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1 Question 1

To find ag + a1 + ... + ai such that ag + a1m? + ... + apm* proceed as follows:

n = qgom + ag
Go = q1m + a1

Qk—1 = qr—1 + ag
gk = qgr1m +0=0 (as ag41 = ag42=...=0)
The a; are the remainders obtained on repeated division by m.

= on(n) =ap+ ...+ ag
=n-—¢gom-+qo— qam-+..+qg-1
=n—q(m—-1)+q(m—1)+ ..+ g-1(m—1)
=n—Qm—1),Q=q + .. +q1
=n—opn)=n—mM-Q(m—-1))=Q(m-1)

. (m—1) divides n — g,,(n)
Alternatively note that n—o,,(n) = a;(m—1)+ag(m?—1)+...+az(m* —1)

Asmi —1=(m—-1)(m"t+m* =2+ ... +m+1) it is clear that (m — 1) divides
n—om(n)



2 Question 2

Base case: n=1:
In base p, 1=1s0 0,(1) =1
n—op(n) _ 1-1 __ . : —
= 5 =,7=0, which is true, as pf 1! =1
Suppose this is true for n.
Denote by o,(n) the highest power of p dividing n.

Then it is clear that o,(ab) = o,(a) + 0,(b)
Proof: Let a = p%q, b = pﬂr = ab = p(HBqT ,ptar
Then o,(ab) = 0,(p*+Pqr) = a+ B = o0,(a) + 0,(b)

Hence, 0,((n+ 1)!) = 0p(n + 1) + o,(n!)

= op(n +1) + 2=

Let ag + ... + aip® be the base p expansion of n

If ap # p — 1 then n+1 is not divisible by p, o,(n+1) = op(n) + 1 and so
(n+1)—op(n+1) _ n—op(n)+1-1 _ n—op(n)

p—1 p—1 p—1

0p(n+1) = 0= 0p((n+ 1)) = gp(nl) = “=2r) = (rHl=cplntl)

Ifagp=p—1=p|n+1 Letr =o0,(n+1)
Then the base p expansion of n+1 is:
brp” +bep™ T 4+ bp” b pP T = 14 a0+ arp + -+ arp” + agapt !

=b.=a+1,by1=0+4; (ap=...=a,1,=p—1)Vi=1,.. k+1=r,
as this expansion is unique.

r—1
=op(n+1)=1+a +..+app1=0p(n)+1- 3> a;
i=1

r—1
nt+l—op(n+l) _ n—op(n) i§1 o
p—1 - p-1 + p—1

_ n;o’_pl(n) + r(;):ll) _ n;}cf_pl(n) +r
= op(n+1)+ 771;0_’”1(”) =r+

op((n+ 1)) = CHZeelntD)

n—o(n+1)
p—1

Hence, by induction, we are done.



3 Question 3

Let ny =ap+a1p+... + akp’C and no = by +b1p+ ... + bkp’~C and suppose | > k

= n1 +na = (ag + bo) + ... + (ag, + by)p* + ... + byp'
=co+apt..+apt,0<c <p

We have either:
e a,+b,=c¢ci=a,+b—c;=0
e a;+b;=c;+p=a;+b; —c; =p (Leads to carrying)

ea;+b+1=ci+p=a;+b —c¢; =p—1 (Leads to carrying & implies
carrying has occured.)

e a;+b;+1=c¢; = a;+b; —c; =—1 (Implies carrying has occured.)

= op(n1) + op(nz) —op(m +n2) = Ap+ B(p— 1) + C(—1)
Where A is the number of times a; + b; = ¢; + p etc.

= A+ B = number of times we carry = B + C
=A=C

= op(n1) + op(n2) — op(n1 +n2) = (A+ B)(p— 1)

Ip(n1)op(ne)—op(ni+na

= —

= A + B = number of times we carry.



4 Question 4

4.1 Part a
op((M) = U”(DHU;STLI)_U"(%) = Number of times we have to carry when adding
n+n

Asp>+V2n=p?>2n
=2n=a9+ a1p

Let n = by + bip
=2n=n+n=>by+ bip+ by + b1p = 2by + 2b1p

We claim we carry at most one time, but suppose we carry twice.
= 2bg >p:>2b0:C()+p

201 +1>p=>2b1+1=c1+p

= 2bg + 2b1p = ¢o + c1p + p* = ag + arp + 0p?

As the expansion is unique, = 1 = 0, a contradiction.
= We carry at most once.

0,,((27?)) <1

4.2 Part b

Suppose p > 3 = 3p < p?
=p?>3p>2n=p>+V2n
= 0,((*") <1

Thenn:a0+a1p<3’2—p:a1:1,a0<gas
a1:2:>n22p>37p>n

= op(n) =14+a9<1+4%

As ap < £, if p > 3, we do not carry in adding n +n
= 0((2) = 0= pt ()

fp=2=p<n<3=n=2
((22)=(§)—

4.3 Part c

If N | (") = m < 0,((*") = Number of carries from adding n + n
< Number of digits in n
< Number of digits in 2n

=M =ag+ ...+ amp™ + ...+ app®, a #0
= >pn =N
= m < log,(2n)



5

Question 5

) n—1 n n—1
) _ (@n)! kl;ll(Qk) kl;lo(2k+1) > kl;ll(2k) kl;ll(%) > 2" (n)(2" Y (n—1)!

nln! nln! = nln! = nl(n)(n—1)!

> 92n—1 > 92n
= n = 2n

N 22n < (27?) < (Qn)\/ﬂ 14m
22n < (2n)V2n2%E

= 2614 < (2n)V2"
= 2% < (2n)V
= 2% VI < V0 — gloms(n)VIn
= 31— /20 < logy(n)v/2n
In N
2f\r = ln(2) +1

which is clearly false for n > 1000, as \/n grows faster than In N



