset invariant under
multiplications by positive real numbers. A subcone IV C T' is said to be strictly
smaller if T” \ {0} is contained in the interior of I'. We say that an open subset
V in a (C!) manifold M has Lipschitz boundary at a point p € dV if, in suitable
coordinates near p, OV is be represented by the graph of a Lipschitz function. It
is easy to see that V has Lipschitz boundary at p if and only if there exists an
open cone I' C T, M such that, for any strictly smaller subcone I'' C T" and some
(and hence any) local coordinates on M in a neighborhood of p, one has x +y € V
for all z € V and y € T" sufficiently close to p and 0 respectively (here the sum
is taken with respect to the given coordinates). It is clear that, if V satisfies the
above property with respect to two cones I'y,I's C T}, M, it also does with respect
to their sum I'y +I's. Furthermore, among all such cones there is a unique maximal
one, namely the sum of all of them, which is automatically convex. We call it the
tangent cone to V' at p, and denote it by C}, V.

The notion of Lipschitz boundary is convenient for defining wedges in a slightly
more general context than was used in [T'95]:

Definition 2.1. Let M C R™ be a submanifold and p € M. A wedge with edge
M at p is an open subset in R with Lipschitz boundary at p € 0V such that the
boundary 9V contains a neighborhood of p in M.

Our next basic notion is that of an a-wedge:

Definition 2.2. Let M C R™ be a submanifold, V' C M an open subset and
pedV. Fix 0 < a < 1. An a-wedge in R™ over V at p is an open subset V' C R™
for which there exist a neighborhood €2 of p in R™, a wedge W with edge M at p
and a constant C' > 0 such that

(2) V'NQD {xeW:dist(z,V) < C dist(z, V) },
where the distance is taken with respect to any Riemannian metric.

If M’ C R™ is another submanifold containing M, both wedges and a-wedges in
M’ are defined in the obvious way with respect to local coordinates on M’. Both
notions also make sense if M’ is a manifold with boundary M at a point p € M.

In our situation M will always be a generic submanifold of C™, i.e. T,M +
iT,M = T,C" for all x € M. The CR-functions on M are defined as functions
satisfying tangential Cauchy-Riemann equations in the distributional sense. In the
sequel, CR-functions will be assumed at least continuous, i.e. of class C°. In all our
results, the extension of CR-~functions of any more restrictive class C* (1 < s < 00)
is also obtained in the same class C*®.

The following elementary example shows that, if the edge is not generic, a domain
of holomorphy containing the wedge may not contain any a-wedge for any a.
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Example 2.3. Consider the hyperplane M := {Im zp = 0} in CZ, _, and the wedge
(half-space) V := {z € M : Rezo > 0} with edge E := {z € M : z2 = 0}. Then for
any domain D C C containing R there exist holomorphic functions in Cx D D V
that do not extend holomorphically to any larger domain.

The following example shows that the conclusion of [T95] may not hold for
wedges with Lipschitz edges.

Example 2.4. Consider the hypersurface M := {z = (21, 22) € C? : Im 25 = |2|?}
and, for a real number 1/2 < o < 1, the wedge V :={z € M : Imz < Imzi/a}
with edge E := {z € M : z; = 0} at 0. Here the edge is not generic. We can also
view V as a wedge with edge E := {z€ M :Imz, =Im z%/a} that is generic and
Lipschitz (i.e. can be locally represented as a graph of a Lipschitz function) but
not smooth.

We claim that the CR-functions on V' do not extend holomorphically to any
wedge W with edge E at 0. Indeed, any such wedge W must be contained in
the convex hull of V' and hence must intersect one of the analytic discs A.(7) :=
(1,ert/®), ¢ > 1, defined for 7 € C with |7|> < Im 7Y/, Then the CR-function
fz1,22) := (22 — czi/a)*l on V does not extend holomorphically to W. Since
the above functions are uniformly approximated by holomorphic polynomials on
compacta in V, it follows that the polynomial, rational and holomorphic hulls of
V (with respect to any Stein neighborhood) do not contain any wedge in C? with
edge F.

3. NONSMOOTH ANALYTIC DISCS

3.1. Basic definitions. The reader is referred to the books of BocGEss [Ba91]
and of BAOUENDI-EBENFELT-ROTHSCHILD [BER99)] for basic properties concerning
analytic discs and the Hilbert transform. Here we survey some facts that will be
used in this paper. We write A := {7 € C : |7| < 1} for the unit disc and A for
its boundary. By an analytic disc in C™ we shall always mean a continuous map A
from the closure A into C™ whose restriction to A is holomorphic. An analytic disc
A: A — C™ is said to be attached to a subset S C C" if A(OA) C S. (For attached
analytic discs with merely measurable boundary values, see e.g. [Bo9§], [Bo99].)

Any analytic disc A: A — C" is uniquely determined by its boundary value
Aloa and can be reconstructed by the unique harmonic extension of Re A|gpa and
Im A|sa. Because of this uniqueness property we shall write the same letters for a
disc and for its boundary value.

Vice versa, a given continuous complex function A on 0A is a boundary value of
an analytic disc if and only if the real and imaginary parts of A are related (up to
an additive constant) by the Hilbert transform. Recall that the Hilbert transform
of a real function u on A (in L?) is the unique real function v such that v(0) = 0
and u + v extends holomorphically to A (in the sense of boundary values in L?).
Here we shall only consider functions in Holder spaces C for 0 < o < 1 (see below
for precise definitions) for which both Hilbert transform and harmonic extensions
are also in C* due to Privalov’s classical theorem (see e.g. [Bo91|).

