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NORMAL FORMS FOR NONINTEGRABLE ALMOST CR STRUCTURES

By DMITRI ZAITSEV

Abstract. We propose two constructions extending the Chern-Moser normal form to non-integrable
Levi-nondegenerate (hypersurface type) almost CR structures. One of them translates the Chern-
Moser normalization into pure intrinsic setting, whereas the other directly extends the (extrinsic)
Chern-Moser normal form by allowing non-CR embeddings that are in some sense “maximally CR”.
One of the main differences with the classical integrable case is the presence of the non-integrability
tensor at the same order as the Levi form, making impossible a good quadric approximation—a key
tool in the Chern-Moser theory. Partial normal forms are obtained for general almost CR structures
of any CR codimension, in particular, for almost-complex structures. Applications are given to the
equivalence problem and the Lie group structure of the group of all CR-diffeomorphisms.
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1. Introduction. The main goal of this paper is to extend the Chern-Moser
normal form theory [CM74] to non-integrable (or non-involutive) almost CR struc-
tures. Recall that an almost CR structure on a real manifold M consists of a subbun-
dle H = HM of the tangent bundle 7" = T'M and a vector bundle automorphism
J: H — H satisfying J? = —id. Thus J makes every fiber H,, p € M, into a
complex vector space. Two important special cases of almost CR structures are al-
most complex structures corresponding to H = T' and hypersurface type almost CR
structures corresponding to H being corank 1 subbundle of 7T'. Equivalently, an al-
most CR structure is given by the i-eigenspace subbundle H'° c C® H C C®T of
(the C-linear extension of) J, which can be chosen as an arbitrary complex subbun-
dle of C® T satisfying H'° N H'O = 0. A CR structure is an almost CR structure
satisfying the integrability condition [H'?, H'9] ¢ H'9. The reader is referred to
Section 3 for further basic notions for almost CR structures used throughout the
paper.

The classification problem for CR structures goes back to H. Poincaré [P07]
who realized that the latters have infinitely many local invariants and posed
the problem of finding those invariants. Solutions to this problem for Levi-
nondegenerate hypersurface type CR structures were given by E. Cartan [Ca32,
Ca33, Ca53, Ca55] in real dimension 3 and by N. Tanaka [Ta62] and S. S. Chern
and J. Moser [CM74] in the general case. One of the main tools provided in
[CM74] for classification of CR structures and finding their invariants is a nor-
mal form. The latter is a realization of every real-analytic Levi-nondegenerate
hypersurface type CR structure near a given point p as an embedded real-analytic
hypersurface M C C™*! of the form

(1.1) Imw = F(z,2,Rew), (z,w)eC"xC,

with p corresponding to the origin and F' having the expansion

(1.2) F(z,z,u) ZE]|ZJ|2+ZFM (z,2,u)

k,0>2

where

(1.3) sj:{_l j=s
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for suitable s (the signature of the Levi form) and the summands Fy;(z,zZ,u) are
bihomogeneous of bidegree (k,1) in (z,2) (i.e., Fy(tz,rZ,u) = tFrl Fy (2, 2,u) for
t,r € R) satisfying the normalization conditions

(1.4) rFpn=0 t?F;3=0 trF;=0,

where tr := Z;;l €; %&292]" The CR structure here is induced by the embedding of

M into C™*! in the sense that HM = T M N4iT M and .J is the restriction to H M
of the multiplication by i in C**!. If the given CR structure is merely smooth, it still
admits a formal normal form (1.1) at every point with F" being a formal power se-
ries satisfying (1.2) and (1.4). (This is a consequence of the formal CR embeddabil-
ity, cf. e.g. [KZ05, Proposition 3.1] and [BER99, Theorem 2.1.11], and the formal
normal form [CM74, Theorem 2.2].) The latter fact explains the significance of
formal (almost) CR structures, i.e., those given by formal power series, that will be
considered throughout this paper. More precisely, a formal almost CR structure on
a smooth manifold M at a point p € M is given in suitable smooth local coordinates
(x,y) € R* x R® on M vanishing at p by a formal subbundle H = {dy = h(z,y)dx}
and a formal endomorphism J = j(z,y): R* — R®, where h(z,y) and j(z,y) are
matrix-valued formal power series satisfying j(z,y)* = —id.

Our goal here is to obtain a normal form of the above type for more general
almost CR structures that may not necessarily satisfy the integrability condition.
Such structures arise naturally, for instance, when one is deforming or glueing CR
structures. Another source of almost CR structures is given by real submanifolds
of general almost complex manifolds.

The first problem one faces when extending the Chern-Moser normal form ap-
proach is that the non-integrable almost CR structures do not admit any realization
as real submanifolds in C"*! even at the formal level. Speaking informally, the
normal form (1.1)—(1.4) is extrinsic (i.e., written in the ambient space coordinates
of C™ x C) whereas almost CR structures are intrinsic (i.e., written in local coor-
dinates of the manifold M itself).

In this paper we suggest two different ways of overcoming this difficulty. The
first way is based on an “intrinsic analogue” of the Chern-Moser normal form.
The starting idea is to impose normalization conditions on the almost CR structure
itself rather than on the defining equation of an embedding. However, almost CR
structures are given by objects of different nature (complex subbundles of C ®
T) than defining functions. In order to relate both settings we introduce a new
function F' associated with a given almost CR structure in given local coordinates
on the manifold. Roughly speaking, F' is obtained by “restricting” the almost CR
structure to the Euler vector field. More precisely, consider local coordinates on M
that we group as (z,u) € C" x R, where the subspace C" x {0} with its complex
structure corresponds to the given almost CR structure on M at the origin (but
not necessarily at other points). Using the standard complex structure we write the
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complexification of C™ as the direct sum C7 & C? of the spaces of (1,0) and (0,1)
vectors (i.e., ti-eigenspaces of J). Then C® T can be identified at every point with
C o C%? ®C, with u = Rew and the almost CR structure is given by a complex
subbundle H'* ¢ C ® T which, at every point p = (z,u) near 0, is the graph of a
uniquely determined complex-linear map L(z,Z,u): C? — C% & C,,. We consider
the Euler (or radial) vector field e(z) =}, ; % on C? and define the “radial part”
of L as the evaluation along e(z), i.e.,

(1.5) L(z,z,u) = L(z,z,u)(e(2)), L=(L*L") cCl®C,.

Now, in order to write normalization conditions similar to the ones by Chern-
Moser, we consider the Taylor series expansions in (z, Z,u) at O of the functions L
and L. Since we consider arbitrary smooth almost CR structures, the corresponding
Taylor series are formal. By a slight abuse of notation, we denote these Taylor series
by the same letters L and L respectively. Our goal now is to obtain a formal normal
form for L, i.e., a set of normalization conditions for the coefficients of L achieved
by a suitable formal change of coordinates on M. We first state our main result for
almost CR structures with positive definite Levi form and later explain how it can
be extended to more general nondegenerate Levi forms.

THEOREM 1.1. Any (germ of a) smooth hypersurface type almost CR structure
with positive definite Levi form admits a formal normal form in C? x R,, given by
a formal map L(z,Z,u): C? — CZ @ C,, with

(1.6) L?=0, RelL¥=0,

and F :=Im LY satisfying the Chern-Moser normalization conditions (1.2)—(1.4).

Theorem 1.1 is a direct consequence of Theorem 7.2 below. An important fea-
ture of the normal form in Theorem 1.1 is that different normal forms of the same
almost CR structure are determined precisely by the same set of parameters as
the Chern-Moser normal form, i.e., by the automorphism group of the associated
hyperquadric. cise statement is given in Theorem 1.4 below.

Conditions (1.6) admit a natural geometric interpretation. The tangential com-
ponent L? always automatically vanishes identically for the CR structure of a hy-
persurface of the form (1.1), where we consider z and v = Rew as intrinsic coor-
dinates on the hypersurface. Now the first condition in (1.6) expresses the property
that the “radial part” L7 of the tangential component L* can still be eliminated in
general. Again, going back to (1.1), we see that the function F' corresponds to the
imaginary part of w and is therefore automatically real. On the other hand, the “ra-
dial part” L™ of the transversal component L* is complex-valued in general. Then
the second condition in (1.6) asserts that its real part can be completely eliminated
and thus L is given by its imaginary part F'. The presence of conditions (1.6)
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reflects the fact that the moduli space of almost CR structures has additional pa-
rameters compared to the moduli space of (integrable) CR structures, where the
purpose of conditions (1.6) is precisely to restrict those additional parameters.

As a byproduct we also obtain a partial normal form for almost CR structures
that are of arbitrary CR codimension (not necessarily of hypersurface type) and
without any nondegeneracy conditions, see Proposition 5.2 below. It can be seen
as an extension to the non-integrable case of the so-called normal coordinates (see
e.g. [BER99]). Proposition 5.2 also describes the degree of uniqueness of the par-
tial normal form. Similarly to the normal form in Theorem 1.1 being parametrized
by the CR-automorphisms of the hyperquadric, the partial normal form in Propo-
sition 5.2 is parametrized by the CR-automorophisms of the standard CR structure
on C" x R? with H = TC" x {0}, i.e., by (formal) maps (z,u) — (f(z,u),g(u))
preserving the origin with f(z,u) being holomorphic in z.

