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DECOMPOSITION OF CR-MANIFOLDS AND SPLITTING OF CR-MAPS
ATSUSHI HAYASHIMOTO, SUNG-YEON KIM AND DMITRI ZAITSEV

ABSTRACT. We show the uniqueness of local and global decompositions of abstract CR-manifolds
into direct products of irreducible factors and splitting property for their CR-diffeomorphisms into
direct products with respect to these decompositions. The assumptions on the manifolds are finite
nondegeneracy and finite type on a dense subset. In the real-analytic case, these are the standard
assumptions that appear in many other questions. In the smooth case, the assumptions cannot
be weakened by replacing “dense” with “open” as is demonstrated by an example. An application
to the cancellation problem is also given. The proof is based on the development of methods of
[BER99b, BRZ00, KZ01] and the use of “approximate infinitesimal automorphisms” introduced in
this paper.
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1. INTRODUCTION

Decompositions of various types of manifolds into direct products of submanifolds play an im-
portant role in their study. For instance, for semisimple Lie groups and for symmetric spaces, such
decompositions are crucial for the classification. In Riemannian geometry such a decomposition is
known as de Rham decomposition (see [KN96]). In all these cases the corresponding decomposi-
tion is unique unless there are present so-called “flat factors” whose classification is simple. Most
geometric and functional-theoretic questions for the manifolds then are reduced to the irreducible
factors.
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In this paper we study local decompositions of germs of (abstract) CR-manifolds into irreducible
factors as well as their global analogues and establish their uniqueness. Here the role of “flat
factors” is played by Levi-flat directions, where, in general, “higher order Levi forms” have to be
taken into account. The simplest example is given by the Levi-flat manifold M = R x C where the
choice of the factor R is obviously not unique. There are different known nondegeneracy conditions
to exclude such phenomenon, most of them are usually formulated for real-analytic CR-manifolds.
Those that seem to be the easiest to transfer to the smooth case and also the easiest to compute
are the condition of finite nondegeneracy (see [H83, BHR96, E98]) and of finite type (in the sense
of Koun [K72] and BLooM-GRAHAM [BGT77]). We refer to §2 for main definitions and mention
here only that finite nondegeneracy and finite type are implied respectively by the nondegeneracy
of the Levi form and by the condition that the span of all Levi form values is of maximal possible
dimension.

Our main result states that, in order to have the unique decomposition property, it is sufficient
to require finite nondegeneracy and finite type only on a dense subset. In this paper “smooth”
will always mean C'*°. A germ of a smooth CR-manifold is called irreducible, if it is not CR-
diffeomorphic to a direct product of two germs of smooth CR-manifolds of positive dimension. We
prove:

Theorem 1.1. Let (M, p) be a germ of a smooth CR-manifold which is finitely nondegenerate and
of finite type on a dense subset. Then, up to permutations, there exists a unique decomposition

(Mvp) = (Mbpl) X X (MWLapm)>

where each germ (M;,p;) is irreducible. Furthermore, if f is a (germ of a) smooth local CR-
diffeomorphism between (M,p) and another (germ of a) smooth CR-manifold (M’ p') and if
(M',p') = (M{,p}) x -+ x (M, pms) is the corresponding decomposition into irreducible fac-
tors, then m = m’ and, after a permutation of the factors (M]’-,p;-), f factors as a direct product of
the form f = f'x---x f™, where f7: (M;,p;) — (Mj,p}) are (germs of ) local CR-diffeomorphisms
forg=1,....m.

If M is real-analytic, the assumption of finite nondegeneracy on a dense subset in Theorem 1.1
is equivalent to holomorphic nondegeneracy of its local analytic CR-embedding, i.e. to the nonex-
istence of holomorphic local one-parameter automorphism group (see [BER96, BER99al). This
assumption is optimal for points in general position in the following sense. If there is no dense
subset where M is finitely nondegenerate, then the existence of a local one-parameter automor-
phism group implies that at a point of general position M is locally CR-isomorphic to a product of
C and another CR-manifold. In this case it is easy to see that the decomposition in Theorem 1.1
at such a point is never unique.

If, on the other hand, there is no dense subset where M is of finite type, the situation is reduced
to the finite type case by considering the CR~orbits (see [N66, S73, BER99a).

