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Exercise 1

Find the linearization (L(x,y) or L(x,y, z)) of the function at the given point:
(i) flz,y) =2 +y* —1at (~1,1);
(ii) f(z,y) = e®cosy at (0, 7);
(iii) f(x,y,2) =22 +y?+ 2% at (1,1,1);
) f(z,y,2) =z +y+zat (1,0,0).

(iv
Solution. Use the formula

L(z,y) = f(x0,y0) + fe(z0,y0)(x — 20) + fy(z0,y0) (¥ — yo)
for two variables (x,y) or
L(z,y,2) =
f (0,90, 20) + fz (w0, Y0, 20)(x — 20) + fy(Z0, Y0, 20) (Y — vo) + f=(20, Yo, 20)(2 — 20)

for three variables (z,y, 2):
(i) flz,y)=2%+y*—Lat (-1,1)

L(z,y) =1-2@x+1)+2(y—1) = -3 -2z +2y.
(ii) f(x,y) = e®cosy at (0, 7);

Lz,y)=-1—-1(z—0)4+0(y —7) = -1 — x.
(ili) f(z,y,2) =2?+y>+22 at (1,1,1);

L(z,y,2) =3+2(x—1)+2(y — 1) +2(z — 1) = =3 + 2z + 2y + 2.
(iv) f(z,y,2) =z Fy+zat(1,0,0).

L(z,y,z) =14+ 1(z— 1)+ iy + 32

Exercise 2

Find all the local maxima, local minima, and saddle points of the functions:
(i) fla,y) =2® =2z +y? + 2y + 3;



Solution. The first derivative test f, = f, = 0 yields:
20 —2=0, 2y+2=0 = (x,y)=(1,-1).

The second derivative matrix at (x,y) = (1,—1) is

(fm fxy) :(2 0)_
fey  fuy (1,-1) 0 2

Since fiz =2 >0 and fiz fyy — (fuy)? = 4 > 0, we have local minimum at (1, —1).

(i) fz,y)=2®+ay—y%
Solution. The first derivative test f, = f, = 0 yields:
2r+y=0, z—2y=0 = (z,y)=(0,0).
At (z,y) = (0,0) we have fiufyy — (fay)? =2-2—12 = =5 < 0, hence (0,0) is a saddle
point.
(iil) f(x,y) = +y> — 6y + 3;
Solution. The first derivative test f, = f, = 0 yields:
20 =0, 32—6y=0 = (x,y)=(0,£V2).

At (z,y) = (0,v/2) we have fop =2 > 0, fuxfyy — (foy)? = 2-6y—02 = 12/2 > 0, hence
local minimum. At (z,y) = (0, —v/2) we have fou fyy — (foy)? = 2-6y—0% = —12/2 < 0,

hence saddle point.
(iv) fz,y) =2 +y* +day;
Solution. The first derivative test f, = f, = 0 yields:

4 +4y =0, 4y +42=0 = (z,y)=(0,0)or (z,y) = (£1,F1).

At (x,y) = (0,0) we have fiz fyy — (fzy)? = 0-0—4% < 0, hence saddle point. At (z,y) =
(—1,1) we have fyp =12 >0, frofyy — (fzy)? = 12-12—4% > 0, hence local minimum.
At (z,y) = (1,—1) we have again fi, = 12 > 0, foufyy — (foy)? = 1212 — 42 > 0,

hence local minimum.



(v) flz.y) = ——

1—x2—y
Solution. The first derivative test f, = f, = 0 yields:

x —0 Y
(1 — 2 _ y2)3/2 o (1 — 2 _ y2)3/2

=0 = (z,y)=(0,0).

At (z,y) = (0,0) we have fop =1 >0, foufyy — (fzy)®> = 1-1—07? > 0, hence local
minimum.
(vi) f(z,y) = 2% + siny.
Solution. The first derivative test f, = f, = 0 yields:
20 =0, cosy=0 = (z,9)= (O,:I:g vonk), k=0,+1,42,....
At (z,y) = (0,5 +2mk) we have fop fyy — (fay)? = 1-(—1) —0% < 0, hence saddle point.

At (2,y) = (0, =3 + 2rk) we have fop =1>0, foufyy — (fay)?> =1-1—0% >0, hence

local minimum.