In particular, if the CR codimension is zero, i.e., if we are given an almost-
complex structure, it admits at every point a (formal) normal form with vanishing
L?. The latter condition is equivalent to the almost CR structure being the stan-
dard one along the complex lines through the origin. That is, we obtain a normal
form for arbitrary almost-complex structures. This normal form is characterized
by the property that all complex lines through the origin are pseudo-holomorphic
(i.e., the map t € C +— tv € C" is holomorphic for every v € C" with the respect
to the almost-complex structure on C” in its normal form. Specializing the above
uniqueness remark to the case of CR codimension zero, we conclude that the nor-
mal form in this case is parametrized by (formal) biholomorphic self-maps of C"
preserving the origin. (See also [Kr98a, Kr98b, To08] for other normal forms for
almost-complex structures.)

The normal form given by Theorem 1.1 is intrinsic and mimics the Chern-
Moser normalization. However, specializing to CR structures (i.e., the integrable
ones), one obtains here an intrinsic normal form that is different from the (extrin-
sic) Chern-Moser normal form of the same CR structure. The goal of our second
construction is to obtain a normal form that directly extends the Chern-Moser one.
The idea is to go back to the extrinsic point of view, using the ambient space coor-
dinates in C"*!, where M is embedded, but to allow embeddings that are not CR.
That is, instead of looking for CR embeddings that may not exist, we consider cer-
tain more general embeddings called here quasi CR embeddings that always exist
and are in certain sense “maximally CR”. More precisely, a quasi CR embedding
of M at a point p in C? x C,, is an embedding as a hypersurface M’ with p =0,
ToM' = C™ x R, and such that the transformed almost CR structure on M’ and
the one induced by the embedding have equal “radial parts” in the sense of (1.5),
ie., L =L forthe corresponding (Taylor series expansions of the) maps L and L',
where we regard z and u = Rew as coordinates on M’. The latter property can be
rephrased by saying that both almost CR structures coincide along the Euler vector
field e(z).
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THEOREM 1.2. Any (germ of a) smooth hypersurface type almost CR struc-
ture with positive definite Levi form admits a normal form consisting of a formal
quasi CR embedding into C"*' as a formal real hypersurface satisfying the Chern-
Moser normalization (1.2)—(1.4). A (formal) quasi CR embedding is an actual CR
embedding if and only if the given almost CR structure is integrable, in which case
this normal form coincides with the Chern-Moser one.

As with the normal form in Theorem 1.1, the one given by Theorem 1.2 has
the property that different normal forms of the same almost CR structure depend
on the same parameters as the Chern-Moser normal form (see Theorem 1.4 below).
Also here we obtain a partial normal form for almost CR structures of any codi-
mension without any nondegeneracy assumptions, see Proposition 6.2. It states that
any almost CR structure admits a quasi CR embedding as a generic submanifold in
normal coordinates (see [BER99]). This is another extension of normal coordinates
to the non-integrable case with Remark 6.3 below showing that the two extensions
given by Propositions 5.2 and 6.2 are actually different. On the other hand, in the
case of almost-complex structures (CR codimension zero) both normal forms are
equal.

Let us now mention the crucial difference between the situations of Theo-
rems 1.1-1.2 and the integrable case of Chern-Moser [CM74]. In the latter, the Levi
form is the only second order obstruction for a CR structure from being flat, i.e.,
induced by a hyperplane embedding in C™. Consequently, any CR structure can be
approximated to the third order by the hyperquadric associated with its Levi form
(even to the forth order if the Levi form is nondegenerate). Chern-Moser approach
is heavily based on this approximation. However, in the non-integrable case, it is
no more true that the Levi form is the only lowest order obstruction to the flatness
(i.e., being induced by a hyperplane embedding). Indeed, the non-integrability (Ni-
jenhuis) tensor appears at the same order and “interferes” with the Levi form in the
sense that it arises everywhere in the transformation formulas along with the Levi
form terms. It is no more possible to separate the “good” Levi form terms from
the rest by looking only at their weights. As a consequence, the decoupled trans-
formation formulas in Chern-Moser case, become non-decoupled in our case and
the order in which the normalization proceeds, becomes essential. The presence of
the non-integrability tensor also prevents almost CR structures from being approx-
imable to the third order by hyperquadrics. It is therefore remarkable that one can
still extend the Chern-Moser approach as in Theorems 1.1-1.2 with assumptions
put only on the Levi form.

The mentioned difficulties become even more apparent when one tries to ex-
tend Theorems 1.1-1.2 to the case of the Levi form being nondegenerate rather than
positive (or negative) definite. Here, in addition to the nondegeneracy of the Levi
form itself, one also needs the nondegeneracy of a certain linear combination of
the Levi form and the transversal component of the non-integrability tensor. More
precisely, given the function L = (L*,L"): C* — C2? @ C,, as above defining the
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almost CR structure, the Levi form at 0 corresponds, up to an imaginary multiple,
to the antihermitian part £(£,n) of the derivative of L% in Z, whereas the non-
integrability tensor corresponds to the antisymmetric part N'(€,7) of the derivative
of L in z, and its transversal component N'* (£, ) to that of L™. (In fact, £ and N/
are the only 2nd order obstructions to the flatness as immediately follows from our
normal form.) We now call the almost CR structure strongly nondegenerate at O if
it is Levi-nondegenerate and in addition, the bilinear form 6i£ + N is nondegen-
erate in the sense that

(1.7) 6iL(E,n) +NY(&,m) =0 foralln =& =0.

Obviously, for (integrable) CR structures (i.e., with A = 0), strong nondegeneracy
means the same as Levi-nondegeneracy. Furthermore, a strongly pseudoconvex al-
most CR structure is automatically strongly nondegenerate. Indeed, since A is an-
tisymmetric, substituting 17 = ¢ into the left-hand side of (1.7) leads to £(&,£) =0,
which in the case Im £ is positive definite, implies £ = 0. However, if the Levi
form has mixed signature, strong nondegeneracy is a stronger property than Levi-
nondegeneracy. We now have the following extensions of Theorems 1.1 and 1.2
covering, in particular, all Levi-nondegenerate (integrable) CR structures:

THEOREM 1.3. Conclusions of Theorems 1.1 and 1.2 hold for strongly nonde-
generate hypersurface type almost CR structures.

Theorem 1.3 is a direct consequence of Theorems 7.2 and 8.1 below. We con-
clude by describing the uniqueness of the above normal forms. As mentioned be-
fore, each of the normal forms of the same almost CR structure is determined by
the same parameters as the one of Chern-Moser. The latter is known to be pa-
rameterized by the automorphism group of the associated hyperquadric. However,
this parametrization is not unique. Instead, we take here a more direct geometric
approach describing naturally the needed parameters.

First recall that an adapted frame of an (almost) CR structure on M at p €
M with non-degenerate Levi form £,: H, x H, - C® (T,/H)) of signature s
consists of a complex basis vy,...,v, of H,M, extended by a vector v, € T, M\
Hy,M, satisfying

(1.8) Ly(vj,vk) = €50k [Vnr1],

where ¢; is as in (1.3), 0, is Kronecker delta and [Unt1] € T,/H, stands for the
equivalence class of v, 1. In given coordinates (z,y,u) € R™ x R™ x R on M with
HoM = C™ x {0}, one has the standard adapted frame 8%1’ e a%n, % at 0. It fol-
lows from Chern-Moser theory [CM74] that any Levi-nondegenerate CR structure
can be always be put into its Chern-Moser normal form with the additional con-
dition that an arbitrary given adapted frame is transformed into the standard one.
However, the latter condition still does not suffice to make the normal form unique.
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In order to achieve the uniqueness, one needs a second order condition, of which
we give here the following geometric version. We here give a brief description and
refer the reader to Section 9.1 for more details.

Given and adapted frame vy,...,v,,v,41 at p, consider 2-jets A at O of real
curves in M, given by equivalence classes of smooth curve germs 7: (R,0) —
(M, p) with v(0) = p and +'(0) = v,, 1. We say that two such jets A; and A, are
H-equivalent if

(1.9) 71 (0) =5 (0) € H,M

holds for some represenatives 7y, 72 of Aj, A, respectively and where the sec-
ond derivatives are calculated in some local coordinates on M. It follows from the
canonical affine structure on jet bundles that the property (1.9) is independent of
both representatives as well as of the coordinate choice involved (see Section 9.1).
Thus H-equivalence is a well-defined equivalence relation. We now define an ex-
tended adapted frame on M at p to be any collection vy, ..., vy, U1, [A], consist-
ing of an adapted frame together with a choice of an H-equivalence class of 2-jets
A as above. Given coordinates (x,y,u) as above, one can naturally complete the
standard adapted frame 8%1’ e a%n, a% to the standard extended adapted frame
by taking [A] with A represented by the curve ~y(¢) = (0,t). It now follows from
[CM74] that any Levi-nondegenerate (hypersurface type) CR structure can always
be put into its Chern-Moser normal form with the additional condition that an arbi-
trary given extended adapted frame is transformed into the standard one. This time
the normal form is uniquely determined. Thus the space of all extended adapted
frames parametrizes precisely the space of all Chern-Moser normal forms of a
given CR structure. The main uniqueness result for our normal forms states that
the latters are parametrized in the same way:

THEOREM 1.4. Let (M,p) be a germ of a smooth real manifold with strongly
nondegenerate hypersurface type almost CR structure. Then for every extended
adapted frame at p, each of the normal forms in Theorems 1.1 and 1.2 exists and
is unique under the additional condition that the given extended adapted frame is
realized as the standard one in the normal form.

Theorem 1.4 is a direct consequence of Theorem 9.1 below.

2. Applications of the normal forms. We here state some application of
our normal form. The statements are formulated for strongly nondegenerate CR
structures. Recall that any hypersurface type almost CR structure with positive defi-
nite Levi form is automatically strongly nondegenerate. Also any hypersurface type
(integrable) CR structure with nondegenerate Levi form is automatically strongly
nondegenerate.