In case M is real-analytic, the assumptions in Theorem 1.1 are clearly equivalent to M being
finitely nondegenerate and of finite type at some sequence of points converging to p. If M is
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merely smooth, the second condition is essentially weaker and is not sufficient for the conclusion
of Theorem 1.1 to hold as Example 2.1 below shows.

Our next result is the following global version of Theorem 1.1. Here we call a CR-manifold
(globally) irreducible if it is not CR-diffeomorphic to a direct product of two smooth CR-manifolds
of positive dimension.

Theorem 1.2. Let M be a smooth CR-manifold which is finitely nondegenerate and of finite type
on a dense subset. Then, up to permutations, there exists a unique decomposition

M 2 M, x - x M,

where each M is irreducible. Furthermore, if f is a smooth CR-diffeomorphism between M and
another smooth CR-manifold M" and if and M' = M] x --- x M/, is the corresponding decompo-
sition, then m = m' and after a permutation of factors of M’, f factors as a direct product of the
form f = f'x - x f™, where f7: My — M; are smooth CR-diffeomorphisms.

Again, also here Example 2.1 shows that in the assumptions cannot be weakened by replacing
a dense subset by an open subset. As immediate applications of Theorems 1.1 and 1.2 we obtain
the following cancellation result:

Corollary 1.3. Let My, My and S be CR-manifolds that are finitely nondegenerate and of finite
type on their dense subsets. If My x S and My x S are CR-diffeomorphic, then My and My are
also CR-diffeomorphic. Furthermore, if for some points py € My, py € Ms, s € S, (My,p1) X (S, s)
and (M, po) x (S, s) are CR-diffeomorphic, then also (M, p1) and (Ms, ps) are CR-diffeomorphic.

A key ingredient of the proofs of Theorems 1.1 and 1.2 consists in establishing a rigidity property
for local CR~diffeomorphisms (Proposition 4.1) that roughly states that, under the assumptions
of Theorem 1.1, any smooth family of local diffeomorphisms that is CR in all arguments, is nec-
essarily constant. The proof of this fact is based on a realization of the space of infinitesimal
CR-automorphisms as a totally real subspace in a suitable jet space. For (not infinitesimal) CR-
automorphisms of real-analytic CR-manifolds fixing a reference point, such a realization has been
obtained by BAOUENDI-EBENFELT-ROTHSCHILD [BER99b, Theorem 4]. The method of [BER99D]
is based on the local complexification of real-analytic CR-manifolds that may not exist for general
abstract CR-manifolds as in our case. In [KZ01] the second and the third authors proposed a
method of an approximate local complexification that has been used to obtain jet parametriza-
tions of local CR-automorphisms and even of local automorphisms that are CR only up to some
finite order. Using this method we can reduce the problem to the real-analytic case but, as in
[KZ01], after such a reduction we have to consider not only infinitesimal CR-diffeomorphisms of

the corresponding submanifold M C C¥ but also more general holomorphic vector fields that pre-
serve M only up to finite order (at the reference point). We call these vector fields “approximate
infinitesimal automorphisms”. In contrast to usual infinitesimal automorphisms, the local flow of
an approximate infinitesimal automorphism may not consist even of approximate automorphisms
since they may not send the reference point into a point of M. Thus we cannot reduce the problem
to (not infinitesimal) automorphisms and instead adapt the technique of [BER99b, BRZ00, KZ01]
directly to our case.
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An outline of the paper is as follows. In §2 we review basic facts and definitions for CR-manifolds
and give an example showing that the assumption of finite nondegeneracy and of finite type in
Theorems 1.1 and 1.2 cannot be replaced by the same assumptions on a sequence of points. In
63 we define approximate infinitesimal automorphisms and establish their totally real realizations
in jet spaces. In §4 we prove the rigidity property for local CR-automorphisms mentioned above.
Finally, §5 and §6 are devoted to the proofs of Theorems 1.1 and 1.2. The arguments in these
parts are partially inspired by [U81].

2. PRELIMINARIES AND AN EXAMPLE

Recall that an (abstract) smooth CR-manifold is a smooth manifold M together with an involu-
tive subbundle T%' M of the complexified tangent bundle TM ® C such that T%'M NT°M =0,
where THM = TO1M. (Involutivity means here that Lie brackets of vector fields in T%'M are
again in T%'M.) Instead of prescribing T%!'M one can also consider a real subbundle T°M of
T'M together with a complex structure J on T;M for each p € M depending smoothly on p. The
relation between T®'M and (T°M, J) is given by TO*M = {£ +iJ¢ : £ € T°M}. The reader is
referred to the books [B91, BER99a] for basic properties of CR-manifolds.

