
November 9, 2004 Lecturer Dmitri Zaitsev Hilary Term 2005

Course 2E1 2004-05 (SF Engineers & MSISS & MEMS)

S h e e t 4

Due: in the tutorial sessions next Wednesday/Thursday

Exercise 1

Use Chain Rule to express dw
dt

as a function of t in the following cases:

(i) w = x + y2, x = cost, y = sint;

(ii) w = x
y
, x = et, y = sint;

(iii) w = ln(x − y + z), x = cost, y = sint, z =
√

t;

(iv) w = z + sin(xy), x = t, y = ln t, z = t2.

Solution

Using the Chain Rule dw
dt

= ∂w
∂x

dx
dt

+ ∂w
∂y

dy
dt

we obtain:

(i) dw
dt

= 1 · (−sint) + 2y cost = −sint + 2 sint cost;

(ii) dw
dt

= 1

y
et

−
x
y2 cost = et

sint
−

etcost

sin
2

t
.

In the following use the Chain Rule in three variables x, y, z:

dw

dt
=

∂w

∂x

dx

dt
+

∂w

∂y

dy

dt
+

∂w

∂z

dz

dt
,

(iii) dw
dt

= 1

x−y+z
(−sint)− 1

x−y+z
cost+ 1

x−y+z
1

2
√

t
= 1

cost−sint+
√

t

(

−sint − cost + 1

2
√

t

)

;

(iv) dw
dt

= ycos(xy) · 1 + xcos(xy) 1

t
+ 1 · 2t = (ln t)cos(t ln t) + cos(t ln t) + 2t.

Exercise 2

Use Chain Rule to express ∂z
∂r

and ∂z
∂θ

as functions of r and θ in the following cases:

(i) z = xey , x = rcosθ, y = rsinθ;

(ii) z = x
y
, x = rcosθ, y = rsinθ;

(iii) z = x2 + y2 + u2, x = rcosθ, y = rsinθ, u = r.

Solution

Using the Chain Rule ∂z
∂r

= ∂z
∂x

∂x
∂r

+ ∂z
∂y

∂y
∂r

, ∂z
∂θ

= ∂z
∂x

∂x
∂θ

+ ∂z
∂y

∂y
∂θ

:

(i) ∂z
∂r

= ey
cosθ + xey

sinθ = ersinθ
cosθ + rcosθersinθ

sinθ,

∂z
∂θ

= ey(−rsinθ) + xeyrcosθ = −rsinθersinθ + r2
cos

2θersinθ;



(ii) ∂z
∂r

= 1

y
cosθ −

x
y2 sinθ = cosθ

rsinθ
−

cosθ

rsinθ
= 0,

∂z
∂θ

= 1

y
(−rsinθ) − x

y2 rcosθ = −1 −
cos2θ

sin
2

θ
;

(iii) Use the Chain Rule in three variables x, y, u: ∂z
∂r

= ∂z
∂x

∂x
∂r

+ ∂z
∂y

∂y
∂r

+ ∂z
∂u

∂u
∂r

, ∂z
∂θ

=

∂z
∂x

∂x
∂θ

+ ∂z
∂y

∂y
∂θ

+ ∂z
∂u

∂u
∂θ

:

∂z
∂r

= 2xcosθ + 2ysinθ + 2u · 1 = 2rcos
2θ + 2rsin2θ + 2r = 4r,

∂z
∂θ

= 2x(−rsinθ) + 2yrcosθ + 2u · 0 = −2r2
cosθsinθ + 2r2

sinθcosθ = 0.