Given two manifolds M and M’ of the same dimension and an integer k, we
denote by G*(M, M) the space of all k-jets of invertible maps. For a point p € M,
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denote by G’;(M, M') C G*(M,M’) the subset of jets with source p. For any
smooth diffeomorphism f between open pieces of M and M’ and any p € M in
the domain of definition of f, we denote by j}],f f € GF(M,M') the k-jet of f at p.

Recall that a CR-diffeomorphism between two almost CR manifolds is any
diffeomorphism transforming the almost CR structure of the first manifold into the
structure of the second. Our first application is given by the following complete
system type property of local CR-diffeomorphism.

THEOREM 2.1. Let M and M’ be smooth (resp. real-analytic) strongly nonde-
generate hypersurface type almost CR manifolds of the same dimension. Then for
every pg € M and Ay € G%O(M ,M"), there exist an open neighborhood Q of Ay in
G*(M, M'") and a smooth (resp. real-analytic) map ®: Q — G3(M, M') such that
every smooth CR-diffeomorphism [ between open pieces of M and M’ satisfies the
complete differential system

@.1) g f =20 f)
whenever p € M is in the domain of definition of f and j; feq

As an application of Theorem 2.1 we obtain the following unique determina-
tion result.

COROLLARY 2.2. Let M and M' be as in Theorem 2.1. Then CR-
diffeomorphisms between connected open pieces of M and M' are uniquely
determined by their 2-jets at any point of M, i.e., if f,g: U C M — M' are
CR-diffeomorphisms, U is connected, p € U and j; f= j]%g, then f = g.

In fact, we have the following stronger property that local CR-diffeomorphisms
depend smoothly (resp. analytically) on their 2-jets.

COROLLARY 2.3. Let M and M’ be as in Theorem 2.1. Then for every py €
M and Ny € G; (M, M'), there exist neighborhoods Q' of py in M, Q" of Ag in
G*(M,M"), and a smooth (resp. real-analytic) map ¥: ' x Q" — M’ such that
every smooth CR-diffeomorphism [ between open pieces of M and M’ satisfies

2.2) fl@)=Y(a.5.f),

whenever q € ) and p € M are in the domain of definition of f and j; fe n
particular, if M and M’ are real-analytic, any smooth CR-diffeomorphism between
them is also real-analytic.

The proofs of Corollaries 2.2 and 2.3 are completely analogous to that of
Proposition 2.2 in [BRWZ04] (see also [EO1] and [KZ05]). Corollary 2.3 can be
used to obtain a solution to the CR equivalence problem in the following sense:
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THEOREM 2.4. Let M and M’ be as in Theorem 2.1. Then for every py € M
and Ao € G2 (M, M), there exist an open neighborhood €2 of (po,Ao) in M x
G*(M,M') and a smooth (resp. real-analytic) real function I': Q — R such that
there exists a local CR-diffeomorphism f between an open neighborhood of a point
p € M and an open set in M' with (p,j%f) = (p,A) € Q if and only if T'(-,A)
vanishes in a neighborhood of p.

The proof is completely analogous to that of Theorem 1.4 in [KZ05]. Finally,
as a direct consequence of Theorem 2.1 above and Theorem 2.3 in [BRWZ04],
we obtain a Lie group structure on the group of all CR-automorphisms in its nat-
ural topology. Recall that the group Diff(M) of all smooth diffeomorphisms of
M carries the natural topology of uniform convergence on compacta of maps and
their inverses together with all derivatives of the maps and the inverses. We call
this topology the compact-open C* topology. Applying Theorem 2.1 and the men-
tioned result from [BRWZ04], we obtain:

COROLLARY 2.5. Let M be a smooth connected strongly nondegenerate
hypersurface type almost CR manifold. Then the group of all smooth CR-
automorphisms of M, equipped with the compact-open C= topology, has a
(unique) structure as a Lie group acting smoothly on M.

In case M is real-analytic, the group of all real-analytic CR-automorphisms of
M (which coincides with the group of all smooth CR-automorphisms in view of
Corollary 2.3) can also be equipped with the natural compact-open real-analytic
topology (see [BRWZ04] for details). Then Theorem 2.1 can be applied along with
Theorem 2.3 in [BRWZ04] to obtain the real-analytic analogue of Corollary 2.5.

3. Almost CR structures. Let M be a real manifold with almost CR struc-
ture given by H and J or, equivalently by a complex subbundle H'* ¢ C®T satis-
fying H'0 NH'0 =0. The complex dimension of the fiber H,, p € M, is called the
CR dimension dimcgr M of an almost CR manifold M and the real codimension of
H,, in T}, the CR codimension codimcg M of M. The pair (dimcg M, codimcg M)
is sometimes called the type of M and in case codimcg M = 1, M is said to be of
hypersurface type.

Many formulas and calculations become simpler when working with the com-
plexified tangent bundle C7" := C ® 7. (For instance, the Nijenhuis tensor of the
almost complex structure is expressed by a linear combination of 4 different brack-
ets of real vector fields but only one bracket of complexified vector fields.) Here
J extends to a complex bundle automorphism of CH =: C ® H, which splits into
direct sum of its (£i)-eigenspaces

HYW.={¢ecCH: :Je=i¢}, H"':={¢ecCH:J¢=—ic}.
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These eigenspaces form complex subbundles of CH satisfying
H*' =H'0, CH=H"sH",
and each of them uniquely determines the almost CR structure.

3.1. The non-integrability tensor and the Levi form. Recall that an al-
most CR structure is called (formally) integrable or simply a CR structure if the
subbundle H'° ¢ CT (or equivalently H%') is closed under taking Lie brackets.
Denote by 712’1 : CT, —» CT,/ H;70 the canonical projection. Then the obstruction
to integrability is given by the antisymmetric complex-bilinear map

3.1) Np: HYY x H)® — CT,/H,°

such that NV, (X,,Y,) = o (X, Y],) holds for any vector fields X,Y € T'(H0),
where X, denotes the evaluation at p. Then the CR structure is formally integrable
if and only if NV, = 0 for all p € M. The map N,, generalizes the Nijenhuis tensor
of almost complex structures to arbitrary almost CR structures and is called here
the non-integrability tensor.

The Levi form is defined for any almost CR structure in a similar fashion. This
time consider the canonical projection 7, : CT}, — CT},/CH,,. Then the Levi form
is given by the sesqui-linear map

£)°: H)°x H}" — CT,/CH,

such that E,ljo(Xp, Y,) = 5-mp(|X,Y],) holds for any vector fields X,Y € I'(H ')
(cf. e.g. [BER99]). Using the natural identifications H 0l g1o given by £ — £,
and H — H'? given by ¢ — %({ —iJ¢&), one obtains the corresponding maps

£yt HY' x HY' — CT,/CH,, Ly,: H,x H, — CT,/CH,,
of which the first is used in [BER99] and the second one will be used here. (With
this normalization the Levi form of the quadric Imw = |z|* gives Lo(s0,,t;) =
5t0,, where z = x + iy, u = Rew, and CT,,/CH),, is identified with C,,.)

4. Coordinate setting.

4.1. Preliminary normalization. Given an almost CR structure (H,.J) on
M of CR dimension n and CR codimension d and a reference point pg € M, we
consider a system of coordinates (z,u) = (x +1iy,u) € C" x R on M such that

(41) bo = (07070)7 HO =C"x {0}7 J0(£70) = (2570)
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4.2. Complex coordinates of the complexified tangent space. On the
complexified tangent space CT), at a point p € M, we shall consider the complex
coordinates

(42) dz=dv+idyeCl dz=dr—idyc€C% dwe (Ci with du = Re dw,

where C? and C? denote respectively the (1,0) and (0, 1) spaces with respect to
the standard CR structure on C™. Then our preliminary normalization (4.1) is ex-
pressed by

(4.3) Hy? =C? x {0}.

Now consider a general point p € M. If p is sufficiently close to 0, the subspace
H, ;’O C CT,, is the graph of a uniquely determined complex-linear map

(4.4) L(p): C* - C? x CY,

i.e., Hy" is given by (dz,dw) = L(p)d=.
We shall also distinguish the components of L:

4.5) L(p) = (L*(p),L*(p)), L*(p): C*—=C2, LY“(p): C*—CY.
Then (4.3) can be rewritten as

(4.6) L(0) = (L*(0), L (0)) = 0.

4.3. Evaluation along the Euler vector field. In our normalization the fol-
lowing Euler (or radial) type vector field will play an important role:

0 d
4.7 =e(2) =2 = ~— e T,°C™.
4.7) e=e(z):=z Zj:z] - eT,"C

We consider L(p) as a formal power series in (z,Z,u) and evaluate it along e to
obtain a C? x C¢ -valued formal power series

(4.8) L(z,z,u) := L(z,Z,u)e(z).

We write Lz, for the derivative at O regarded as a multihomogeneous polyno-
mial of degree a in z, b in Z and ¢ in u, which is given by

(49) Lzazbuc(27 Z?”) ::ZLZi] Zig Zj) ”'Zjbukl < Zke (O)Z’il T Z’ia’zﬁ e Zjbukl Uk,

in terms of the partial derivatives of L, where the summation is taken over all
collections of indices i1, ...,iq, j1,---,Jp € {1,..., 0}, k1,..., ke €{1,...,d}. Then

(4.10) Loasbye(2,Z2,u) = aLla 150 (2,Z,u)e(2)
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for all integers a, b, c > 0. For the convenience of notation, we shall allow negative
values of a, b, c but always assume hap,c = 0 for any function ~ whenever any of
a,b, c is negative.