3.2. Preliminaries on Hélder spaces. In the sequel we shall write a < b if

there exists a universal constant C' > 0 such that the inequality a < Cb holds for
all @ and b under consideration. Let the unit circle A be parameterized by €%,
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6 € 10,27]. If f: OA — R™ is a map, we write f(f) instead of f(e) for brevity. By
the k-th derivative f*) of f we mean the derivative with respect to 6. For integers
k=0,1,..., we use the norm

k
£l = Zs%plf(s>(9)l~
s=0

Further, we fix 0 < a < 1. Most of the following estimates hold also for @ = 1.
However, in order to have the boundedness of the Hilbert transform, we have to
restrict to the case 0 < a < 1. We use the notation

|f|a = sup |f(91) - f(92)|

) a = + a
sup LEI=ICL 7 510+ 19

and, for k > 1,
k
1£llea =D 1o
s=0

The Hélder space C (resp. C*) is the space of all C° (resp. C*) maps f with
| flla < oo (resp. with || f]lk,a < 00).

If f and g are maps from A into some matrix spaces such that the pointwise
product fg makes sense, we have

fgle < sup [/ (01)(9(B1) —9(B))] sup [(f(61) — f(62))g(62)]|
a> 01702 |01 — G| 0, %0, 01 — 03]

< [Ifllolgla + 1flallgllo,

which implies the estimate

(3) 1£glla < 1flallgllas

showing that C® is a Banach algebra. Analogously it follows that C* is a Banach
algebra for each k.

Now consider the case of compositions. Let f: 0A — R™ be as before, and let
h:R™ — R™ be a map of class C'. We have

ho fla= sup |h(£(61)) — h(f(62))]

017062 |91 _92|O(

< ||h/||0 sup |f(91) - f(zQ)l
01762 |91 - 92|

(4)
< 170l fla

where h' is seen as a map from R™ into the vector space L(R™ R™) of all linear
operators with the standard norm. From (@) we easily obtain

(5) 1Be flla < llRllo + 17" llo]fla-
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Furthermore, we will need an estimate for the difference of two compositions.
Here we require h to be of class C2. Then, by (B]), we obtain

1
(6) ||h0f1—h0f2|\a§/0 | o (tf1+ (L—1t)f2) [f1r — fo|| ,at
1
< [ o @i+ (=08 |1~ Sl
0
1
< [ W+ 1 Lol + (1= 0] )1y = Falloc
< (1Mo + 510"l Al + 1fellad ) 11 = Fola

3.3. Function spaces with singularities. In this section we introduce Banach
spaces of functions on A and on A that are (at least) C' everywhere outside the
point 1 € OA and have a prescribed singularity at 7 = 1. These spaces will play a
crucial role in the construction of nonsmooth attached analytic discs in this paper.

In the sequel, for 0 < « < 1, we always consider the principle branch of (1 —7)¢
on A which is real and positive on the segment [—1,1]. For each a denote by
d = d(a) the unique positive integer such that da < 1 < (d + 1)a Then d is the
maximal power such that (1 —7)9* ¢ C1# for any 0 < 8 < 1. For the sequel we
fix any ( satisfying

- {0<6§(d+1)a—1 if (d+ 1o > 1,

0<B<(d+a—1 if(d+Da=1

(we always have (d+1)a—1 < 1). Then we have 3 < a and (1 —7)** € C!F if and
only if s = 0 or s > d. Motivated by these considerations, we introduce function
spaces spanned by all powers of (1 — 7)® and the space C1# as follows.

Denote by C4[(1—7)%] and Cy4[(1—7)%, (1—7)?] the (finite-dimensional) spaces of
complex polynomials of degree at most d in the corresponding variables. By a slight
abuse we use the same notation for the spaces of restrictions of the polynomials to
OA and to A respectively. In order to exclude constant functions from C%?, we
consider the subspace of all functions f € C# with f(1) = 0 denoted by C}°.

We now define

PAA) := Cy[(1 = 7))+ C1P(8A) c CO(9A),
PUA) := Cy[(1 — 1), (1 —7)] + CLP(A) c CO(A).

Our choice of the spaces is motivated by the following basic property:

(8)

Lemma 3.1. Both sums in (8) are direct, i.e. any function f € P*(OA) (resp.
f e P¥(RA)) is uniquely decomposed as a sum f = p+ g with g € CHP(OA) (resp.
g€ Cll’ﬁ(Z)) and p a polynomial in the corresponding space.
Proof. We show that the decomposition f = p + g is uniquely determined by the
asymptotics of f at 1 € JA. For 7 = ¢ € A and any s, we have

(1 —=7)**=(1—cos@ —isinf)°* = (—if)**(1 + Ors(0))
with rs(0) real-analytic for § € [—m, ], where we used the standard power series

expansions of sinf and cosf at § = 0. Hence, for any two decompositions f =
P14+ g1 = p2 + g2 as in the lemma, we must have p;((—i0)®) — p2((—i0)%) € C’ll’ﬁ7
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which is only possible for p; = p; and therefore g1 = go. Similarly, the uniqueness

of the decomposition in P*(A) follows from the asymptotics of the powers (1—7)*
at T =1 for 7 € A. d

We define the norm on each polynomial space to be the sum of the absolute
values of the coefficients. We also consider the standard norm || - |13 on C}*.
Then the uniqueness of the decomposition allows us to define the norm || f|| (4 of
an element f = p + g of P*(A) (resp. of P¥(A)) with p and g as in Lemma B.1]
to be the sum of the norms of p and g.

Lemma 3.2. There exists a constant C > 0 such that the spaces P*(0A) and

P (A) with the norm C|| - ||(a) become Banach algebras.

Proof. We consider the space P®(0A); the proof for the space P*(A) is completely
analogous. The only nontrivial statement is the behavior with respect to the mul-
tiplication. The property

9) Cllfgll) < C?lflllglla

can be easily checked if both f and g are either polynomials or in 011 ATt remains
to consider the case when f(7) = (1 —7)** and g € C’ll’ﬁ. By removing the linear
terms, we may assume that g(1) = ¢’(1) = 0 and hence |g(7)| < ||gll1,5]1 — 71,
l9'(7)] < llgll1.1 — 717 We have

(10) (f9) (1) = sa(l = 1)**"lg(r) + (1 — 7)**g/(7).

