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July 28, 2014

11775. Proposed by Isaac Sofair. Let Ay, ..., Ay be finite sets. For J C {1,... ,k}, let N; =

’Ujej Ajl,andlet Sy =37 12 N
(a) Express in terms of Sy,...,S, the number of elements that belong to exactly m of the sets
Aq, .. A,

(b) Same question as in (a), except that we now require the number of elements belonging to at least
m of the sets Ay, ..., Ay.

11776. Proposed by David Beckwith. Given urns Uy, ..., U, in a line, and plenty of identical blue
and identical red balls, let a,, be the number of ways to put balls into the urns subject to the conditions
that

(1) Each urn contains at most one ball,

(i1) any urn containing a red ball is next to exactly one urn containing a blue ball, and

(iii) no two urns containing a blue ball are adjacent.

(a) Show that
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(b) Show that
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Here, () = 0if k < L.

117717. Proposed by Marian Dincd. Let x, . .., x, be real numbers such that [[,_, x;, = 1. Prove
that
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*This group involves students and staff of the Department of Mathematics, Trinity College, Dublin. Please address cor-
respondence either to Timothy Murphy (t im@maths.tcd. ie), or Colm O Dunlaing (odunlain@maths.tcd.ie).
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11778. Proposed by Li Zhou. Let z,y, z be positive real numbers such that z + y + z = 7/2. Let
f(x,y,2) = 1/(tan®? 2 + 4 tan? y + 9 tan® 2). Prove that

9
z,Y,2)+ fly,z,x)+ f(2, 2,y §—tan2x+tan2y+tan22.
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11779. Proposed by Michel Bataille. Let M, A, B,C, and D be
distinct points (in any order) on a circle I' with center O. Let the
medians through M of triangles M AB and M CD cross lines AB
and C'D at P and (), respectively, and meet I" again at £/ and F/,
respectively. Let K be the intersection of AF with DE, and let L
be the intersection of BF' with C'E. Let U and V' be the orthogonal
projections of C' onto M A and D onto M B, respectively, and assume
U # Aand V # B. Prove that A, B, U, and V' are concyclic if and
only if O, K, and L are collinear. [The figure is inaccurate].

11780. Proposed by Cezar Lupu and Tudorel Lupu. Let f be a
positive-valued, concave function on [0, 1]. Prove that

2 (/01 f(x)d:v>2 < %+ /01 f(a)de.

11781. Proposed by Roberto Tauraso. For n > 2, call a positive integer n-smooth if none of its
prime factors is larger than n. Let .S,, be the set of all n-smooth positive integers. Let C' be a finite,
nonempty set of nonnegative integers, and let @ and d be positive integers. Let M be the set of all
positive integers of the form m = ZZ=1 CrpSk, Where ¢, € C'and s, € S, for k = 1,...,d. Prove
that there are infinitely many primes p such that p* ¢ M.