We shall say that two (formal) almost CR structures on C" x R corresponding
to formal maps L, L', coincide along the Euler vector field, if their evaluations

along e coincide, i.e.,if L= L.

4.4. Relation with the non-integrability tensor. We next calculate the
non-integrability tensor in terms of the above map L defining an almost CR-
manifold (M, H,.J), normalized as in (4.6). At a point p € M, it is given by the
antisymmetric map N : H;’O X H;’O — (CTP/H;’O in (3.1) induced by the Lie
brackets of (1,0) vector fields. Using the map (4.4) we can choose (1,0) vector
fields of the form X = (£, L) with £ being a constant vector field in C™. Then for
X = (&, LE) and Y = (n, Ln), we have

N(X,Y) = L.(&n) + Lz(L?¢:n) + Lo (LY€:m)
— Lo (m;€) — Lz(L*n:€) — Lu(L"'n;€),

where we have adapted the notation

(4.12) L.(&n) =L.(&)n

for the derivative of L in the direction of £ evaluated at 77 and analogous notation
for Lz and L,, and where CT},/H," is identified with C2 x C¢ in the obvious way.

The following lemma shows that when the given almost CR structures is inte-
grable (i.e., a CR structure), it is completely determined by the evaluation L along
the Euler vector field.

4.11)

LEMMA 4.1. If two formal CR structures (i.e., integrable ones) of type (n,d)
on M = C™ x R are normalized as in (4.3) and coincide along the Euler vector
field (4.7), then they coincide as formal maps.

Proof. Denote by L and L the formal power series maps (4.4) corresponding
to the given almost CR structures. We shall prove the coincidence of L and Lat0
up to order k£ by induction on k. Suppose that all derivatives of L and L of order
less than £ coincide at the origin. Fix nonnegative integers a,b,c witha+b+c=k
and consider the derivatives

D.asvye L, Doasoye L (C7)% x (C2)? x (R9)® x C? — CP x CL.

zozb

Then the coincidence of the given CR structures along the Euler vector field e(z)
implies

4.13)
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In case a = 0, this immediately implies Dzb,cL = Dzbuci. Otherwise we ap-
ply the derivative D a-13,. at the origin to (4.11) written for L and L. Since
L(0) = Z(O) = 0 by the assumption, the corresponding derivative of the sum
L:(L*&m) + Ly (LYE;n) — Ls(LPn;€) — Ly (LYn;€) only involves nonzero con-
tributions of derivatives of L of order less than k& and similar property holds for
L. Thus, by the induction hypothesis, the derivatives of these sums are the same
for L and L. Now subtracting the derivatives of (4.11) for L and L and using the
assumption that both CR structures are integrable, we conclude that the multilinear
function D asbye L — D a zbuci is invariant under exchanging the first and the last
arguments. Hence it is symmetric in all its C?-arguments and therefore (4.13)
implies D azb,,c L =D o Zbucz as desired. O

4.5. Coordinate changes and basic identities. We consider arbitrary for-
mal power series coordinate changes of the form

414)  Z=z+f(zzu), o =u+tg(zzu), (f,9)=0((zzu)).

We write L’ for the map (4.4) corresponding to the new coordinates (z/,2/,w’).
Then L and L’ are related by the following basic identities:

G:+ gz L7 + (id+gy ) LY = L'V (id+f. + fsL7 + fuL"),

(4.15) ) T , )
fo4 (Gd+f5) L7 + fu L = L' (id+f. + f: L7 + f.L").

Here the derivatives of f, f,g and the maps L?, L are taken at (z,%,u) and the
maps L%, 1" at (2/,2/,0)) = (2,2,u) + (£, f,9) (2, 2,u).
We shall use the evaluation of (4.15) along the Euler vector field:

gze+gs L7 + (id+g,) LY = L' (e + f.e+ fzL7 + fu L"),

(4.16) _ e S, . ~
fre+(id+fs)L7 + ful® = L” (e+ foe + fzL* + ful").

5. Partial normal form for any CR-dimension and -codimension. In the
sequel all derivatives will be assumed evaluated at O unless specified otherwise.
The derivatives of the maps f and g satisfy the following reality conditions:

(51) fzazbuc == fzbiauc, gzazbuc = gzbzauc-

5.1. First order normalization. We first take the derivatives of (4.15) in
Z, evaluate at 0 and use the vanishing (4.6) for both L and L’ as well as (4.14) to
obtain

(5.2) G+ LY =LY, fa+Li=1L7%.

In the first equation g,z is an arbitrary hermitian bilinear map in view of (5.1).
Hence we can use it to eliminate the hermitian part of LY (£;7) (where we use the
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same notation as in (4.12)) and thus assume the latter to be antihermitian. On the
other hand, the term f. in the second equation is completely arbitrary and hence
can be used to eliminate LZ completely.

Similarly we take the derivatives of (4.15) in z, evaluate at O and use the van-
ishing conditions (4.6) and (4.14) to obtain

(5.3) ga+LY =LY, f.+Li=1L7%.

This time both terms g,> and f,> are arbitrary symmetric and can be used to elim-
inate the symmetric parts of the bilinear forms LY (&;7n) and LZ(&;n). Hence we
can normalize both forms to be antisymmetric.

Putting everything together, we obtain the normalization:

Li(&n) =0, L¥(&n)= —L%”(ﬁ;ﬁ),
L7(&m) = —LZ(m:€), L7 (&n) = =L (1:6).
Note that in this normalization, %Lg’ represents the (hermitian) Levi form of the

given almost CR structure at 0 and 2L, = (2LZ,2LY) the (antisymmetric) non-
integrability tensor at 0, i.e.,

5.4

1
(5.5) LY = L)%, 2L.=Np.

Furthermore, if both L and L' are normalized as in (5.4), it follows from (5.2) and
(5.3) that

(56) gz = 07 gz2 = 07 f_ZE = 07 f_zz = 0
In view of (4.10), the normalization (5.4) can also be rewritten in terms of L:

=0, ReL% =0, L,.=0.

z

(5.7) L?

5.2. Higher order expansion. We now take arbitrary higher order deriva-
tives of (4.16) that we regard as multi-homogeneous polynomials in (z,Z,u) as in
(4.9). As before, each derivative of L is taken at 0.

For every a,b,c > 0, we differentiate (4.16) a times in z, b times in Z and ¢
times in v and evaluate at 0. In view of the vanishing in (4.6) and (4.14), all terms
in (4.16) (other than id) vanish at 0. Hence we obtain:

Agzazbye + L

(5.8) zazbyc le%i’bu/c + Pa,b,c(f*; f*79*7L*7L;w )7

afzaz bye T Lzaz byc Lf;az/bu/c + Qa,b,c(f*a ]F*7.g*7 Ly, Lf )7
where P, . (resp. Qg p,) is a polynomial in (the components of) the derivatives
(denoted by the subscript “”) of f, f, g and L of order less than a4 b+ ¢ and of

v (resp. L’ #) of order less than a + b+ ¢ — 1. (Note that the derivatives of L of
order a + b+ c are related to the derivatives of L of order a + b+ ¢ — 1 via (4.10).)



930 D. ZAITSEV

Assuming all arguments of Q, 5,  being fixed, we can uniquely choose fazb,.c

in the second identity to make f/z Z:;z,bu,c =0 for a > 1, whereas we already have

Z/;—/éu,c = 0 by (4.10) (recall that all derivatives are taken at 0). This way we can
uniquely determine by induction all derivatives f,asb,c With a > 1, i.e., all deriva-
tives of f except the pure ones fs,c = f,b,., the latter being treated as free param-
eters. Finally we use (4.15) to determine all derivatives of L' of order a+b+c—1

and complete the induction step. Summarizing, we obtain:

LEMMA 5.1. For every choice of the derivatives g,asv,,c and of pure derivatives
fzaue, there exists an unique choice of the remaining derivatives f,azbye, b > 1,
such that L’j; =0forall a,b,c>0, i, L'" =0.

Z/bu/c

We shall next proceed similarly with the first identity in (5.8). In view of the
reality conditions, for each term g¢,asb,. With a 7 b, its conjugate appears in the
other idenitity with (a,b,c) replaced by (b,a,c). Thus we cannot eliminate both
terms L/z%é/bu’c and L’Z%;,au,c simultaneously. However, we can determine g, asb,,c
uniquely by eliminating the sum of the first one and the conjugate of the second,

i.e., by making

(5.9) L e + L% e =0, a#D.
The sum in (5.9) is a certain derivative of Re L' (2/, 2/ ).

On the other hand, if b = a > 0, both identities coincide but the derivative
gzazaye must be real. Hence it is uniquely determined by eliminating the real part
of L%, .:

(5.10) Re LY iaye =0, a>1.

zZ'ay
Again, the real parts in (5.10) appear to be derivatives of Re L™ (2/, 2, u/).

This way we determine all derivatives of g except g,c. The latters are to be
treated as free parameters. Finally we use (4.15) to determine all derivatives of L’
of order a4+ b+ ¢ — 1 and complete the induction step. Summarizing, we obtain:

PROPOSITION 5.2. For every formal power series L(z,%,u): C* — C2 x C%
without constant terms and every formal power series fo(z,u) and go(u) without
constant and linear terms, there exist unique formal power series f(z,zZ,u) and
9(z,Z,u) without constant and linear terms such that f(z,0,u) = fo(z,u) and
9(0,0,u) = go(u) and such that the map id+(f,g) transforms L into L' satisfying
the normalization

(5.11) LZ (2 7 4)=0, ReL™ (< 7 u)=0.
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6. Quasi CR embeddings. Recall that any real-analytic (integrable) CR
structure of CR dimension n and CR codimension d admits locally a CR em-
bedding into C"*¢ inducing the given CR structure. Vice versa, any almost CR
structure induced by a CR embedding into CV (for arbitrary N) is automatically
integrable. Hence we clearly cannot have CR embeddings into any C" for nonin-
tegrable almost CR structures. Here we propose a more general notion of guasi CR
embeddings that works for any almost CR structure and yields “true” CR embed-
dings whenever the almost CR structure is integrable.

