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BBenenue

B orolt kHMTe cOoOpaHBl MaTepHalbl IO KypCy MaTeMaTHKM B OJIHOM M3 KJlac-
COB MOCKOBCKOI1 [IsiThiiecsT cenpMoit 1ikodibl (Beimyck 2004 rona, kiace «[Iy»). Io
TpaJLIiM B KaXX/IOM KJlacce KypC MaTeMaTHKHA CTPOMTCSI IIO-CBOEMY: HE TOJIBKO
HabOP 3a/1a4, HO U CIIMICOK TEM B Pa3HBIX KJIACCAX MOTYT OBITH COBEPIICHHO Pa3HBI-
mu. [Ton6Gopku 3a/1a4 TakOro pojia HECKOJIBKO pa3 MyOJIMKOBAJINCE (CM., HATIpEMEP,
(1] 1 [2]; maTepuaJibl 10 KypcaM MaTeMaTuky B IIsiThiecsT cebMOM 1HKOJIE MOXKHO
HaiiT! B KHWKKax [3] u [4]).

[TpenonaBanne MaTeMaTHKM B KJlacce JIEJIMJIOCh HA TpU YacTH: airebpa (/iBa
yaca B HEJ/ICJII0), reoMeTpust (JiBa yaca) M 3aHSITHS IO 3ajiadyaM (4YeThIpe vaca),
KOTOPBIC 1O TPAMINN HA3BIBAJIACH «(MATEMATHUCCKAM QHAJIN30M», XOTSI B TCUCHHUE
TIEPBOTo Tofla 3a/ladu 10 aHaJIM3y NPaKTHYECKU He OBLIIO.

3ansatus no reomerpun BEN Padpamn KanmanoBuu lopaun, 3anatus mo an-
re6pe — [€rp BanentunoBmu CepreeB. Ha »Trx 3aHATHSAX 3HAYMTENBHASI YaCTh
BPEMCHHI OTBOJJIACh HAa PEHICHHE 33/]a4 W MX OOCYXICHWE B KJacce. 3aHATHS
II0 MAaTEMATUYECKOMY aHAJIU3y COCTOSUIM B BbIJA4y€ 3a/IaHUI M MH/MBU/yaJIbHOMI
TIPOBEPKE PEIICHUI, pacCKa3bIBAEMBIX NIKOJBHUKAMM; 3TUM 3aHMMaJlach OoJIbInast
rpylIa npenojapaTesicit (CM. IJlaBy «YUCHUKU W YUUTEIS ).

B Teuenme rozma mepen HaGopoM Kilacca MBI BEJIM 3aHSTHSL MAaTEMATHUCCKUX
KPY’XKOB; MHOTHE (XOTSI J]aJIeKO HE BCE) IMIKOJIBHUKM OYyyIIEro Kjacca GhIBaii
Ha DTHX 3aHATUSX. 3aJla4d, NPEJIaraBIINeCsl HA 3aHSTHSX KPYXXKOB (M BCTyNH-
TEJIBHBIX COOCCEZIOBAHMSIX), TAKXKE NMPUBE/CHB! B KHUTE.

Kunaccerr «/I» B TsThaecsaT cenpMoit mkosie HAOMPAIOT, KOTJ@ NMIKOJIHUKY 3a-
KaHUYMBaIOT BOCBMOI! KJlacc; Kypc MaTeMaTHKH, TAKUM 0Opa3oM, pacCUUTaH Ha TPU
roja. 3ajaum KaXk/Ioro rojja B KHUI'E BbIJICJICHBl B OT/iCJIbHYIO IUiaBy. Kaxkjas us
IJ1aB HAQYMHAETCSI KPAaTKUMU KOMMEHTApUsIMU METO/IMYECKOIO XapaKTepa U 3aKaH-
YMBACTCsl MaTepUajlaMy SK3aMCEHA 32 COOTBETCTBYIOLIUI Ioji O0y4YCHUsI.

B KoHIle KHUTM TIpUBEJCHBI PElICHHMS] K HEKOTOPBIM 3ajauaM. Bribop 3ajau,
JUIsl KOTOPBIX CTOUT HPUBECTH PEIICHUs, — [EJI0 TOHKOE; MBI NBITAJIUCh OT/a-
BaTh NIPEJIIOYTEHIE OTHOCUTEJILHO HETPUBUAJILHBIM MJIM MaJIOU3BECTHBIM 33/1a4aM.
WNnorpa «pelieHue» SIBISIETCSl CKOpEE YKA3aHUEM WM METOJMYECKUM KOMMEHTa-
pUEM —— DTOMY COBEPLICHHO HE HYXHO YJWBJISITHCS.

