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S h e e t 5

Due: in the tutorial sessions next Wednesday/Thursday

Exercise 1

Find the gradient of the function:

(i) f(x, y) = x − y;

(ii) f(x, y) = ex−y ;

(ii) f(x, y, z) = x(cosy + sinz);

Solution

(i) f(x, y) = x − y: ∇f = (fx, fy) = (1,−1);

(ii) f(x, y) = ex−y : ∇f = (ex−y ,−ex−y);

(ii) f(x, y, z) = x(cosy + sinz): ∇f = (fx, fy, fz) = (cosy + sinz,−xsiny, xcosz);

Exercise 2

Find the derivative of the function f at the point P0 in the direction of the vector a:

(i) f(x, y) = x − y, P0(1, 0), a = (1, 1);

(ii) f(x, y) = x2 + y2, P0(−1,−1), a = (−1, 2);

(iii) f(x, y, z) = 2ex
cos(yz), P0(0, 0, 0), a = (1, 0, 1).

Solution

Use the formula Duf = ∇f · u for the directional derivative with respect to the

unit vector u = a

|a| :

(i) ∇f |(1,0) = (1,−1), Duf = 0.

(ii) ∇f |(−1,−1) = (2x, 2y)|(−1,−1) = (−2,−2), Duf = (−2,−2) · (−1,2)√
12+22

= −2√
5
.

(iii) ∇f |(0,0,0) = (2ex
cos(yz), 2zex

cos(yz), 2ey
cos(yz))|(0,0,0) = (2, 0, 0),

Duf = (2, 0, 0) · (1,0,1)√
12+12

= 2√
2
.

Exercise 3

Find tangent line to the curve given by the equation at the given point P0:

(i) x2 + y2 = 8, P0(−2, 2);



(ii) xy = −1, P0(1,−1).

Solution Use the formula

fx(x0, y0)(x − x0) + fy(x0, y0)(y − y0) = 0

for the tangent line to the curve f(x, y) = c at the point (x0, y0) on the curve:

(i) f(x, y) = x2 + y2, (x0, y0) = (−2, 2).

We have (fx, fy)|(−2,2) = (2x, 2y)(−2,2) = (−4, 4) and the tangent line is −4(x +

2) + 4(y − 2) = 0.

(ii) f(x, y) = xy, (x0, y0) = (1,−1).

We have (fx, fy)|(1,−1) = (y, x)(1,−1) = (−1, 1) and the tangent line is −(x − 1) +

(y + 1) = 0.

Exercise 4

Find tangent plane to the surface given by the equation at the given point P0:

(i) x2 + y2 + z3 = 3, P0(−1,−1, 1);

(ii) z − 2x2 = 0, P0(1, 1,−2).

(iii) cosπx − yz = 0, P0(0, 1, 1).

Solution

Use the formula

fx(x0, y0, z0)(x − x0) + fy(x0, y0, z0)(y − y0) + fz(x0, y0, z0)(z − z0) = 0

for the tangent plane to the surface f(x, y, z) = c at the point (x0, y0, z0) on the surface:

(i) f(x, y, z) = x2 + y2 + z3, (x0, y0, z0) = (−1,−1, 1).

We have (fx, fy, fz)|(−1,−1,1) = (2x, 2y, 3z2)|(−1,−1,1) = (−2,−2, 3) and the tan-

gent plane is −2(x + 1) − 2(y + 1) + 3(z − 1) = 0 or −2x − 2y + 3z − 7 = 0.

(ii) f(x, y, z) = z − 2x2 = 0, (x0, y0, z0) = P0(1, 1,−2).

We have (fx, fy, fz)|(1,1,−2) = (−4x, 0, 1)|(1,1,−2) = (−4, 0, 1) and the tangent plane

is −4(x − 1) + 0(y − 1) + (z + 2) = 0 or −4x + z + 6 = 0.

(iii) y + z = 2.


