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Exercise 1

Use Taylor’s formula to find linear and quadratic approximation at (xg,yo) = (0,0):
Solution. Taylor’s formula for f at (zo,yo) yields the linear and quadratic ap-

proximations L(z,y) and Q(z,y) = L(x,y) + R(x,y), where

L(z,y) = f(zo,v0) + fz(%0,%0)(x — w0) + £y, (0, Y0)(¥ — ¥o),

R(z,y) = %fm(%, Y0)(x — 20)* + fay (0, Y0) (@ — 20) (Y — yo) + %fyy(%, Y0) (Y — yo)*.

(i) f(z,y) = 2%

Solution. For the linear approximation, we need to calculate the value and the
first order partial derivatives at (0,0): f(0,0) = f5(0,0) = f,(0,0) = 0. Hence the linear
approximation is

L(z,y) =0.

For the quadratic approximation, we need to calculate the second order partial deriva-
tives at (0,0): f22(0,0) =2, f5,(0,0) = f,,(0,0) = 0, and hence

Q(z,y) = 2*.

(i) f(z,y) = wsiny;

Solution. For the linear approximation we have: f(0,0) = f;(0,0) = £,(0,0) = 0.

Hence the linear approximation is
L(z,y) =0.

For the quadratic approximation, we have: f;,(0,0) = f,,,(0,0) =0, f3,(0,0) =1 and

hence

Q(z,y) = xy.



(it)) f(2,y) = i

Solution. For the linear approximation we have: f(0,0) =1, f,(0,0) = f,(0,0) =

—1. Hence the linear approximation is
L(z,y)=1-z—y.

For the quadratic approximation, we have: f;,(0,0) = f,,,(0,0) = 2, f3,(0,0) = 2 and
hence
Qz,y) =1—z—y+a> + 20y +y°.

Exercise 2

Give error estimates for the linear approximations in Exercise 1 for

—-01<2<01, -02<y<0.2.

Solution. The error estimates come from estimating the error term in the Taylor
formula (see Chapter 11.10):

1
B < §M(|CE — zo| + |y — vol)?

where M is a bound for the next order derivatives |fyz|, | fzy| and |fyy|. So we need to
calculate these derivatives in each case and estimate them in the range specified. We

restrict to (i), the solution for (ii) and (iii) is analogous.
(i) f(z,y) = aeY;

Solution. We have f,, = 2¢¥, f., = 2ze¥, f,, = x*e¥. Then for z and y in the

above range, we can choose M = 2¢%-? and hence |E| < £2¢%2(0.1 + 0.2)%

Exercise 3

Find parametric equations for the normal line at the given point:
(i) to the curve 2% +y3 =2 at (1, 1);

Solution. The normal line to a curve g(x,y) = 0 at the point (zg,yo), where
Vg(zo,y0) # 0 is the line passing through (zg,yo) in the direction of Vg(zo,yo) =

(92(z0,Y0), gy(T0,Yo)), hence its parametric equations are

T =20+ t9:(T0,%0), Y = Yo + tgy(zo,y0)-



Now, for ¢ = 22 + y> — 2 and (z0,50) = (1,1), we calculate g,(xo,y0) = 2,

gy(70,y0) = 3 and hence the equations are
r=142t, y=1+3t
where t is a free parameter.

(ii) to the surface x cosy + z = 0 at (0,0,0).

Solution. Similarly, the normal line to a surface g(z,y,z) = 0 at the point
(0, Y0, 20), where Vg(xo,yo,20) # 0, is the line passing through (z¢, yo, 20) in the di-

rection of the vector Vg(xo,yo,20) = (9z(z0, Yo, 20), 9y (%0, Y0, 20), 9-(x0, Yo, 20)), hence
its parametric equations are

T = 20 + t9.(T0,%0,20), Y = Yo +tgy(T0,Y0,20), 2= 20+ tg.(T0, Y0, 20)

In our case we obtain Vg(zg, Yo, z0) = (1,0, 1) and hence the parametric equations

are

Exercise 4

Sketch the region of integration and evaluate the integral:

(i)
/01 /_11 xy dx dy

Solution. The region is the rectangular —1 <z <1, 0 <y <1 and we have

1 1 1 2 z=1
/ / :z:yda:dy:/ Ty dy = 0.
0o J-1 0 2 |
Evaluation for the other cases is analogous. We only outline the regions.

(i)
/01 /Oy(a:+y)d:tdy

Solution. The region is the triangular 0 <z <y, 0 <y < 1.

1 z?
/ / ydydx
o Jo

Solution. The region is bounded by the x-axis, the vertical line y = 1 and the

parabola y = z2.

(iii)