Xouercst mobuarolapuTh BCex yumtesieit m corpyHukoB [IareiaecsT cenpmoit
1IKOJIbI, paboTaBIIMX C KJlaccoM, B yacTHocTH, /1. . AHukeeBa (KJacCHBI pyKo-
BoauTedb), b. M. JlaBujioBuua (3aByu Marematmyeckux kiiaccoB) u C. JI. Menje-
JieBUYa (JMPEKTOP LIKOJIbL).

Bmecrto npeauciioBusi

OuneHKHu ycneBaeMOCTH B aKa/ieMUH IeHepaJsibHOro mraga (1880 rom)’

e 1 crenenn: Ycnexu ciiabbie

Y4eHuK €/1Ba IPUKOCHYJICSI K HAyKe, 10 JICHCTBUTEIILHOMY JIM HEJIOCTATKY
TPUPOJHBIX CIIOCOOHOCTEH, TpeOyeMbIX Ul ycnexa B HE, Wi HOTOMY,
YTO COBEPLICHHO HE pazie)l IPH HAKJIOHHOCTSX K YeMY-JIHOO MHOMY.

e 2 CTEIEHb: YCIeXu TIOCPCICTBCHHBIC

Y4UeHNK 3HAaeT HEKOTOPBIE OTPBIBKY U3 TIPETNIOJJAHHON HayKH, HO ¥ T€ IPHCBO-
ni cebe onHOIO MaMsAThio. OH He POHMK B €€ OCHOBAaHWE M B CBSI3b YacTEH,
COCTABJISIIOMUX TOJHOE nesioe. [locpeaCTBEHHOCT I, MOXET OBITh, IPO-
HCXO/IUT M OT HEKOTOPO# CiabGoCTH HPUPOAHBIX CHOCOOHOCTEN, 0COOIMBO
OT cJ1abOCTH TOTO CAMOMBIIUICHUS, KOTOPOTO OH HE MOT 3aMEHHTH TPYIOM
7 TIOCTOSIHHBIM yTpaskHeHHeM. OTJINYHBIC /TApOBaHMSI TIPH JICTKOMBICIIVN 7
TIPa3/IHOJIIO/IA BJICKYT 3a co0OM Te K€ TOCIIEC/ICTBUS.

e 3 cremenb: Ycmexm YAOBJICTBOPUTCJIbHBIC

YueHHMK 3HAET HAayKy B TOM BHJIE, Kak OHa Obla eMy npenogaHa. OH nocTu-
raeT Jja)e OTHOLICHMS BCEX YacCTel K LIEJIOMY B M3JI0)KEHHOM €MY IOPSJIKE,
HO OH OIPaHMYMBAECTCS KHUI'OM WJIM CJIOBAMU YUUTENIs, IPUXOAUT B 3aMella-
TEJIBLCTBO OT CONPUKOCHOBEHHBIX BOIPOCOB, IIPEJIaracMbIX Ha TOT KOHEI,
9TOOBl OH COJM3MII OTHAJIEHHEHIME TOUYKM. Jlaske BBIy4CHHOE HPHUMEHSIET
OH HE MHaye, KaK C TPYJOM M HaANPSDKCHUEM.

Ha ceii cremenn ocTaHaBiMBAaIOTCs OJapEHHBIC ropas3/lo GoJice MaMsTHIO,
HEXKEJIM CAaMOMBIILJICHAEM; HO OHM IIPHJICKAHUEM CBOMM JIOKA3bIBAIOT JIIO-
60Bb K HayKe. 3Ty CTENEHh MOXHO Ha3BaTh CTENCHBIO Y/IOBJICTBOPUTEIILHBIX
YCIIEXOB NIOTOMY, YTO YUEHUK, JOCTUTHYB OHOI, B COCTOSTHUM OBbIBacT Clie-
JIOBaTh 32 JJaJIbHEHIINM PasBUTHEM HAayKW ¥ IIPUMEHSATH €€ B cilydae Hajl00-
HocTu. IlpuToM 1M pasMmblllIeHHE, BCET/a MO3KE NMAMATH HAC IOCEIIAoIIee,
npo0yX/1aeTCsl 9acTo JIaXKe CPeJl TOM MEXaHMUYECKON paboThI.