Since sa > o > f3, the second term is a product of functions in C?, hence it is in
CP with its norm estimated by || f|/()/|gl/(a)- To show that the first term is also in
CP, we estimate its derivative

[(sa(1 = 7)**g(n) | S 11 = 772|g(n)] + [1 = 7[**7Hg' ()] < gllplt — 77~

which implies, by integration, that also the first term on the right-hand side of (I0)
is in CP with its norm estimated by ||g||1,3. Summarizing, we have fg € C;*(9A)
with || fgll(a) S 1/ l(a)ll9ll(a)- Then the estimate () is easily obtained by choosing
a suitable constant C. g

For the sequel we rescale the norm according to Lemma [B.2] to obt_ain the in-

equality || fglla) < Ifll(allgll(a) for all f,g € P*(OA) (resp. f,g € P*(A)) without
any constant C'.

3.4. Boundedness of the Hilbert transform. In the following, when we write
P(K), we always mean that K is either 9A or A. We define spaces analogous to
P(K) for R"-valued functions by using the standard embedding R™ C C™ and by
defining a function f: K — R™ to be in P*(K,R") if and only if each component of
f is in the corresponding function space P*(K). Thus a function is in P*(K,C")
if and only if its real and imaginary part are both in P*(K,R™). With the norm
being the sum of norms of components, we obtain a natural Banach space structure
on P*(K,R"™). The following basic property follows directly from the construction
and from Privalov’s theorem:

Lemma 3.3. The Hilbert transform is a bounded linear operator on P*(0A).



EXTENSION OF CR-FUNCTIONS 1451

3.5. Composition with smooth functions. As before, for h: R — R™, we
view the derivative A’ as a map from R" into £(R™,R™) and enclose the vector
argument in brackets [-] to avoid confusion with other arguments.

Let d > 1 and 0 < 8 < « be chosen as in the previous section. We begin with
a special case of composition, where the map h vanishes of order higher than d at
0. We then show that the composition h o f is always in C*# for f € PY(K) with

f(1)=o0.

Lemma 3.4. For f € PY(K,R") with f(1) =0 and h € C2(R", R™) with van-
ishing derivatives h®)(0), 1 < k < d, the composition ho f is always in CY8 (K, R™)
and we have the estimate

(11) lo fllus < (U+ 1A I Allare:

Proof. We write f = p+ ¢ as in Lemma BI]and compute the derivative

(12) (h(£)) (1) = K (f ()" ()] + 1 (f()lg' (7)].
Since 3 < a and f € C*, we always have f € C” with || f||g < [|f||(a), and therefore
B ofeClwith |[Wofls S A+ [fll)lhlz by @). Since ¢ € CP and C” is
a Banach algebra, the second term on the right-hand side of (IZ) is in C% and its
norm is estimated by the right-hand side of (ITJ).

It remains to show the same estimate for the first term on the right-hand side
of (I2)). Since (1 — 7)* € C”, multiplication by (1 — 7)% or (1 — 7) preserves the
class CP. Hence it suffices to prove the estimate

(13) 1R (SN Olls < (L + 11 Allase

for p(t) = (1 — 1)« (the case p(1) = (1 — 7)“ is completely analogous). To show
(@) we compute the derivative:

(14)

(W (fNIA=m)2 1) (1) = B (F()LF (DA =)+ (a= DR (F())[(1-7)*72].
We now use the vanishing of the derivatives of h at 0. Without loss of generality,
h(0) = 0. By the assumptions, we have

(15) (@) S Mhllavelal ™2, W (@) S Ihllarelel™, [0 (2)] < [hllaselal®.
We use () together with

IFOIS 1@l = 71™ and [f(0)] S [ fll@t = 7|7
to estimate the first term on the right-hand side of (I4):
(16) B (PN O =) S NI IBllaralt — 7| @F2e=2,
Similarly we estimate the second term on the right-hand side of (I4):
(17) B (F NI =) 2 S NG IBllaralt = 7|@F2e=2,
The required estimate (I3)) is obtained by integrating (16) and (7). O
Remark 3.5. The smoothness h € C92 is only needed in the case (d + 1)a = 1;
otherwise the proof gives the same estimates with d + 2 replaced by d + 1. In
particular, for d = 1, i.e. 1/2 < a < 1, the proof goes through for h € C4+1 = 2,
For uniformity we write d’ = d'(a)) = d for (d + 1)a > 1, and d’ = d 4+ 1 otherwise

(thus &’ =1 if and only if 1/2 < ae < 1). Then the conclusion of Lemma [3:4] holds
for d + 2 replaced replaced by d’ + 1.
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The behavior of the spaces P® with respect to the composition with general
smooth functions (not only vanishing up to a certain order) is expressed in the
following lemma.

Lemma 3.6. For f € P*(K,R") and h € Cd/H(R”,Rm), the composition ho f is
always in P*(K,R™) and we have the estimate

(18) 1ho Flliwy S (1 + 1N Al
Proof. By a coordinate translation in R”, we may assume f(1) = 0; in particular,
(19) SIS 1@yt = 7]

In the case when h is a polynomial of degree at most d, the statement of the lemma
follows from Lemma [B-2. In general, h can be written as the sum of its Taylor
polynomial of order d at 0 and a function satisfying the vanishing assumption of
Lemma [Z4] and the required conclusion is obtained by combining Lemma [34] with
the above remark. O

We now use a result of [LO0] to conclude the differentiability of the composition
operator acting on P (K, R"™):

Proposition 3.7. For k > 1, the composition (h, f) — ho f defines a C* map
¢: CRHFLR R™) 5 PO(K,R™) — P*(K,R™) whose first derivative is given by

(20) ¢ (h, IR, f18) = h(£(8)) + I (f(0))[f (6)].