A CR-manifold M is said to be of finite type at a point p (in the sense of KOHN [K72]
and BLOOM-GRAHAM [BG77]) if all vector fields in T%'M and T'°M span together with their
commutators the maximal possible space T,M ® C. The type v of M at p is the minimal length
of commutators needed to span the maximal space. In this case we say that M is of type v at p
or (M, p) is of type v.

A CR-manifold M is called finitely nondegenerate at p (see [H83, BHR96, E98] and also [BER99a,
§11.1)) if, for some integer k > 1,

spanc{7., (... T0,(T1,0) .. )(p) : 0 < s <k, L; e T(T"' M), 0 € (T M)} = T;"°M,  (2.1)

where T*°M and T*"YM denote the bundles of complex 1-forms that vanish on 7¢M x C and
on T%'M respectively and 77, is the Lie derivative along L. Recall that for any (0, 1) vector field
L, the Lie derivative 77, leaves the space I'(T*9M) invariant and is given there by Trw = ipdw,
where i, denotes the contraction. If the number k£ is minimal with the above property, we say that
M is k-nondegenerate at p or (M, p) is k-nondegenerate.

The following example shows that the conclusion of Theorem 1.1 may not hold if (M, p) is only
assumed to be finitely nondegenerate and of finite type at a sequence of points converging to p.

Example 2.1. Let M, C CZ , be given by Imw = A(Rew)zZ, where A(z) is a smooth function on
R that is zero for 2 < 0 and positive for > 0 and let M; C C2,, be the quadric Imw = 2Z. Then
M := My x M; is finitely nondegenerate (even Levi-nondegenerate) and of finite type at every point
(0,z,a,b) € M with x > 0. However, the obvious decomposition of (M,0) as (My,0) x (M;,0) is
not unique. Indeed, let ¢ be a smooth real function on R that is one for x > 0 and greater than
one for x < 0. Then the map

(Zo, Wo, 21, wl) — (20, Wo, SO(Re wo)Z1, (‘P(Re U’O))zwl)



DECOMPOSITION OF CR-MANIFOLDS AND SPLITTING OF CR-MAPS 5
defines a CR-automorphism of M that does not preserve the given splitting M = My x M;.

3. APPROXIMATE INFINITESIMAL AUTOMORPHISMS

We begin by considering a germ (M, p) of a generic real-analytic submanifold in CV with a
vector-valued defining function r = (r!,...,r?). Recall that an infinitesimal automorphism of
(M,p) in CV is a germ at p of a holomorphic vector field L on C¥ such that Re L is tangent to
M, ie. ReLr =0 on M. More generally, we introduce the notion of an approximate infinitesimal
automorphisms of a given order k. By definition, an approximate infinitesimal automorphism of
(M, p) of order k is a germ at p of a holomorphic vector field L on CV satisfying

ReLr(z) =o(|lz —p|*) as z€ M —p.
We denoted by aut®(M, p) the vector space of all approximate infinitesimal automorphisms of
(M, p) of order k.

For a germ of a holomorphic map f at p € CV, denote by j;f its k-jet at p. Also denote by
JS(CN ,CN) the k-th jet space of holomorphic self maps of CV at p. Our goal in this section is to
prove the following property that may be of independent interest:

Proposition 3.1. Let (M, p) be a germ of a real-analytic generic submanifold in CN of codimen-

sion d. Suppose (M, p) is l-nondegenerate and of type v. Then for any k > (2d(v —1)+2)(2d+3)l,
the image of aut®(M, p) under the jet evaluation map

jz(a2d+3)l . autk(M, p) _ JZSQd-i-B)l(CN’ CN)
is a totally real linear subspace of J1§2d+3)l(CN, CcM).

Proof. Without loss of generality we may assume p = 0. Let L := >, & aizj € aut®(M, p) be an
approximate infinitesimal automorphism and let {6; : t € (—¢,¢)} be its local flow defined in a
neighborhood of 0 in CV. Since L is holomorphic, 6;(z) is holomorphic in z and real-analytic in ¢.

