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Exercise 1. Consider the number

x =
∞∑

n=0

1

10n!
.

(i) Show that x is irrational.

(ii) Show that x2 is irrational.

Exercise 2. Suppose that cosα = 3
5 . Show that α

π
is irrational. (Hint: you might

want to use that the ring Z[i ] of Gaussian integers is a UFD.)

In the next two questions, G = (V ,E) is a finite simple graph.

Exercise 3. The independence numberα(G) of G is the maximal number of pair-

wise nonadjacent vertices in G . Prove the dual version of Turán’s Theorem: if G

has n vertices and nk
2 edges, for k ≥ 1, then α(G) ≥ n

(k+1) .

Exercise 4. Denote by t (G) the number of triangles in G . If G has n vertices and

m edges, show that

t (G)+ t (Gc ) ≥
(

n

3

)
+ 2m2

n
−m(n −1),

where Gc is the complement graph. (Hint: Let ti , for each vertex i of G , be the

number of ways to choose two more vertices { j ,k} so that the vertex i is adjacent

to precisely one of them. Find a relationship between t (G)+ t (Gc ) and
∑

i ti , and

express ti via the degree of the vertex i .)
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