Proof. We show that the statement is a special case of Theorems 3.1 in [L00]. It
is sufficient to consider the maps f with values in a given C'*° smoothly bounded
domain  C R™ and the maps h defined in . We adapt the notation of [LO0] to
our situation. As in [L0O0], denote by P(R™) the space of polynomials, and define
Y := C¥+1(Q) and the norm |[p||y of p € P(R™) to be the C¢*! norm of p|g. The
norm || - ||y induces the sequence of norms ||p||y, := > _, |[p'¥||y for every r > 1,
where Y, := C"T4+1(Q) is the completion of P(R™) with respect to || - ||y, .

We now apply Theorems 3.1 and 4.1 in [L00] to the case where X = X := P*(K),
J :=id and A is the set of all ¢ maps with values in 2. Then the estimate
(3.1) in [LOO] follows from Lemma 36l Furthermore, Lemma implies that the
map h — ho f is continuous from ) to X for fixed f. Hence the composition
map A(h, f) := ho f satisfies both properties (i) and (ii) in Theorem 3.1 and
therefore coincides with the abstract composition operator constructed there. Then
the required conclusion follows from Theorem 4.1 in [LO0] (with “x” being the
multiplication in P*(K)). O

4. ATTACHING NONSMOOTH ANALYTIC DISCS TO GENERIC MANIFOLDS

4.1. Analytic discs in P*. Let M C C™ be a generic submanifold of class C*¥+4'+1
(k > 1) through 0 that is locally represented as a graph

(21) M={(z+iy,w) e C"™" xC™ : y = h(z,w)}

with h(0) = 0, A'(0) = 0. Since P* C C?, the classical statements about small
analytic discs A(-) = (2(-),w(-)) attached to M ([Bi65], [HT7S], [T8]], [Bo9ll,
[BER99|) yield existence (and uniqueness) of such discs in C'“ with a prescribed

“w-component” w(-) € C* We wish to show that, if the “w-component” is in
P, the whole disc is actually in P®. Furthermore, it will be also important for



EXTENSION OF CR-FUNCTIONS 1453

our purposes to know that the analytic discs in P% smoothly depend on all their
parameters. It is known that regularity properties of the parameter dependence of
attached analytic discs may differ from regularity properties of each single disc (see
e.g. [T93]).

We obtain regularity for both single discs and their parameter dependence as
a consequence of Proposition B.7 and the implicit function theorem in the Banach
space P%. We choose d’ as in Remark [3.5

Proposition 4.1. Let h = ho be of class C* 2, and let M = My be given by ).
Then, for every sufficiently small x € R*™™, w(-) € P%, where w(-) is holomorphi-
cally extendible to A, and for every h sufficiently close to hgy in CY+2 | there exists
a unique sufficiently small analytic disc A(-) = (z(-),w()) in P attached to M
such that Re (1) = x. For h € C*t4'+1 (k> 1), the disc A € P depends in a C*
fashion on the parameters x € R"™™, w € P* and h € Ck+d'+1,

Proof. By a complex-linear change of the coordinate z € C*~™ (without changing
w) we may assume that h{(0) = 0. The required analytic disc A(-) = (z(:) +
wy(+), w()) is obtained by solving the Bishop’s equation

(22) 2() + Tih(2(8), w(9)) () = 20

and putting y(-) = h(z(-),w(-)). Here Ti denotes the modified Hilbert transform
(introduced by BoGGEess-PirTs [BP85]) such that y(-) + iT1y(+) extends holomor-
phically to A and Tyy(1) = 0. Since the Hilbert transform is bounded in P% by
Lemma B3 and the composition h o (z,w) is smooth in its components by Proposi-
tionB.7, the implicit function theorem yields the solvability of ([22]) and the required
smooth dependence of the solution on all parameters. O

4.2. Infinitesimal deformations of attached P® discs. The deformation the-
ory for smooth attached analytic discs due to TumaNOV [I88] and BAOUENDI-
ROTHSCHILD-TREPREAU [BRT94] is based on the notion of the so-called “defect”
of an analytic disc. In this paper we shall use a construction that is independent
of a defect and works equally well for all discs. It is closely related to the construc-
tion of “partial lifts” due to BARACCO and the second author [BZ01]. As before,
consider coordinates (z + iy, w) € C*"™ x C™, where a submanifold M C C" is
given by y = h(x,w) with h € C*. We identify the cotangent bundle T*C™ with
the space of all (1,0) covectors. The conormal bundle T5;C™ of M in C™ is the set
of all covectors in T*C"|y; whose restrictions to T'M are purely imaginary. Then
T7;C" is a real C*~! submanifold of T*C" that is not necessarily CR in general.
However, the restriction map naturally identifies T,C™ with a generic submanifold
of T*C"~™ (where C"~™ = C " x {0}) as follows. Denote by m: T*C" — C" the
natural projection and by (T3;C™), the fiber over a point p € M. By the construc-
tion, each fiber (7;C™), is naturally identified with a maximal totally real linear
subspace of T;C"~"™. Denote by GL(C"~™) the group of all linear automorphisms
of C" ™. Then, given p € M, the set G*(p) of all (¢, G*) € M x GL(C"™™) with
G*((T5;C™),) = (T5,C™), is a generic submanifold in C™ x GL(C™ ™) with maximal
totally real fibers over M. The following lemma is a consequence of Proposition ET]
applied for each p = A(1) to the generic submanifold G*(p) C C" x GL(C"™™).
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Lemma 4.2. Let A be a sufficiently small analytic disc in C™ of class P“ attached
to a submanifold M C C™ of class CY+3. Then there ezists a unique GL(C*™)-
valued analytic disc G* of class P* such that G*(1) =id and, for 6 € OA,

G*(0)((T3C™) a1y) = (T3,C™) a0y

Remark 4.3. The statement or Lemmal[4.2] clearly holds also in the classical setting,
where the discs are considered of class C*.