Consider the power series expansion
0i(z) =D ©,(2)
Jj=>0
of 6;(z) with respect to ¢, where ©;: CV — C¥ is the germ of a holomorphic map at 0. Then
Oy =id and ©; = (¢4, ...,&N).
Now let 7(2,%) = (r'(2,%),...,7%2,%)) be a real-analytic defining function of (M, p) and let

Mz, Z,t) :=r(0:(2),0.(2)).
Consider the power series expansion
hz,Zt) =Y hi(z,7)
Jj=20

of h with respect to t. Since

r(0:(2),0:(2)) =71(2,Z) + 2tRe Lr(z,Z) + o(Jt]) as t—0,
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we have hg = 0 on M and hy(z,%) = o(|2|]*) as 2 — 0 in M by the assumptions. Then, by the
standard complexification argument, we obtain on the complexification M := {(z,{) € U x U :
r(z,¢) = 0} of M, where U is a sufficiently small neighborhood of 0 in CV,

r(0:(2),0:(0)) = h(z,¢.t) = Y hiz, Ot (3.1)
j>1
such that
hi(z.0) =o(|(z. Q") as  (2,() € M —0.
Choose a linear basis of real-analytic (0, 1) vector fields Ly, ..., L,, on M near 0, where n =
N — d. By a slight abuse of notation we write the same letters for their complexifications on
M. For a multi-index a = (ay,...,q,), write |o| :== oy + -+ + a,, and L* := L' -+ L. Since

M is l-nondegenerate and 6, is invertible at 0, we have near 0 the following span condition (see
[BER99a, Proposition 11.2.4])

span{ L™ (0,(2),0,(2)) : 1 <m < d,|a| <1} =CV,
where 77" (%’;1 yees g’z";
Then by applying the operators L® for |a| <[ to (3.1) and using the implicit function theorem,

we obtain as in [KZ01, §4.1] the basic reflection identity
0i(2) = U(2,¢,3¢00) + h0(2, ¢, 1), (2,0) €M, (3.2)

where U is a holomorphic map defined in a neighborhood of (0,0, j%id) in CV x JY(C¥,C¥) which
is independent of §;, and h° = 3~ .., hf(z, ()’ is a holomorphic map (depending on ;) defined in

a neighborhood of 0 in CV x CV x (—¢,¢) such that
M(z,¢) = o(l(, OIF) as (2,0) €M —0.
Moreover, differentiating (3.2) in z, we obtain for 7 < k — [,
g0, = V7 (2, ¢, j<+l9t) +h7(z,(,t), (2,() € M, (3.3)
where h7(2,(,t) = .o, hj(z, ()’ is a holomorphic map satisfying
M(z,0) = ol OI ") as (2,0 e M—0.

For every positive integer u, define the iterated complexification M* of order p as follows
(see [297, 799, KZ01]). Let M* be the connected component of {(¢*, ..., ¢! (%) € CwHIN
r;(¢7,¢97) = 0,5 =1,...,u} containing 0, where

(¢, ¢ = {T(Cj’@_l) if j is odd,

7(¢7, ¢~ if j is even.

) € CV is the gradient of the mth component of r.

Then by iterating (3.3) 2d + 3 times and evaluating at (° = 0, we obtain
0u(z) = U2, B, i 9'0) + h(z,B.t),  (2,B) € M {¢" =0},
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where U is independent of 6;, B = (¢24+2, ... ¢°) and h(z,B,t) = > h;(z, B)t/ is such that
(2, B) = o(|(z, B)[*~ ), (2,8) € M* N {¢° =0} — 0.

Since M is of type v, by similar arguments as in [KZ01, §4.2], we obtain a singular jet
parametrization

0(2) = @(A, Aim jé2d+3)l§t> n 71<>\, Aim t)

for some integer m < 2d(v — 1), where A € C, V¥ is a holomorphic map in a neighborhood of
(0,0, 58" id) in € x CN x JEHINCN, CY) independent of 6, and h(X, 3, t) = >is1 hi(A 2)E s
a holomorphic map in a neighborhood of 0 in C x C¥ x (—¢,¢) such that
(X, 2) = o(|(A, 2)[F N as (A, 2) = 0.

Then by [KZ01, Lemma 4.4], we have

0(2) = O(z,j&"0,) + h(z, 1), (3.4)
where @ is a holomorphic map in a neighborhood of (0, §24+3lid) in CN x Jé2d+3)l(CN ,CN) and
h(z,t) = 32,51 hj(2)t) is a holomorphic map in a neighborhood of 0 in CV x (—¢,¢) such that

E—(2d+3)1

ﬁl(z)zo(\z| mit ) as zeCN —0.