Definition 6.1. A quasi CR embedding at a point p of an almost CR structure
of CR dimension 7 and CR codimension d into C? x CZ is a (formal) embedding
as a submanifold M C C? x C¢ with p = 0, TyM = C" x R, such that the trans-
formed almost CR structure on M coincides along the Euler vector field e (given
by (4.7)) with the one induced by the embedding, where we regard z and u = Rew
as intrinsic coordinates on M. (That is L = L’ holds in the notation (4.8) for the
corresponding maps L and L’ representing the two almost CR structures on M)

6.1. Induced CR-structure for a graph. Here we consider a for-
mal (generic) submanifold A in C"*¢ given as graph of a formal map

p: C* xR >R je.,
M = {(z,w) € C" x C?: Imw = ¢(z,%,Rew)}.

Then (1,0) bundle H'OM = T'0C"*? N CT M is the annihilator of the (vector-
valued) forms

_ w — 1w _wtw | R )
(6.1) dz, 8(2—2,—90(2,,2, 7 ))zz—i((ld—wu)dw—%gpzdz).

Hence, in terms of (z, Z,u) with u = Rew regarded as coordinates on )M, the bundle
H'0 is the annihilator of the pullbacks of the forms (6.1) under the map (z,u)
(z,u+ip(z,Z,u)), i.e., it is the annihilator of the forms

dz, (id—ipy,)(id+ip,)du— (id+ip,)ip.dz,
or, equivalently, since id —¢¢,, and id +i,, commute, of the forms
(6.2) dz, (id—ip,)du—ip.dz.
Therefore the map L is given by
(6.3) L=(L* L") = (0,i(id —ip,) '¢.).

We now follow this construction backwards, i.e., begin with L and reconstruct
the function ¢(z,Z,u). In general, when the given almost CR structure is nonin-
tegrable, we cannot expect it to be induced by an embedding in a complex vector
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space. However we shall see that we can still find ¢ satisfying (6.3) along the Euler
vector field. In accordance with our normalization (4.3), we shall assume

(6.4) o(z,z,u) = O(\(z,z,u)\z).

Then evaluating (6.3) along the Euler vector field (4.7) and differentiating at 0, we
obtain

(6.5) LY, e = 10005050 + Rapo(04)

in the notation (4.8), where R, ;, . is a polynomial in (the components of) the deriva-
tives ¢, of ¢ at 0 of order less than a + b+ c. We shall consider functions ¢ satis-

fying
(6.6) Pzbye =0.

This corresponds to the choice of normal coordinates where the defining equation
has no harmonic terms. Given L*, we use (6.5) to obtain by induction on a + b+ ¢
formulas for all derivatives ¢ b, other than those in (6.6), i.e., with a > 1:
1~ ~

(67) Prazbye = EL;Uaibuc + Sa,b7C(L:<U)7
where S, ; . is a polynomial in the derivatives of L of order less than a + b+ c.

We now consider a transformation (4.14) sending L into L’ and look for a Ce-
valued function o(2’,Z’,v) in the new coordinates providing a local embedding
of C" x R? into C™ x C? given by (2/,u') — (2,0 +ip(2', 2 ,u')), with desired
properties. Rewriting (6.7) for L', we obtain, for a > 1,

1~ =o'
(6.8) P ra by e = EL/Z%E/bu/c + Sa,b,c(L;w )

Solving the first equation in (5.8) for E’;ff;z,bu,c and substituting into (6.8) we obtain
by induction on a + b+ ¢:

1 _ ~
(69) SOZ/aZ/bu/c - Zgzazbuc + Ta,b,C(f*J f*7g* ’ Lik)?

where T}, 5, . is a polynomial in the derivatives of f, g of order less than a +b+c
and derivatives of L' of order less than a+ b+ c+ 1. Here we drop the dependence
on L which is assumed to be given and fixed. We shall now use (6.9) along with
the second equation in (5.8) to determine uniquely the derivatives g,asb,c with
(a,b) #0and f,azb,c with a # 0 as in Section 5.2 via the normalization conditions

(6.10) L7 (2,2 4)=0, Ime(,7 u)=0.

As before, we complete the induction step by using (4.15) to determine all deriva-
tives of L' of order a +b+c— 1.
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Summarizing and taking (6.6) into account, we obtain:

PROPOSITION 6.2. For every formal power series L(z,%,u): C? — C2 x C%
without constant terms and fo(z,u) € C" and go(u) € R? without constant and
linear terms, there exist unique formal power series f(z,zZ,u) € C", g(z,Z,u) €
R? and (2,7 ') € R without constant and linear terms satisfying f(z,0,u) =
Jo(z,u), 9(0,0,u) = go(u) and p(z',0,u") = 0, such that the almost CR structure
given by L admits the quasi CR embedding at 0 as the submanifold M' C C7, x (Cﬁi/
given by

Imw' = (2,2, Rew’)
via the map (z,u) — (z+ f(2,2,u),u+g(z,2,u)), where (2',u’) are regarded as
intrinsic coordinates on M’.

Remark 6.3. Note that even though the normalization conditions of Proposi-
tion 6.2 look similar to (5.11), the two normalizations are different in general. For
instance, consider the hypersurface given by Imw = (2, z,u) with ¢(z,Z,u) =
2Z +uz*z*. It is in the normal form of Proposition 6.2 but

ip.e  i(zZ+4uztz?)

LY = =
1 —ipy 1 —iz4z4

does not satisfy (5.11).

7. Intrinsic normal form for hypersurface type almost CR structures.
We now restrict our study the almost CR structures of hypersurface type, i.e., those
with CR codimension 1.

Definition 7.1. We call an almost CR structure of hypersurface type strongly
nondegenerate if both its Levi form and the linear combination 6i£ + A\ " are non-
degenerate, i.e., if, in addition to the nondegeneracy of the Levi form £, one has

(7.1) 6iL(E,n) +NV(E,n)=0forally = £=0,
where we assume the normalization (5.4).

If the Levi form is positive definite, the almost CR structure is always strongly
nondegenerate. Indeed, if ¢ is such that 6i£(&,1) + N (£,1) = 0 for all 5, we have,
in particular, 6iL(€,£) + N™(&,€) = 0. Since A is antisymmetric, N (£,£) =0
and therefore £(£,£) = 0. In view of £ being positive definite, we obtain £ = 0 as
desired.

7.1. Trace decompositions. We here recall trace decompositions that
play a fundamental role in [CM74]. Recall that the trace operator associ-
ated with the nondegenerate Levi form %LZ’Z = ij cjkdZj @ dzy, is given by

tr:i=>3 cjk%a%, where (¢/*) is the inverse matrix of (cj;). (In particular, if
J
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= . - 2 .
LY. = zzj €jdz; ® dz; for e = £1, then tr = Zj q%.) Then, for any integer
[ > 1, any formal power series p(z,Z,u) admits an unique decomposition

(7.2) p(z,2,u) = q(2,2,u)(LY%(2,2))! + h(z, Z,u),

where ¢ and h are further power series and h satisfies tr! b = 0. Here tr stands for tr
applied [ times. Moreover, if p is bihomogeneous of bidegree (a,b) in (z,Z), then
h is also bihomogeneous of the same degree and ¢ is bihomogeneous of degree
(a—1,b—1) (and is zero if min(a —[,b—1) < 0). As in [CM74], we shall use (7.2)
for p of bidegrees (2,2), (3,2) and (3,3) in (z,2) and [ equal 1, 2 and 3 respectively.

7.2. Weighted expansions. As in [CM74] we assign weight 1 to z, Z and
weight 2 to w. We shall assume the partial normalization as in Lemma 5.2. For
every a,b,c > 0, we differentiate (4.16) a times in z, b times in Z and ¢ times in w
and evaluate at 0. As before, we shall assume each derivative evaluated at 0. Then
in view of the vanishing in (4.6) and (4.14) we obtain

(7.3)
agzazbuc + abgzaflzbfl wct! LZZ + Lw

Z“Z uc
=L e+ Pape(fos ForGes Ly, L) + abL¥ (Z; frazo 1e)
+aLl’¥ (Foaisvye; 2) +ala—2) LY (2 fratsbye)
+ab(b—1)LY (2 fraizp2yen1 ) LY 4 ab(a — D)LY (2 fra-2b-1yen1 ) L,
(7.4)
@ fsozbue + b arziryert LY 4 Lo = Liaginge + Qape(fos Jos g L, L),

where P, . (resp. Qq ) is a polynomial in (the components of) the derivatives
of f, f and L'*" of weight less than a+b+2¢— 1 and of ¢ and L of weight less
than a+ b+ 2¢ (resp. of L'Z of weight less than a+b+2c—1 and f, f, g and L of
weight less than a + b+ 2c¢). Here we have used the antisymmetry of L(-;-) and
L',(-;-) implying the cancellations

L.=2L,(%2)=0, L L (fraisbyes 2) + L(25 fraci5be) = 0.

We have also used (5.6) (to avoid terms like L/Z %,lz,b, Lye1922 etc.). Also recall that
any derivative ha b, With either of a, b, c negative is assumed to be zero.