Lemma establishes existence of a “connection” G* on T;C" over OA that
defines, for each 61,02 € OA, a linear isomorphism between the fibers (T73,C") 4(s,)
and (T3,C™) 4¢p,)- (In general, this connection depends on the choice of the splitting
C" = C"~™ x C™.) By duality, G* yields an isomorphism between (T3/C") 4(s,)
and (ThC™) a(g,), where Ty C" stands for the quotient (T'C"|5r)/TM. We write
G for the corresponding GL(C"~™)-valued analytic disc that yields the dual con-
nection on Th;C" over A. We note that, in general, this connection may depend on
the coordinates (essentially on the choice of the coordinate subspace C*~™ C C"),
in contrast to the connection defined in [T94], which does not depend on the co-
ordinates but, on the other hand, is only defined in a quotient bundle of T;C".
However, in order to obtain propagation of all directions normal to M we need a
connection on the bundle T5,C" itself.

4.3. Radial derivatives of attached analytic discs in P®. In the following we
assume a > 1/2and 0 < f <2a—1,d = 1.

Lemma 4.4. Let A be an analytic P* disc attached to a generic submanifold
M C C" of class C2, and set p :== A(1) € M. Suppose that A is sufficiently small
in P*. Then (in the given coordinates) there is a unique representation

(23) A(r) =p+ (1 —7)% Ao + A(7)
with Ag € TSM, Ay(-) € CHF and Ay(1) = 0.

Proof. Without loss of generality, p = 0 and M is generic and given by (1) with
h(0) = 0, h'(0) = 0. Since A is attached to M, we have y(r) = h(z(7), w(T))
for 7 € OA in the notation of (ZI). Then it follows from Lemma B4 (see also
Remark [I5)) that y(-) € C%#(0A). Hence the Hilbert transform z(-) is also in
C1#(9A), and therefore the holomorphic extension z(-) = x(-) +iy(-) is in CLA(A).
The existence of the representation now follows from the construction of the space
P<. The uniqueness is clear, since it generally holds for maps of class P¢ by
Lemma [3.11 O

In the sequel we shall write J, for the radial derivative in A. Denote by [v] €
TC™ the equivalence class defined by a tangent vector v. Since by Lemma 4] the
normal component of A is C*#, it makes sense to write [0, A(1)] € (TmC™) a1,
even though 0,A(1) may not exist (in fact, it will never exist in our case). The
following statement shows that, if A is tangent, G(6) describes the direction of the
deformation of A.

Proposition 4.5. Suppose that A is tangent to M at p := A(1), i.e. [0,A(1)] =0.
Let M' C C™ be a C*-smooth (k > 4) submanifold with boundary M at a point
q € A(OA) with CyM’ = T,M ® Ry v for suitable v € T,C™. Then, for any e > 0,
there exists a C*-smooth family of submanifolds M, C M U M’', 0 < n < no, with
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Moy = M such that the (unique) analytic disc A,(-) = (z,(-),w(-)) attached to M,
with A, (1) = p and with fized “w-component” w(-) has the property

(24) [0- 45 (1)] = 1(G(10) ™" [v] + [v0]) +0(m), 1 — 0,
for some vector vy € T,C™ with |vy| < €.

We obtain Proposition as an immediate consequence of the following more
general statement:

Proposition 4.6. In the setting of Proposition[{.] let us drop the assumption that
A is tangent. Then we have the same conclusion, with (24)) being replaced by

(25) [0- Ay ()] = [0, AD)] + n(G(r0) ™" [v] + [wo]) +0(1), 1 — 0,
for some vector vy € T,C™ with |vy| < €.

Proof. To construct the required deformation M,, 0 < n < ng, consider real coor-
dinates 2 € C"™ = R?" vanishing at ¢, where M is given by 1 = --- = 2, = 0 and
M'byx=---=xs_1=0,zs > 0. Let ¢ be a nonnegative function with compact
support in a sufficiently small neighborhood of ¢ in M. Then define M, to be given
by s = np(Ts11,- - -, Ton) near ¢ and to coincide with M outside the support of .

Let A, be the analytic disc attached to M,, with A, (1) = p and with the same
w-component as A. By Proposition BTl the derivative A of A, with respect to n
for n = 0 exists and belongs to P“. Since only the “z-component” of A, changes,
A = (2,0). Let G* be given by Lemma Then, for any covector § € (T75,C"),,
Y(1) == (G*(1)€) [A(1)] is a holomorphic function in A. By the construction, the
real part of G*(7)¢ vanishes on JA. Hence Ret vanishes on A away from the
support of ¢, where M is not deformed.

We now choose ¢ such that

(26) Re(G"(10)§)[v] = d[¢]
for a fixed small 6 > 0. If the deformation of M takes place only in a sufficiently

small neighborhood of ¢, then the direction of [A(7)] differs only slightly from [v]
for 7 near 79, and [A(7)] = 0 for 7 far from 7. Hence Re (1) = 0 and (26) implies
Rev(r) > 0 everywhere for 7 € 9A. Since Ret) is harmonic in A, by the Hopf
lemma, the radial derivative Re & [&A(l)] is positive. Since £ can be any covector

satisfying (26]), it follows that
[0, A(1)] = AG(0) '[v]| < &
for some A > 0 and sufficiently small § > 0 (depending on €). By a linear change

of the parameter 7 we can achieve A = 1. Then, to show (2H), it remains to
observe that the radial derivative [0, A, (1)] is continuously differentiable in n with
55 (0r Ap(D]l=o0 = [8-A(1)]. O

As an immediate application of Proposition[4.6] we obtain:

Corollary 4.7. Let M C C" be a generic C*-smooth (k > 4) submanifold through
p =0, and let A be a sufficiently small analytic disc of class P* attached to M.
Then, if M, ..., M! are C*-smooth submanifolds with boundary M at a point q €
A(OA) in s linearly independent directions [vi],...,[vs] € (TpC™),, then there
exist s submanifolds M; C M U M]' of class C*, of the same dimension as M
and arbitrarily close to M in the C* norm, such that the analytic discs Ay, ..., Ag
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of class P are obtained as attached to M, ..., My respectively with A;(1) = A(1)
and with the same w-component as A such that [0, A1(1)],...,[0-As(1)] are linearly
independent.