We differentiate (3.4) in ¢t at ¢ = 0 to obtain a jet parametrization

£(z) = (2, 3PV o2 ) as zeCV -0, (3.5)
where € := (€1, ..., &Y) denote the components of the original infinitesimal automorphism L. Since

m < 2d(v — 1) and
k> (2d(v —1)+2)(2d + 3)l > (m +2)(2d + 3)!,
differentiation of (3.5) (2d + 3) times in z at z = 0 yields

jé2d+3)l§ — (vb(jé2d+3)lg)

Y

where ® is a holomorphic map in a neighborhood of j&*™id in J**™(CN,CV). Hence we have
¢ = &(C) for any ¢ € jP¥ (autk(M, p)) and therefore j8* (auth (M, p)) c JEIHCN, CV) is
totally real. U

4. RIGIDITY PROPERTIES OF CR-FAMILIES OF AUTOMORPHISMS

Our next step in proving Theorems 1.1 and 1.2 consists of establishing rigidity properties for local
CR-families of automorphisms given as germs of smooth CR-maps ¢: (S,a) x (M,p) — (M, p),
where (S, a) and (M, p) are CR-manifolds. By rigidity here we mean the following property:
Proposition 4.1. Let (S,a) and (M, p) be germs of smooth CR-manifolds that are finitely nonde-

generate and of finite type on dense subsets. If ¢: (S,a) x (M,p) — (M,p) is a germ of a smooth
CR-map such that ¢(a,-) =id, then ¢(s,-) =id for all s € S sufficiently close to a.
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In fact, it will follow from the proof that the same conclusion holds under the weaker assumption
that (.S, a) is only minimal (in the sense of TuMANOV [T88]) on a dense subset.

Proof. Let d be the CR-codimension of (M, p), i.e. the codimension of the complex tangent space
T M in T, M. We first assume that M is finitely nondegenerate and of finite type at p (and not only
on a dense subset). Choose [ such that M is [-nondegenerate at p. It is shown in [KZ01] that, for any
invertible jet (p, A) € J2E@HDI(M, M), there exists a J2@+DHL(A M)-valued smooth function ®
defined in a neighborhood of (p, A) such that all germs of smooth CR-diffeomorphisms f: M — M

. (d+l)lf)

at any ¢ € M with (g, ]3 sufficiently close to (p, A), satisfy a complete differential system

GV = @(a, )

for x sufficiently close to q.

Now choose X € aut(M,p) and let {0, : t € (—e,¢)} be its local flow. Then there is a neighbor-
hood U of p in M such that for all ¢t € (—¢,¢), 0; is well-defined in U and satisfies

ji(d+1)l+1‘9t _ (I)(Ji,ji(d+1)l‘9t) (4.1)

for all x € U. By differentiating (4.1) in ¢ at ¢t = 0, we obtain a complete differential system
ji(d+1)l+1X — \Ij(x,ji(d+l)lX>, r € U

for X, where U is a JX4FVHL(M T M)-valued smooth function defined in a neighborhood of
(p, 52X ) in the space JADUM, TM) of 2(d+1)I-jets of vector ficlds on M. As a consequence,
we obtain finite jet determination for infinitesimal CR-~automorphisms: if XY € aut(M,p) and
G X = Y then X = Y

Let ¢: (S,a) x (M,p) — (M,p) be a germ of a CR-map satisfying the assumptions of the
Proposition 4.1. For any (1,0) vector field L on S in a neighborhood of a such that L(a) # 0,

define one-parameter families {6, : t € (—¢,¢)} and {n; : t € (—¢,¢)} of local CR-diffeomorphisms
of M by

Ou(x) == (o1(t), 2), m(x) := p(oa(t), ),
where o and o9 are the integral curves of Re L and Im L, respectively such that o,(0) = 02(0) = a.

Therefore 6, and 1o are infinitesimal CR-automorphisms, where the dot denotes the derivative in
t. Moreover, by the definition of 6, and 7, we have 6y, 79 € I'(M,T°M). On the other hand,

Mo = 90*(&2(0)71:) = 90*(|m L(CL),I) = J@*(ReL(CL)?x) = JéO?

where J is the complex structure on 7°M. Hence we obtain an infinitesimal automorphism X :=
0o € aut(M,p) NI'(M, T°M) such that also JX € aut(M,p).

