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1. (a) The equation says that y~'x~! is inverse to xy. (Right inverse:) Multiplica-
tion of both sides by (xy) from the left:

e=() ! 2o ) =xy Hxr T =xx T =e ok

Left inverse: we multiply by (xy) from the right:
_ -1 LI | N | _ vy —
e=(y) () =0 x )y =y (" )xy=y y=e ok

(b)

©
£=x = x'¥P=e = P=e.

Counter example: In the group ({—1, 1}, -), the identity is e = 1. Both group

elements satisfy 2 =1,but—1 #e.

2. Let

{1 23 45
=1 4 3 2 s/

a is the permutation that sends (1,2, 3,4,5) — (1,4, 3,2,5) (i.e., it is the identity
on the 1st, 3rd and on the 5th object, and it exchanges the positions 2 and 4).

(a) ab (first b, then a) is the permutation that sends
(1,2,3,4,5) o (3,4,5,2,1) v (3,2,5,4,1).

Thusabz(1 2 34 5)

325 4 1f

a”! is the permutation that undoes the permutation a. That is, it exchanges
2 & 4 back:

a!
(1,2,3,4,5) — (1,4,3,2,5) .

12345)_

-1 _
Thus a ‘(1 43 2 5

Indeed,
-1
(1,2,3,4,5) (1,4,3,2,5) > (1,2,3,4,5),



so’l—1
ala=|,

-1 1 4 3 25 2 3 45
a = = =a
1 2 3 45 o4 3 2y
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; g) = e is the identity. and

(rename 2’ = 4 and 4’ = 2).
(b) We have to solve

(23 451 2 3 4 5\_(1 2345 _
A= 0403 2 sy om o ox oxs)\3 405 2 1T
Now

b(1,2,3,4,5) =(3,4,5,2,1) =a(3,2,5,4,1),
SO

x(1,2,3,4,5) = (x1, x2, X3, X4, X5) = (3,2,5,4,1)..

12345)

‘We conclude that x = (3 2 05 4 1f

(c) As a permutation,

1 23 45
b_(12345)_32145
3 4521)7|341 25
345 21

Here we have inserted rows (intermediate steps of the permutation) so that
each row differs from the respective previous row by one transposition (ex-
change of two positions) only. The first transposition exchanges 1 and 3
(denoted by (1 3)), and the whole series of transpositions is

b=(15)24)13).

Since the number of permutations is odd, the sign is —1.
Note: While the decomposition is not unique, the sign will always remain
the same.

(d)
b=(1,3,52,4) =(2,4)(1,3,5).

(@) S, ={(1),(12)}is cyclic. Explanation: (1 2)2 = (1).
(b) nZ c Z is cyclic. Explanation: (Z, +) is (infinite) cyclic, and (nZ, +) is a
subgroup generated by single element 7, thus cyclic.

(c) (Q,+) is not cyclic. Explanation: Otherwise there would exist a,b € Z,
b # 0 such that a/b were a single generator of Z, for instance

a a
26~ "b
for some n € Z, contradiction.
(d) The group of rotations in R? is not cyclic. Explanation: There is no gener-
ating angle ¢, such that every angle of rotation equals n¢, for some n € Z.



(e) The group of matrices ((1) Lll) with a € Z is cyclic. Explanation: For a,b €
Z?

o Do D=6 )

So the group of such matrices is cyclic as it is generated by

b )