5. FILLING a-WEDGES BY DISCS IN P¢

Our goal here is to show that in the context of Theorem[T Il a family of nonsmooth
analytic discs attached to V fills an a-wedge over V in the sense of Definition
In fact, we obtain a slightly stronger statement: actually the family of radii of the
discs fills such a wedge. We begin with an abstract lemma for families of real curves,
and then show that the family of radii satisfies the assumption of the lemma.

Lemma 5.1. Let V. C R! x {0} € R! x R™~! be an open subset with Lipschitz
boundary at 0 € V. Let ¢: [0,1] x V. — R! be a map of the form

o(t,p) = p+t¥alp) +b(t,p), O0<a<l,

with a(-) and b(-,p) (p € V) being of class C*7 for some 0 < v < é — 1 such that
a(p) € CoV x {0}, b(0,p) = 0 and 9;:b(0,0) ¢ R x {0}. Assume that the induced
map p +— b(-,p) between V and CY7 is also of class C'7. Then there exist e > 0, a

neighborhood U of 0 in R! x {0}, and a submanifold M’ of class O with boundary
M at 0 in the direction of 0:b(0,0) such that ¢ defines a homeomorphism between
(0,e) x (VNU) and an a-wedge over V at 0 in M’.

Proof. After a linear change of coordinates (z,y) € R! x R™~!, we may assume that
9;b(0,0) € 0 x R7". Then the map

6(7—7 p) = (901 (Tl/o{ap)v R4 (Tl/o{ap)v (¢l+1(71/aap))av ceey (@m(Tl/avp))a)

is well-defined for small 7 > 0 and p € V close to 0. We claim that @ is o1’
in a neighborhood of (0,0) in [0,1] x V. Indeed, the claim is nontrivial only for
the components ¢4 ; (7Y« p))*, j =1,...,m —I. Arguing as in (B)), we can write
w14 (t,p) =to(t,p) with @ € C7 and $(0,0) # 0. Then we have

B (15 (T, D)) = (145 (7, )71 (Bpipray ) (7@, p) (/)71
= (@i (T, p)* 7 (Deprrs) (T, p).

Since the composition ho f of two maps h, f € C7 is in 7" and depends smoothly
(in fact linearly) on h, it follows that the map p — 0,%(-,p) between V and o is
of class C*7. In particular, the map p — &(-, p) between V and C7 is also of class
C™. We conclude that both derivatives 9.% and 9, are in 7" with respect to
(7,p) € [0,1] x V, and the claim follows.

The computation shows that

dp(0,0)[R @ {0}] = (a(0), O¢bi+1(0,0), ..., 0:bm(0,0))R

and d3(0,0)[R @ R!Y] = R @ R9;b(0,0). Then, by the rank theorem, there exists
a submanifold M’ of class C17° with boundary M at 0 such that CoM’ = R! @
R4 0:b(0,0) and, for some C > 0, the subset

V' i={z e M :dist(z,V) < Cdist(z,dV)}
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is contained in the image $((0,1] x V). Then the subset
Vi={z e RN xR (21,00 2,20, .. 20) € V')
contains an a-wedge over V at 0 satisfying the required conditions. O

We now apply Lemma [5.1] to analytic discs in P®. In view of Lemma [£4] we
immediately obtain:

Proposition 5.2. Let M C C" be a generic submanifold of class C?, V. C M an
open subset with Lipschitz boundary at a point po € V, 1/2 < a < 1, and let v be
as in Lemma 5l Choose a family p — A, € P* of class C*7 of attached analytic
discs to M for p € M in a neighborhood of py such that A, (1) = p and the following
hold:

(i) the vector (Apy)o, chosen according to [23) for A = A,,, is contained in
Cp,V; and
(i) Ap, is transversal to M at 1, i.e. [0pAp,(1)] # 0 € (TpaC™)p, .
Then there exist € > 0, a neighborhood U of pg in M, and a submanifold M’ of
class C*7° with boundary M at py in the direction of [0rAp, (1)] such that the map
(1,p) — Ap(T) defines a homeomorphism between (1—¢,1)x (VNU) and an a-wedge
V' over V at pg in M'.

6. BAOUENDI-TREVES TYPE APPROXIMATION FOR SECTORS

We call a generic submanifold V' C C" a Baouendi-Treves submanifold if, for
every s = 0,1,...,00,w, every CR-~function on V of class C*® can be uniformly
approximated by holomorphic polynomials on compacta in V' in the C* topology.
Recall that a sequence converges in the C> topology if it converges in each C*
norm || f]|x for 0 < k < oo, and that it converges in the C* topology if it converges
with respect to the pseudonorm sup,, 2—]:||f||k for some € > 0.

In [T95] TuMANOV observed that the original proof of the BAOUENDI-TREVES
approximation theorem [BTRI] can be adapted to the situation of a submanifold
with generic edge. However, the situation considered in this paper, where the edge
is not generic, is more delicate. Here we show that neighborhoods of certain sectors
in V are Baouendi-Treves submanifolds.