Now set k := (2d(v — 1) + 2)(2d + 3)l as in Proposition 3.1, where v is the type of M at
p. By [KZ01, Proposition 3.1], we can choose a neighborhood U of p and a smooth embedding
: U — C" n = dimgg M, which is CR of order k + 1 at p, i.e. for any (0, 1) vector field L on
M defined near p, Li)(z) = o(|x — p|*) as * — p, and such that ¢(p) = 0 and ¥ (U) is a generic
real-analytic submanifold of codimension d.
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Jj=1

of order k at 0. Therefore we can choose a holomorphic vector field Z;L:f Ej% € aut®(y(M),0)

such that jE(¢, ... ¢mHd) = jE(E, ... €. Define j: aut(M,p) — JP (€, Crtd) by
(X)) = jENE, e,

Then by the finite jet determination in aut(M,p) mentioned above and by Proposition 3.1, j
is injective and the image j(aut(M,p)) C JEPH(Cre, €Y s a totally real linear subspace.

Moreover, since 1 is CR of order k£ + 1 at p, for any X € aut(M,p) NT,(M,T°M) we have
pu(JX) = Jpu(X) +o(|lz = p|*), €M —p,

and therefore j(JX) = J(j(X)) since JX € aut(M,p). Since j(aut(M,p)) is totally real and
j is injective, this implies X = 0. In the above notation this means 6(z) = 0 or equivalently
¢.(Re L(a),z) = 0. A similar argument applied to py(s,x) 1= @, '((s,2)) for ¢, := ¢(b,-) and
b € S sufficiently close to a shows that ¢.(Re L(b),z) = 0. Since L is an arbitrary (1,0) vector
field on S, it follows that also . (L, ) = ¢.(L,x) = 0. Since (S,a) is of finite type, this implies
that ¢(-,x) is constant for every x € M (sufficiently close to p). (If (5, a) is merely minimal, the
same conclusion follows by observing that ¢(-, x) is constant along CR-curves on S.) Hence we
obtain the required conclusion in the case M is finitely nondegenerate and of finite type at p.

To prove the statement in the general case, suppose that the conclusion does not hold for a germ
of a smooth CR-map ¢: (S,a) x (M,p) — (M, p). Then the partial derivative dsp(s, x) does not
vanish at points arbitrary close to (a,p). On the other hand, the above argument implies that the
derivative is zero near all minimal points of S that are sufficiently close to a. By the assumption,
the minimal points are dense, and hence we reach a contradiction. The proof is complete. Il

We write ¢, (X) = Re S0 Sja%j. Since v is CR of order k+1 at p, it follows that each &’ is CR

5. LOCAL SPLITTING OF CR-MAPS; PROOF OF THEOREM 1.1

In this section we prove Theorem 1.1. Let (M, p) be as in Theorem 1.1 and fix a decomposition
into irreducible factors

(Mvp) = (Mbpl) XX (Mmapm)
It is clear that such a decomposition always exists but a priori may not be unique. Let (M, p’) be
another CR-manifold and

(M',p') = (M, ph) x - X (M, ) (5.1)
be a corresponding decomposition. Define

(M, p) := (M, p1) X +++ X (M1, Pm—1)-
Since M is finitely nondegenerate and of finite type on a dense subset, it follows directly from the
definition that the same holds for M and M,,.
Now let f = (f',...,f™) be a germ of a smooth CR-diffeomorphism between (M, p) and
(M',p'), where f7 is the jth component with respect to the decomposition (5.1). We fix connected
representatives for all germs of CR-manifolds and denote them by the same letters. We may then
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assume that f maps M = M; x --- x M, diffeomorphically onto an open connected subset U’ C
M' = M x---x M), For an open subset U, C M,,, define the subsets U} := f/({p} x U,,) C M;.
We also write f~! = (¢',...,9™): U — M.