As before, assuming the arguments of (), 5, . in (7.4) being given, the non-pure
derivatives f,azb,c (i.e., those with @ > 1) are uniquely determined by the first
identity of our partial normalization (5.11), i.e., from

_ _ ~ 1~. 1 - ~ -
(7.5) fz‘libuc = _bfzaflib*‘u”ng)Z - aLj‘libuc + aQa,b,c(f*yf*ag*aL*aLf )
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However, this time we no more regard the pure derivatives f.a,c as free parameters
but rather want to determine them from the identity (7.3) by adding further normal-
ization conditions. We shall assume L being given and determine the derivatives of
g of a fixed weight k£ and of f of weight £ — 1. Then we use (4.15) to determine
all derivatives of L'* of weight k — 1 and of L' Z of weight k£ — 2. Thus our main
inductive hypothesis for an integer k£ > 3, will be that we have already determined
all derivatives of g of weight less than k and all derivatives of f and L' W' of weight
less than k — 1 and of L'? of weight less than k — 2. Our goal is then to determine
the corresponding derivatives of the next following weights.

7.3. The diagonal terms normalization. We begin by considering the
identities (7.3) corresponding to (a,b, c) equal (1,1,s+1), (2,2,s) and (3,3,s—1).
Here s > 0 is such that 4 +2s = k (i.e., the weight a +b+2c is k). (In case s =0
we only have the first two identities and regard the third idenity as void.) We obtain

Gzzustl T 9u5+2zg)5 + Eg)gusﬂ
(7.6) = B e 4 Pitsst (For For s Ly T ) 4 L (2 foerr)
+ LY (Foysr132) = L (25 fryon),
29252y + 4Gy L2 + Eg}zﬂus
(7.7) = L% e+ Pons(fur for e, Ly L)+ 4L (25 f22,0)
+ 2L (Foryei 2) ALY (3 fryon ) LY ALY (25 frer ) LY,
3935351+ 992222u5f’§)2 + Zg@z%s*'

= L/zlgzﬂu/sfl + P3,378*1(f*7 f*79*7L*;L;w ) +9L/§/U (Z;fz,%zzusq)

+ 3Lgf)/(fzzz3u34 ;2) + 3L’;f’/(z; frrsus)+ ISL%W/(Z; fzzzus)fg’z
+ ISLIZWI(Z;szZuS)ZzzUZ‘

(7.8)

The first identity has the non-pure derivative f;,s+1 that we can substitute from
(7.5), where all unknown terms on the right-hand side are of lower weights and
hence are already determined. We now impose the condition

(7.9) L'

2l Flyls+ — 0

(rather than requiring to vanish only the real part as in (5.11)). Taking real and
imaginary parts of (7.6) and using reality (5.1) as well as the facts that Re E;"z =0
and that L“Zfi/(-; -) is nondegenerate and antihermitian (see (5.4)), we see that by
choosing g,,s+1 and f,,s+1 suitably, (7.9) can always be achieved and uniquely

determines g, ;,s+1 as well as the expression

(7.10) By = gye2 LY — 2iIm LY (2 fLyen1).
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The next identity (7.7) has the non-pure derivatives f,2-,s, f.z2,s and fs s+
that we can substitute from (7.5). After the substitution, the identity becomes
2g2252us + 4gzzus+l L,IZUZ + .Zw

2222us

(7.11)

= L% s + (120 (23 fryort) — 4L (Foyor132)) D + -+

where the dots stand for the terms already determined. The derivative g5, s+1 has
also been determined from the previous identity. Taking the imaginary parts of both
sides in (7.11) we see that Im L} W is determined up to addition of a multiple of

12512918

Im (LY (2; foyer1 ) %) = —i(Re LY (25 foyer1)) LY

zZ)

T . . . . . / .
as LY. is purely imaginary. Since the Levi form %L’g{’ (+;-) is nondegenerate, we
can always achieve the normalization

w(Im L., ) =0,
which determines uniquely the expression
(7.12) Ey :=ReLY (Z; foyst1)-

Here we have used the fact that both real and imaginary parts of L’g{" (Z; fous+1) can
be arbitrarily prescribed independently of each other by suitably choosing f.,,s+1.
Next, suitably choosing ¢,252,,s in the real part of (7.11), we can also achieve

s B
ReL 2:n,s =0.
The latter condition determines uniquely the expression

2E3 =292, — 8Re(LY (Z; foysr1 ) L)

(7.13) , z
=2g,252ys — (SZImLI;} (z;fzu”l))LzzUZ‘

Solving for g,252,,s and using (7.10) we obtain
(7.14) gz = Gyera(LE2)* = BV LY + B,

Then, in case s = 0, the derivative g,» determines g,252,,s and via (7.10) and (7.12)
both real and imaginary parts of L% (Z; f,,=+1). Since L% (+;-) is assumed non-
degenerate, the latters uniquely determine f,,s+1. Thus we have determined all
derivatives involved except g,2, which is treated as free parameter.

Finally, in case s > 1, we analyse the last identity (7.8). Using (7.5) as before
to substitute for all non-pure derivatives of f, we obtain

3gz353u571 + 9g2252us lel)z + Zzz%z}usfl
=% .+ (90Lg,“’(z; Fousit) + 18LY (Fonsit z)) (L)% + -

ZEZu

(7.15)
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Taking real parts of both sides and choosing ¢,3:3,s-1 suitably, we see that the
condition

(7.16) Re Z/Zl/%,zﬂu/s—l =0
can be fulfilled and determines uniquely the expression
(7.17) Ey:=3g.355y0-1 — T2Re LY (Z; Lyt ) (DY)

Furthermore, since (7.12) is determined, we conclude that we have determined
95353451

We now take the imaginary parts of both sides of (7.15), where we substitute
g.252s from (7.13) and Im L' (Z; f.e1) from (7.10):

(7.18) IMLY e =MLY e —36ig,e02 (L)% + -

We see that Im L% Az 18 determined up to a multiple of zgus+z(L .)3. Hence,
choosing sultably Jus+2, we can always achieve

(7.19) w}(Im L% e 1) =0

that determines g,s+2 uniquely. As in case s = 0 above, we see that g,s+2 in turn
determines ¢,252,s via (7.14) and f,,s+1 via (7.10) and (7.12), where the nonde-
generacy of L'%'(-;-) has been used.

We finally consider the remaining diagonal term expansions, i.e., the identities
(7.3) for (a,b,c) with a = b > 4. All derivatives of f involved there have either been
already determined or can be determined using (7.5). We then obtain the identities
of the form

(720) agzazauc + a gza lza—1yctl LZZ + Lzazauc — L,lelizz/aulc +

where as before the dots stand for the terms that have been previously determined.
We can argue by induction on « to see that there is an unique choice of the deriva-
tives g azaye such that

(7.21) Re LY . .. =0.

/azlau

Summarizing, we have uniquely determined the derivatives f,azb, With |a —
bl =1 of weight k£ — 1 as well as g,aza,c of weight k except the free parameter g,,2,
by the conditions L'¥ = 0 and

(7.22)
Re z’z%/ slaq,lc — 0, Im L,w le+1 = 0, (Im L,Z/zz/zu/c) 0’ (Im L, ) =0.

Zlay, Z'Z'u 2BzBu/c
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7.4. Normalization of the terms next to the diagonal. Here we are going
to normalize the terms of (7.3) that correspond to |a — b| = 1. We begin by consid-
ering the identities for (a,b,c) equal to (1,0,s+1), (2,1,s), (1,2,s), (3,2,s—1)
and (2,3,s—1) with s > 0 and 2543 = k (i.e., the weight a +b+2c =k as in the
previous section). In case s = 0 the last two idenitities are not present. Using (7.5)
to eliminate all non-pure derivatives of f as before in Section 7.3, we obtain the
identities

Gost1 LY oy = Zgﬂl/s“ + Lfgf” (fust132) — Lgf’/ (25 fys) +0-

sus+
2922205 + 29z L5+ Lz 0
= L%+ 2L (2 f o)

+ ( - 2L/21/U, (]FuSH ; z) + 2L';,”/ (z; usﬂ))zg’z e
Gozrus + 205 LY + L 0
(7.23) = L%+ LY (Foyss 2) +4LY (% fyon ) LY+

39352451 + 69,25, zfg + E;‘ézzus,l
= LY e +24LY (%3 f2e) L
(6L (Fyo132) + 18LY (2 fuon)) (B2) 4+
225351 +6g,52ys Zi”z + E;"z23us,l
= L s yes — 6L (Foayes 2) LY + 241 (2 f o) (L) -
where as before the dots stand for the terms that have been already determined.
Our next normalization condition is

(7.24) LY. =0,

which can always be achieved in view of the first identity in (7.23) by suitably
choosing g,,,s+1, and determines uniquely the quantity

(7.25) By =g yen — LY (Fyor1:2) + LY (2 frot).

Since L/ “’/(0, z,u) = 0 (following from the definition), (7.24) is equivalent to

(7.26) Egﬁl/sﬂ + Zgﬁ;/sﬂ =0,

where the second term vanishes.
We next consider the second identity in (7.23) and twice the conjugate of the
third. Using the reality properties (5.1) of g and the antihermitian properties of
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L'¥'(+;-) and LY

Y., we obtain

49:2500 = 20z L (Do +20%,. )
(7.27) .
= (L + 2000 )+ (6L (Furs2) + 2L (23 frer) Dl -

Similarly, substracting twice the conjugate of the third identity in (7.23) from the
second, we obtain

6gzub+‘Lzz+ ( 22zus 2L;Uz2u )
(7.28) — (Le = 2L ) + ALY (55 f00)
(1L (Fyi ) 2L (s ) D

Using the freedom in the choice of g5, in (7.27) and of f,»,s in (7.28) together
with nondegeneracy of Lg/”,(-; -) we can achieve the normalization

(7.29) L'y

2122 uw's

+2L", . =0,

which determines uniquely the expressions

(7.30)
EZ = 4gz22u5 - ZgzuSH Zg}_ ( Zl/u (f_us+I Z) + ZL/;/U, (Z f“SH ) ) Ng%’
By = 6t L — ALY (5 o) (101 (Fisz) =2 (5 o)) E2,

Notice that in case s = 0, we have f,s+1 = f,, = 0 in view of (4.14). Then g,,s+1 is
uniquely determined from (7.25) and both derivatives g,25,s and f,2,s are uniquely
determined from respectively the first and the second identity (7.30).