Theorem 6.1. Let M C C" be a generic submanifold and V C M an open subset
with Lipschitz boundary at p = 0 € OV. Suppose that for some v € C" and
0 < a < 1, the sector Sy(a) := {7%v : ReT > 0} is contained in C,V. Then there
exists eg > 0 such that the open subset

(27) {z € M : dist(z,S,()) < go dist(z,p) < €2}
is a Baouendi-Treves submanifold in C™.

We give a brief description of the method of Baouendi-Treves [BT81] (see also
[T96] and the book [BER99]). The method is based on the convolution of a given
CR-function with the differential form e~ 2% dz1 N\ -+ N\ dz, along a maximally
totally real submanifold N C M. (Recall that a submanifold N C M is mazimally
totally real if (T,N NTSM) Ni(T,N NTyM) = 0 and T, N + TyM = T, M for all
p € N.) Then, an application of the Stokes theorem shows that the convolution
does not change if the submanifold is slightly deformed. Denote by Bj and B® the
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open and closed unit balls in R?® respectively. The assumption required for this
method to work can be stated as follows.

Lemma 6.2. Let M C C" be a generic submanifold of CR-dimension m. Set
d := n — m. Suppose that for any compact K C M, there exist a holomorphic
nondegenerate quadratic form w(z) in C" and a smooth map ¢: B™ x B* — M
such that the following hold:

(i) The image o(BY x BY) contains K.

(ii) For each y € B, the restriction ¢(-,y) is an embedding of B" into M
as a mazimally totally real submanifold N, (with boundary) such that the
restriction Rew|Ny 1s positive definite.

(ili) @(x,-) = const for every x € OB™; in particular, the boundaries of the Ny ’s
are the same for all y € BY.

Then M is a Baouendi-Treves submanifold.

Proof. Since the argument follows exactly the line of the proof given in [T96], we
only give a sketch. For a CR-function f on M and y € B?, define the sequence of
entire functions

n/
fiy(2) = (%) 2/N FQOe ™ wC=2dey A ANdCn, 1=1,2,....

The positivity condition for Rew|y, implies that f;, converges to f as [ — oo,
uniformly on compacta in the interior of N,. It is easy to see, by using (i), that
the convergence is uniform on K. Moreover, it follows from the fact that f is CR,
from (iii) and from the Stokes theorem that the functions f;, are independent of
y € B%. Thus, f1,y is a sequence of entire functions that converges uniformly to f
on K. It remains to approximate entire functions by holomorphic polynomials, e.g.
by taking their Taylor polynomials. O

In order to apply Lemma to our situation, we have to construct the family
. The hardest part of this construction is to satisfy the positivity condition on
Rew|n,.

For any € > 0, define the real convex cone

A= {a} > (@} +-- +al)} CR CC"

and the ball
) 1 .
B := {zy:y%—l—---—i—yi < 1—+£-:} CiR™ Cc C™.
Define the “diamond” A, := (=1 + A.) N (1 — A.) C R, where 1 stands for the
point (1,0,...,0) € C™. Finally, for any iy € B, let C.(y) C C™ be the union of
all real line segments connecting iy with boundary points of A., and let C. be the
union of the subsets C.(y) for iy € B..

Lemma 6.3. For anye > 0 and any iy € B, the standard form Rew = Re Zj 2]2 =
Zj (x? — y?) is positive on tangent vectors to Cc(y). Moreover, for any 1 <d <n
and § > 0, there exist a smooth map ¢: B™ x B* — R"™ @ iR? satisfying conditions

(1) and (iii) in Lemmal63 with w as above and such that
C.N (R" @ iRY) C p(By x BY) € (1+6)C. N (R™ @ iR?).
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Proof. Any tangent vector v to C.(yp) at a point z = x + iy is a sum vy + ve, where
v1 is tangent to the segment connecting z with a boundary point a € OA, and v, is
tangent to OA. at a. If vy = 0, the claim is clear, since Rew is positive on R™ C C".
Otherwise, by rescaling v, we may assume v; = a — iy. By the convexity of f~1€,
a+vy ¢ A.. Then, by the construction of A, and B., we have |y| < |a + vs|. Since
v = a + vz — iy, this shows that Rew(v) > 0, as required.

For the second statement, observe that C.(y) can be written as C.(y) = {z +
i€(x)y : x € ZE} for a suitable continuous function £(z). We replace £ by a

smooth function £ that approximates ¢ in the C'!' norm such that the submanifold

55(3/) ={z+i(zx)y : x € /L} still satisfies the above positivity condition. It
remains to choose p(z,y) := V14 d(z + i&(x)y). O

Proof of Theorem Denote by d the codimension of M in C". Without loss
of generality, p = 0. The proof will depend on whether « is larger or smaller
than 1/2. Suppose first that @ > 1/2. Then ¢ > 0 can be chosen such that, for
y:= (14+¢)"Y2(1,0,...,0), the intersection I := C.(y) N (C x {0}) has the angle a
at the point iy. Then, for any A > 0, there exists a complex affine automorphism
Fy: C" — C" sending i\y to 0, AC:(y) N (C x {0}) to S,(a) and AC: N (R™ @ iR?)
into the interior of C,V. It follows from the definition of C,V that for A > 0
sufficiently small, the map Fj can be approximated on the closure AC. in the C*
norm by a diffeomorphism Fy : C" — C" sending AC. N (R™ &iR%) into the closure
V C M such that Fy(idy) = 0 and dFy(i\y) = dFy\(i\y). We can now use F
to transfer the standard form w and the family ¢ constructed in Lemma 6.3 to
the image U = Fy(AC. N (R" @ iR%)) C V in order to have data satisfying the
assumptions of Lemma Then Lemma yields the required conclusion.