Lemma 5.1. IfU,, C M,, is a sufficiently small neighborhood of p,,, one has H;”:'IU]’- C f({p} x

Proof. By the construction,
f({ﬁ} X Um) = {(fl(ﬁvv)7 e 7fml(ﬁ7 U)) RS Um} C HT:,IU],
Let N —
T (Mmapm> X X (Mmapm> X(M7ﬁ> - (M7]5>

7

V
m/

be the germ given by
(v ,...,vm,,z) = (gl(fl(z,vl),...,fm,(z,vm,)), ) ..,gm_l(fl(z,vl),...,fml(z,vm,))>,

where z € M and v/ € M,, for 1 < j < m/. Then m(v,...,v,2) = z holds for (z,v) € M near
p. By Proposition 4.1, we conclude that w(v',...,v™,2) = z for (v',...,v™) € My, X --- x My,
near (pm, .. .,pm) and for z € M near j. This implies FEfNB oY), ™ (P, 0™) € {pY x My,
for all o', ..., v™ € M,, near p,, and the lemma follows. U

We need the following standard lemma proven here for the convenience of the reader.

Lemma 5.2. Let S C R™ x R™ be a smooth submanifold. Denote by m;: S — R", j = 1,2,
the canonical projections. Suppose that, for an open subset U C S, m(U) X mo(U) C S. Then for
any p € U and any sufficiently small neighborhood Q@ of p in U, 7;(Q) is a submanifold of R™ for
j=1,2, and Q is open in m () X m(£2).

Proof. The inclusion m1(U) x mo(U) C S implies dmy(1,S5) x dmo(1,S) C T,S for every p € U and
therefore dmy(7,S) x dmo(1,S) = T,,S. By the semi-continuity of the dimension of each dr;(7,5),
j =1,2, with respect to p, we conclude that both dimensions are constant and therefore both
and 7y are of constant rank on U. The required statement follows from the rank theorem. O

In our situation each U} is a subset of M; for all j = 1,...,m’, such that the product Uy x- - -x Uy,
is contained in a smooth submanifold that is locally CR~equivalent to M,, by Lemma 5.1. Hence
it follows from Lemma 5.2 that, if the neighborhood U, of p,, in M,, is chosen sufficiently small,
each U] is a smooth submanifold of M’. Moreover, U,, is a CR-submanifold of M in the sense
that its tangent subspace intersects the complex tangent space of M along complex subspaces of
constant dimension. Then, U] x - - - x U], is a CR-submanifold of M’ by Lemma 5.1 and hence each
U; C Mj is a CR-submanifold. We obtain a decomposition of (My,, p,) = (U7, py) X=X (U}, D)
into a product of germs of smooth CR-~submanifolds. Since, however, (M,,, p,,) was chosen to be
irreducible, it is CR-equivalent to (U}, p};) for some j € {1,...,m'}. Without loss of generality,
j =m'. Then the other factors Uj are zero-dimensional. We conclude that f'(p,-), ..., =, )
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are constant near p,, and that f™ (p,-): (M, pm) — (M!,,p.,) defines a CR-equivalence. By
Proposition 4.1, we obtain:

Lemma 5.3. Forz € M sufficiently close to p, one has ™ (z,-) = f™(p, ).

Lemma 5.4. Set f:= (f!,..., ™), M = H;”:/I_l M; and p' = (Py, -, Pp_1) € M'. Then

(i) f(.pm): (M,ﬁ) — (M’,ﬁ') is a CR-diffeomorphism;
(ii) for any z, € M,, sufficiently close to p,,, one has ]7(, Zm) = f(-,pm).
From Lemmata 5.3 and 5.4 we conclude that f splits into the product f = h x k™ with
b= f(,pm): (M,p) — (M) and h™ = f™(p,-): (M, pm) — (M., ). The proof of
Theorem 1.1 is completed by induction on m.

6. GLOBAL SPLITTING OF CR-MAPS; PROOF OF THEOREM 1.2

We now turn to the proof of the global decomposition result stated in Theorem 1.2. Let M
and f: M — M’ be as in Corollary 1.2. Without loss of generality we may assume that M is
connected. Fix decompositions

M = My XXM, M = M X---xDM,

into irreducible factors and write f = (f*,..., f™), where f?is the i-th component of f.
For any point (p1,...,pm) € M, p; € M;, decompose

(M;, ps) = (Mi,lapi,l) X X (Mi,siapi,si)
and
(Mi,’p;) - (Mil,bp;,l) Koo X (Mi/,ri?p;,ri)
into local irreducible factors, where p; := fi(p) and let ;. be the canonical projection of M to

M, defined in a small neighborhood of p;, where M . is a representative of (M, pj ).
Now assume that

dim M,, = max(dim My, ..., dim M,,,dim M7, ..., dim M,,).