In case s > 1 we have the last two identities in (7.23). We consider the sum of
the first of them and the conjugate of the second as well as the difference between
2 times the first and 3 times the conjugate of the second:

5935251 + <E1ZU322U5 1 +LZ 2535 1)
= (E’;g;,zu,s,l + Z;%’E%,S,l) F18LY (25 foye ) LY
(8L (i) + 8L (5 o)) (B 4
(7.31) _
309,2 zuSLzz + <2Lz3z 2q5—1 3L1;253us—1)
= (2L %o = 3L s ) + 661 (55 frr) L2

(122 TLY (Fyeers 2) 4361 (2 fron ) ) (L) 4+
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Using the freedom in the choice of g,352,s-1 We can achieve

(7.32) L% 01+ LY =0,

2235351

which uniquely determines the expression

(733) = 5923521”971/ __18Lgf} (z,fZZUS?L,lZUZ B i
+ (18LY (fyer132) — 18LY (23 fryer1)) (L))",
The normalization of the difference (L B siyet — Y T 53y 1) is trickier. Solv-

ing (7.25) for g,,s+ and the identities in (7.30) for g,2;,s and Lg/”/(i; frrys) Te-
spectively and substituting into the second identity in (7.31), we obtain

—96(3LY (Furts 2) + LY (fuon32)) (L) + (2L Lot =304, 1)
(7.34) R
(2L, 251 T 3L,;/%I2/3u/s—l) +--- )

where we have used the antisymmetry of L’;{’/(-; -). Now, if the given almost CR

structure is strongly nondegenerate (see Definition 7.1 and relation (5.5)), we can
choose uniquely f, s+ to satisfy the normalization condition

trz <2Z;%/5/2u/s—1 - 3L;/2,Znu/5 1) = 07
which in view of (7.32) is equivalent to
(7.35) tr? (Z,’;fg;,zu,sfl - E’Z%;Bu/sfl) =0.
Once f,s+1 is determined, g,,s+1 is determined via (7.25), g,25,s and f,2,s via
(7.30) and subsequently g,352,,s1 via (7.33).

The remaining terms g,a+1za, are normalized inductively in the same way as
in the previous subsection by the conditions

fa+lq, = O

zlez

(7.36) L% aye + LY

Summarizing we have obtained the normalization conditions

L/’LU

/22 u'c 2 Z/zu/(,

w T rw —
(L 3 /Zulc Lz/22/3u/c> - 07

TIw '
L 2la+l /au/(, L Slazlat+ly,

=0, LY =0,

(7.37)

that uniquely determine the derivatives f,c and f,»,. of weight k£ — 1 as well as
gza+12auc Of Welght kf
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7.5. Normalization of the remaining terms. We now consider the iden-
tities (7.3) that haven’t been previously used, i.e., those corresponding to (a,b,c)
with |a —b| > 2 and a + b+ 2c = k. We begin with the identitites for (a,b,c) equal
o (a,0,¢), (a+1,1,c—1), (1,a+1,c—1) (with a > 2), where we use (7.5) as
before to eliminate the non-pure derivatives of f:
agzoue + L%ye = L% e+ ala—2) L% (23 foacige) + -+
(a+1)g.at1zye-1 + (a+ l)gz“uCLw + Lza+lzuc i

- L/Z/a+12/u/c—l + (a + I)LI;/U (2, fzaJrlucfl)
+a+1)(a—1) LY (21 frazye 1)+ (a+ D)al¥ (2 foa1,e) LY+
gzza+1u(;71 + (a + l)gzauczgz + Z;UZG+1uC,|
= Z/;/U;/aﬂu/cq + L,;/U/(f_za+luc—l 5 Z) +--- 5

(7.38)

where as before the dots stand for the terms already determined. Furthermore, pro-
ceeding by induction on a, we may also assume that the derivatives f,o-1,c, and
therefore also f,az,c-1 in view of (7.5), are already determined and will include
them in the dot terms.

The derivatives g.aq,c, a > 2, are uniquely determined by the conditions
=0,

z’“u

or, equivalently,

Iw
zlau/(, + L /au/c - O

We shall now include g.a,c in the dot terms assuming them being determined by
induction on a. In case ¢ > 1 we consider the sum and the difference of the second
identity in (7.38) divided by (a + 1) and the conjugate of the third identity there:

2gza+12ucfl + < Lza+lzucfl +Lg)za+lucl>

+1

L L%
a+ 1 zatlzyc—1 zzatlye—l

1 = e
= <a+ IL/ /a+1zu'c 1 L/sz/a+1 re 1> —|—2Lg}) (Z;fza+1uc—1).

(7.39)

Then the derivatives g,a+15,c-1 and f,a+1,c-1 are uniquely determined by the nor-
malization

(7.40) L/ plat] s re—1 + Elzl/vzl/aﬂu/c—l =0.
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By now we have determined all pure derivatives of f of weight kK — 1 and shall
include them in the dots.
Finally, fora > b+2, b > 2, we have

T
byc — Lz/azlbu/c + Ty

Tw | Tw T’
bgzbzauc + a/bgzbflzafluc#»l LZZ + L bsa - Lz’bi’au’c 4+ 5

2bzauc

Tw | Tw
A asbye +abg a—150-1,c11 L5 + Lzaz

(7.41)

from where g, a5, is uniquely determined by the condition

(7.42) L sivge + L% aye = 0.
Thus we have determined all derivatives of g of weight k.

Summarizing, we have determined all derivatives of g of weight not greater
than k, and of f of weight not greater than k — 1. We finally use (7.5) to determine
the non-pure derivatives f .z, of weight £ via the normalization

(7.43) L ye =0,
and as the last step, determine all derivatives of L’ of weight k& — 1 from (4.15).

7.6. Normalization summarized. Collecting and simplifying our normal-
ization (7.22), (7.37), (7.42) and (7.43) we obtain a normal form for strongly non-
degenerate almost CR structures:

THEOREM 7.2. For every formal power series L(z,zZ,u): C? — C% x C,,
without constant terms corresponding to a strongly nondegenerate almost CR
structure and every r € R, there exist unique formal power series f(z,Z,u) € C"
and g(z,Z,u) € R without constant and linear terms such that g,>(0) = r and the
map h =id+(f,g) transforms L into L’ satisfying the normalization

Tz _
Lz/azlbu/c - 07

(7.44) L

!

T ' Thw T '
Ic + L w — 0, L 151+ - 07 L ra+235/q,lc - 07

lbzlaglc z z

tr(Z;%,Z’zu/C) =0, trz(z/%,z’zu/c) =0, tr (Z;%,Zﬂu’c) =0,

z

zby

for all a,b,c > 0. Furthermore, each partial derivative of L', f, g at 0 is given by
an universal polynomial in v and (finitely many) derivatives of L.

8. Extrinsic normal form for hypersurface type almost CR structures.
Following the idea of quasi CR embeddings in Section 6 we refine the extrinsic
normalization of Proposition 6.2 similarly to the intrinsic approach of Section 7.
As in Section 6 we assume L to be given and look for a real function ¢(z, Z,u)
normalized as in (6.4) and (6.6) and a transformation h = id+(f, g) sending L into
L' such that (6.3) is satisfied with L replaced by L’ along the Euler vector field
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(4.7). To simplify the notation we shall drop ' from the variables when indicating
the derivatives and components of L', e.g. we shall write L’", instead of L’ 7%’ "
Thus we evaluate (6.3) with L replaced by L’ along the Euler vector field e:

(8.1) (L%, 1) = (0,i(id —igp,) "' pse).

We differentiate (8.1) at 0, this time writing explicitly all terms of the maximum
weight:

(8.2) lezgz bye — (902‘12 bye T 0@ a-150- luleOzz) + Ra b, C(SO*)

/
where Ra be

a+ b+ 2c. As before we assume (6.6) for ¢. We obtain ¢,z = 1L’“’ = %Zg’z and
subsequently

(¢4 ) is a polynomial in the derivatives ¢, of ¢ at O of weight less than

1

(8.3) 0P azbye = L ibp a1 sp1 et LY — - eI,

zazbyce

directly following from (8.2) by induction, where S, b, C(L“”) is a polynomial in

the derivatives L* of L'* at 0 of weight less than a + b+ 2.

As in Section 6 we look for transformations (4.14) normalizing L% and ®,
where ¢ is a priori complex-valued and its reality will be imposed as part of the
normalization. We also assume the conditions (5.4) for both L and L’ and therefore
also (5.6). In particular, we have L, = L., L. = L; and L/ . = L,=. We follow the
strategy of Section 7 and assume for an integer k > 3, that we have determined all
derivatives of ¢ and g of weight less than & and all derivatives of f of weight less
than k£ — 1. As before, the dots will stand for the terms already determined. The
terms involving only L are fixed and will also be included in the dots.