The proof for @ < 1/2 is analogous to that in the first case > 1/2, with the only
exception that the above map F)\ must be chosen to send the point (A, 0,...,0) €
AC. instead of Ay into p = 0. O

7. ProoFs oF THEOREMS [L.IHT .4

Proof of Theorem [I.7} We first prove statement (ii). Let A, p, ¢ and V' be as in
Theorem [T4] (ii). Hence A belongs to a class P* for a suitably chosen fixed 0 < § <
2a — 1. (Recall that we fixed such § in the definition of P*.) By Proposition £}
if A is sufficiently small, it can be extended to a family z — A, € P* of class
C? of analytic discs attached to M for x € M in a neighborhood of 0 such that
Ap = A and A,(1) = z for all z. It follows from the definition of C,V and the
assumptions that the family z — A, can be chosen such that A, (0A) C Viorz € V
sufficiently close to p. By Corollary B, after an arbitrarily small (in the C* norm)
deformation of M inside V', we may assume that A = A(7) is transversal at 7 = 1 to
M, ie. [0,A(1)] # 0 € (TyyC™),. Moreover, given several submanifolds V{,..., V!
as in Theorem [L4 (ii), Corollary ET] yields s linearly independent directions for
the corresponding discs. Then, if ¢ and U are given by Proposition (.2, the map
(r,2) — Ay(7) defines a homeomorphism between (1 —¢,1) x (VN U) and an
a-wedge V" over V at 0 in a submanifold M” with boundary M at 0 of class
CY% with 0 < 6§ < 1 suitably chosen. Finally, if ¢ is given by Theorem 6.1l with
v as in Theorem [[4 and if A is sufficiently small, the boundary of each A, is
contained in the set (1) for any x € V sufficiently close to p. Hence, for any such
T = pg, any CR-function f on V' can be uniformly approximated by a sequence of
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polynomials in a neighborhood of the compact set A,,(0A) C V. By the maximum
principle, the sequence of polynomials converges uniformly on the images A,(0A)
for z € V sufficiently close to pg to a limit which defines a CR~extension of f to a
neighborhood of 4,,((1—¢,1)) in V”. Moreover, any such sequence of polynomials
yields the same limit function. Summarizing, we obtain a covering of V N U by
open subsets V; such that f extends to be CR on the interior of the subset

Vj" ={A,(r):zeV;,Te(l—¢c1)}CV”

for each j. Moreover, we can choose the covering {V;} sufficiently small so that,
whenever V;NV}, # ), there exists a sequence of polynomials as above that converges
uniformly on the union V; "UV}/. By the uniqueness property of the limit, the CR-
extensions of f to V}’ and V;’ coincide on the intersection. Thus we obtain a
well-defined CR-extension of f to V", and the proof of part (ii) of Theorem [[4 is
complete.

For the proof of part (i), observe that, given a wedge V’ C C™ with edge V at g,
we can choose submanifolds V/, ..., V] C C" of class C* with boundary V at ¢ in d
linearly independent directions in T,C™ /T, M, where d denotes the codimension of
M in C". By part (ii), we obtain CR-extension of any CR-function f on VU(U, V})
to a-wedges V{’, ..., V] over V at p in submanifolds MY, ..., M/ respectively with
boundary M whose directions in T,C"/T,M are also linearly independent. Then
near each point pg € V sufficiently close to 0 we are in the setting of the theorem of
Ajrapetyan and Henkin [AH8T], which yields holomorphic extension of f to a wedge
W, with edge V' at py whose direction cone can be assumed to be any cone smaller
than the convex linear span of the directions of M{',..., M/ at py. Recall that a
subcone C' of an open cone C’ is called smaller if the closure of C intersected with
the unit sphere is contained in C’. In order to obtain an a-wedge over V' as required,
we need to estimate the size of W,,, as py approaches the boundary V. This can be
done by inspecting the proof of Theorem 4.1 in [T96] and using [T93, Theorem 1.2]
to obtain the required regularity of the solution of the Bishop’s equation. More
precisely, the first step is to obtain a deformation version of the Ajrapetyan-Henkin
theorem, for which the reader is referred to [MMZ02, Proposition 3.3]. The second
step is to use linear rescaling, i.e. linear maps z +— Az, to show that the size of
the wedge W in the Ajrapetyan-Henkin theorem is proportional to the size of the
given submanifolds. Since each Vj” is an a-wedge over V at 0, its size near pg in
all directions can be estimated from below by dist(po,aV)l/ “ up to a constant.
Hence also the size of W), has a proportional estimate from below. Now it follows
directly from Definition that the wedges W), cover an a-wedge V over V' at
0. Furthermore, by choosing W,,, in a suitable way and using the uniqueness of a
holomorphic extension of functions into wedges, we obtain the required holomorphic
extension of f to V. The proof of Theorem [[4 is complete. O

Proof of Theorems and [[Z3. Without loss of generality, p = 0. As in [T94]
pp. 17-18], we may approximate v by a chain of arbitrarily small analytic discs A;,
1 < j <, attached to M such that, A;(OA) N Aj11(0A) # 0 for 1 < j <1-—1,
A = A; satisfies the assumptions of Theorem [[4] and all other discs A; are c8,
By repeating the arguments of [T94], one can see that the discs A; can be chosen
such that A;(OA) has points arbitrarily close to v(1). In particular, if V' is given
as in Theorem [[4] it becomes a submanifold with boundary M at some point of
A;(0A). The conclusion of Theorem [[2] follows now from Theorem [ (i) and the
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propagation of wedge extendibility along analytic discs due to TREPREAU [Tr90]
and TuMANOV [T94]. The conclusion of Theorem follows analogously from
Theorem [[F (ii). O

Proof of Theorem [[L1l By the definition of the complex angle, there exists a CR-
curve v satisfying the assumptions of Theorem [I[.2l Then the required conclusion

follows immediately from Theorem [[.2]. O
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