Fix p:= (p1,..-,Pm-1) € M =M XX My_,. By Theorem 1.1, the germ f: (M, p) — (M',p')
can be written as a product of germs of CR-diffeomorphisms f**: (M; ,, pis) — (M, . 0} .. )

Hence there exists arbitrarily small connected open neighborhood €2 of p,, in M, such that

FUPY x Q) = FH({B} x Q) x - x f™({p} x Q).
Moreover we can choose 2 so that for each j, j = 1,...,m/, h?" := 7} (f?(p,-)) is well-defined in
Q,
PP} x Q) = W1 Q) x - x W75 (Q)
and there exists a subset A; C {1,...,r;} such that h?" is constant if r € A; and of maximal

rank at every point of Q if r € A;.
We claim that

FUBY * M) = fH{B} x M) x -+ % [ ({P} x My). (6.1)
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Indeed, set
G = {(z1,. ., Tpw) € My X -+ X M,y (fYp,x1), . f™ (Boaw)) € FHPY X M)y, (6.2)

For any x € M,,, we can choose a neighborhood €2, C M,, of x such that
FUBY x Q) = FHHBY x Q) x - x 7 ({p} x Q).
Therefore (z, ..., x) is an interior point of &. Let &, be the maximal connected open set consisting

of interior points of & containing (z, ..., ) and let &, be its closure in M,, X - - - x M,,. Then by
continuity of f, &, is again a subset of &.

Choose any (21, ..., %) € &,. Then by (6.2), there is a point p,, € M,, such that f(5,pn) =
(fr(D,z1),..., f™ (P, 2m)). Let Q and A, be as above and choose a connected neighborhood Q;
of z1 in M,, such that in €, h'" is well-defined for all » =1, ..., 7,

FHAPY x Q) = B ({PY x Qo) x - x B ({p) x Q)
and there exists a subset B C {1,...,7} such that A" is constant if » € B and of maximal rank
at every point of {); otherwise.
Since (z1,...,Zmw) € 6, and f({p} x M,,) C M’ is a locally closed submanifold, there exist an
open subset V' C Q and a point (ya, ..., Ym) € My X - -+ X M,, arbitrarily close to (g, ..., %)

m/—1

FHBY X V) % f2(Baye) x - [ (Boym) © F({P} x Q).
Then h'" is constant in V for r € A;. Since V is an open subset of ; and A" is of maximal rank
at every point of Q; if r & B, this implies A; C B. Therefore h'"(y) = h'"(p,,) for all y € Oy if
r € A; and hence f1({p} x Q1) C f1({p} x Q) if @ is sufficiently small.
By the same argument as above we can choose neighborhoods Q; C M,, of z; , j =2,...,m
such that f7({p} x Q;) C f/({p} x Q) or equivalently

FHBY % Q) > f7 ({BY X Q) € F({BY % ).
Then (z1,. .., 7, ) is an interior point of &,. Since M,, x - - - X M,, is a connected set, this implies
B, =M, X - x M,,.

Now we have f({p} x M) = f{{p} x M,,) x - - - x f™ ({p} x M,,). Since, by the local splitting
property of f proven in Theorem 1.1, each f7(p, ) is of constant rank, this implies that f7({p} x
M,,) is a closed CR-submanifold of Mj. Since M, is irreducible in the sense of Corollary 1.2,
we may assume that f7({p} x M,,) is of zero dimension if j # m’ and M,, is CR-diffeomorphic
to f™ ({p} x M,,). Since M,, is of maximal dimension among the irreducible factors of M and
M', this implies f™ ({#} x M,,) is an open subset of M’ ,. Since f™ ({#} x M,,) is also closed in
M!, and M', is connected, we have f™ ({p} x M,,) = M’ ,. Then by local splitting property of
f we can show that for any (¢,z) € M, q € M, x € M,,, sufficiently close to (p,p.), we have

flg, ) = f(g,pm) and f™ (g, ) = f™ (p,x), where f:=(f',...,f"").

such that

/
?
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Since (P, pm) is arbitrary and M is connected, f can be written as a product of two CR-
diffeomorphisms f: M — M’, and §: M,, — M/ ,, where M' := M| x ---x M!, ;. The proof of
Theorem 1.2 is completed by induction on m.
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