We first claim that in view of (8.1), the normalization conditions

54) L".,..=0, min(a,b) <1, (a,bc)#(1,1,0),
. ) —0, tr2(~lw7 ) =0, tr3(~’w,3 ) =0,

tr(Lzzzzuc 2372uc 2373uc

(which is a part of (7.44)), are equivalent to
Yyazbye =0, min(a,b) <1, (a,b,c)#(1,1,0),

(8.5) ) .
tr(SOZZZZUC) — 07 tr (SOZSZZUC) — 07 tr (SOZSZSUC) — O.

Indeed, we assume either of (8.4) and (8.5) and prove the other set of conditions
by the induction on the weight. Differentiating (8.1) as above and using (8.5) for
terms of lower weight by either the assumption or the induction assumption, we
obtain R, ; .(»+) = 0in (8.2) whenever either min(a,b) < 1 or max(a,b) < 3 and
(a,b) # (3,3). Since we have @ _a-155-1,c+1 = 0 for (a,b) in this range, (8.2) reduces
to L’Z o bye = 104 a 5bye, implying the induction step for those (a, b, c). In particular,

we have tr(¢,252,c) = 0 implying tr3(¢.252,c.5) = 0 (i.e., by the uniqueness of
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the decomposition (7.2)). Then differentiating (8.1) 3 times in each of z and Z and
taking tr? of both sides, we conclude tr3(~’;§’23uc) = tr}(¢,353,¢ ), completing the
proof of the induction step and thus proving the claim.

We now continue our strategy following the lines of Section 7 and consider
(7.20) for @ > 4. Assuming ¢,a-1za-1yc+1 and @ a-1za-1,c+1 being determined by
induction on a and using (8.3), we obtain 1@ azayc = gazayc +---. Then it is clear
that the reality condition Im ¢,aza,c = 0 uniquely determines g.aza,c and @ azaye.

Finally, the normalization of the remaining terms is straightforward following
the strategy of Section 7 and is given by the remaining reality conditions of the

form ¢ asb,c — P,bza,c = 0. Summarizing we obtain:

THEOREM 8.1. For every formal power series L(z,zZ,u): C? — C%Z x C,,
without constant terms corresponding to a strongly nondegenerate almost CR
structure and every r € R, there exist unique formal power series f(z,z,u) € C",
9(z,z,u) € R and ¢(7',Z',u') € R without constant and linear terms satisfying
the Chern-Moser normalization

P ylayle = 0, Pyt ziytetrl = 0, P ra+2z10c = 0,

(8.6)
tr(goz/zz/zu/c) = O, trz(QOZGZ/Zu/c) = 0, tr3(goz/32/3u/c) =0

forall a,b,c >0, and such that g,2(0) = r and the almost CR structure given by L
admits a quasi CR embedding at 0 as the hypersurface M' C C?, x C, given by

Imw' = ¢(2',Z ,Rew’)

via the map (z,u) — (z+ f(z,Z,u),u+g(z,Z,u)), where (z',u’) are regarded as
intrinsic coordinates on M'. Furthermore, each partial derivative of f, g, © at 0 is
given by an universal polynomial in r and (finitely many) derivatives of L.

Note that in view of Remark 6.3 the normal form in Theorem 8.1 is different
from that of Theorem 7.2.

9. Uniqueness of the normal forms. We here provide the details to the
construction of extended adapted frames described in Section 1 as well as the proof
of Theorem 1.4.

9.1. H-equivalence. Let J;If,p/(M ,M'") denote the space of all k-jets of
smooth maps between real manifolds M and M’ with source p € M and target
p' € M'. In local coordinates a k-jet in J*(M, M) is represented by a kth or-
der polynomial map. Write J*(M, M’) for the union of Jlﬁp,(M ,M'") for all p
and p’. Denote by f_,: J¥(M,M") — J&1(M,M’) the natural projection. We
shall make use of the well-known fact that for each A € J*~!(M,M"), the fiber
(7% _)71(A) has a canonical structure of an affine space modeled on the space of
all symmetric k-linear maps from 7,M X --- x T, M into T,y M’', where p and p’
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are respectively the source and the target of A. The latter fact immediately follows
from the chain rule. Indeed, in local coordinates, points of (7§ )~!(A) are rep-
resented by the kth derivatives D;f f of smooth maps f: M — M’ representing
the jets. Then coordinate changes ® and ¥ on M and M’ respectively lead to the
change

0.1)  DifeDE(Wofod ') =d.0Dkfo (), .0, )+ P(Ef),

where P( j;f*l f) is a polynomial in the (k — 1)-jet variables (that depends on ® and
¥). Thus one obtains an affine transformation rule for D{; f when j;ffl f is fixed as
claimed.

Let now M be an almost CR-manifold and consider the second jet space
J&p(R, M) with fixed source 0 € R and target p € M. Obviously the first jet space
Jol’p(R, M) can be identified with the tangent space 7, M. Then for a tanget vec-
tor & € T, M, the fiber (77)~1(¢) C J(Z()’p) (R, M) has the canonical structure of an
affine space modeled on the space of all symmetric bilinear maps from R x R into
T, M, which is canonically isomorphic to 7}, M. Hence for Ay, As € (73)71(€), we
can consider the difference A; — A, € T),M. We say that Ay and A, are H,M-
equivalent (or simply H-equivalent) if Ay — A, € H,, M. This obviously defines an
equivalence relation that we call H-equivalence.

9.2. Extended adapted frames. Recall from Section 1 that an extended
adapted frame on M at p consists of a C-basis vy, ...,v, of H,M, a vector v, €
T,M \ H,M satisfying (1.8) and an H,M-equivalence class [A] C J&p(R,M)
with 7r(1)A = Un41. The standard extended adapted frame on C x R at 0 (with
any almost CR structure satisfying Hy = C™ x {0}) consists of the unit vectors
8%1’ e a%n, a% and the HyM)j-equivalence class represented by the linear curve

¥(t) = (0,1) € C" x R.

THEOREM 9.1. Let L(z,Z,u): C7 — C% x C,, be a formal power series map
without constant terms defining a strongly nondegenerate hypersurface type almost
CR structure on C™ X R (in the formal sense) with a given extended adapted frame
at 0. Then the following hold.

(i) There exists an unique formal map h(z,zZ,u) € C" x R without constant
terms transforming the given extended adapted frame into the standard one and L
into the normal form given by Theorem 7.2.

(ii) There exists an unique formal map h(z,zZ,u) € C™ x R without constant
terms transforming the given extended adapted frame into the standard one and
realizing a quasi CR embedding of the given almost CR structure as a hypersurface
Imw' = p(2',Z',Rew) as in Theorem 8.1.

Furthermore, each partial derivative of h and L' corresponding to the normal form
in each of (i) and (ii) is given by a (universal) real-analytic function in the partial
derivatives of L and the components of the given extended adapted frame.
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Proof. Letvy,...,v,,Un+1,|A] be the given extended adapted frame. Applying
a linear transformation, we may assume that vy, ..., v,, v, is the standard adapted
frame. Then the statements in (i) and (ii) are given by Theorems 7.2 and 8.1 respec-
tively, where the class [A] uniquely determines the parameter r = g,,2(0). O

9.3. Proof of Theorem 2.1. Fix a point py € M and an extended adapted
frame F, at each point p in a neighborhood U of py in M. If M is smooth
(resp. real-analytic), we may choose U and F,, that depends smoothly (resp.
real-analytically) on p. In view of Theorem 9.1, for every p € U, the almost CR
structure of M at the reference point p can be mapped via a map h,, formally and
uniquely into its normal form L;’D given by Theorem 7.2 such that F, is mapped
into the standard extended adapted frame at 0. Furthermore, the last statement of
Theorem 9.1 implies that the coefficients of h, and L;’,, depend smoothly (resp.
real-analytically) on p. In order to show the desired conclusion, we consider two
cases.

Case 1. The given 2-jet Ag € G, (M,M’) does not send the chosen ex-
tended adapted frame at pg into any extended adapted frame in M. In that case
Ag cannot be a 2-jet of a CR-diffeomorphism and furthermore a neighborhood
Q of A in G*>(M, M) can be chosen such that no 2-jet in € is a 2-jet of a
CR-diffeomorphism. Then the property jlz, f € Q is never satisfied for a CR-
diffeomorphism f and hence the conclusion (2.1) holds trivially with any choice
of the map ®.

Case 2. The given 2-jet Ay € G;O(M , M) sends the chosen extended adapted
frame at p into an extended adapted frame in M’. We first construct the map ®
only for 2-jets A € G;p,(M ,M") such that p € U and A sends F), into some ex-
tended adapted frame F,y on M’ at p’. Note that the set S of such A is a smooth
(resp. real-analytic) submanifold of G2(M, M"). Applying again Theorem 9.1 for
the almost CR structure of A" at the reference point p’ and the frame F,,, we obtain
an uniquely determined map h, depending on A, sending M’ into its normal form
M such that F,, is sent to the standard extended adapted frame. Then, for any
p € U and CR-diffeomorphism f between open pieces of M and M’, defined in a
neighborhood of p, the formal maps h, and hj% 5o fmust coincide by the unique-

ness in Theorem 9.1. Here fdenotes the formal map given by the Taylor series
F_ -1 : ; B3 3¢ 301

of f at p. Hence [ = hj%f o hy, and, in particular, j, f = j, f = ]p(hj%f ohyp). We

then set ®(A) := j;(hxl o hy). It remains to choose any open neighborhood €2 of

A in G*(M, M) with a smooth (resp. real-analytic) retraction r: Q — SN2 and
replace ® by ® or, now defined in (2. The proof is complete.
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