® 4 creneHb: Ycuexu xopoume

VYYeHHK OTYECTIIMBO 3HACT IPENO/IAHHOE €My YUCHHE; OH yMEET U3BSICHATH
BCE YACTH U3 HavaJl, HOCTUTAET B3aMMOCBSI3b UX U JIETKO IIPUMEHSET YCBOCH-
HbIC MCTUHBI K OOBIKHOBEHHBIM CllydasiM. TyT JieficTByIOIInii pa3yM y4eHu-
Ka HE YCTyIlacT IaMsATH, ¥ OH IIOYMTAET HEBO3MOXXHBIM BBIyYHTh YTO-JIOO,
He noHnMast. OIMH HEOCTAaTOK NPUJICKAHUS U yIIPaKHCHHUS TIPEISITCTBYET

13101 Teker mobesno npenoctaniicH C. . CMEPHOBBIM.



Bmecmo npeducnosus

TaKOMY YYEHHKY NO/HSThECs Bbimne. C Apyroil CTOpoHBI, 1 TO IIpaB/ja, YTO
CaMOMBIIIUICHUAE B KaXKJIOM YEJIOBEKE MMEET M3BECTHYIO CTENEHBb CHJIBL, 32
KOTOPYIO YEpTy NpPH BCEX HAMPSDKCHUSIX NEPEHTH HEBO3MOXHO.

5 crenenn: YCIeXu OTIMYHBIC

Y4YEeHHUK BJIAJICET HAYKON: BEChMa SICHO M ONPE/CIIEHHO OTBEYACT HA BO-
IPOCHI, JIETKO CPaBHUBACT OTAAJICHHECHIINE TOYKM YYCHUs, C IIPOHHULA-
TEJIbHOCTBIO, JIOBOJIBHO M3OLIPEHHOIO YIPAXXHECHUSIMU, Pa3OMpacT HOBBIC U
CJIOXKHBIE TIpEJJIaracMblc €My CJIy4Yad, 3HAcT Cllabble CTOPOHBI YUCHHMSI, Me-
CTa, B KOMX COMHEBAaTbCs JIOJDKHO, M YTO MOXXHO BO3PasHTh IIPOTHB Te-
opui. . . TobKO HEOOBIKHOBEHHBIN yM, TIPU TOMOLIM XOPOIICH MmamsiTu, B
COC/IMHEHNY C TJIAMEHHOM JIIOOOBBIO K HayKaM, a CJIC/IOBATEIIbHO, U C HE-
YTOMHMBIM IIPAJICKAHAEM, MOXKET HOJHSATBCA Ha TaKylo BBICOTY B OOJIacTH
3HaHHS.

YueHHUKU U yuuTess

Crucok YUYCHHUKOB, IIPUHATHIX B KJIaCC:

AnekcanjipoB [lenuc
AnTtonenko Jlnaus
Bopoaxuna Bukropns
Bypsk Anexcanap
Bakynenko Jleonuns
Jlémmna Anacracus
JponoB Muxaui
Barockun Jlanmi
3apybun [Imutpnit
JloxmaTukoB AJiekceit
Jlyroskun Buiasumup
Masypuux I'puropuit
MennnkoB JImMutpuit
Mpunacsin Anekcan/ip
Hukutnn Agnexcannp
INonkonmaeB AHTOH
MonneBckux Anexcanjp
Monkos Kupmin
Pucenbepr Amutpnii
Capuenko Pycnan
CamoxuH AJieKCaH/p
®ypcoB Anjpeit
Xavatypesin Mapust
laram JleB
[ImaneMan AJiekceit

Ha YPOKax MaTE€MaTUYCCKOI'O aHaJjln3a € KJIaCCOM pa60TaJm

Anno Puna
Ba6enko Makcum
Bypman IOpuit
Bororun Uibst
Houenko Biuiajmmup
KonyparseB Biagumup
Mpuponos [enuc
HembiToB Bukrop
Pomamenko Anjpeit
CasnpaukoB Cepreit
Tpymkos Biiasgmumup
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YmakoB Makcum
Ounkesbepr Muxann
XanryJian JAMutpuit
[Bapu Amutpuit
[llens Asiekcanzap
[MIpamoB Koncrantun
[ysanos Bukrop
Opmnep Hasug
SlkumoBa Oxcana

Ian Le

u npyrue. B mpoBesieHMy 3aHATHIA IO IPOrpaMMUPOBAHUIO yyacTBoBaJX [puropuit
IMynkoB u Auekcannp CyxanoB. Jlekuuy LIKOJIbHUKaM Inpountaiu KoHCTanTHH
Koxacse, Banepuit ProkukoB, Anekceit CasBateeB m [Imutpuit Sxo6con. [Ipunnm-
MaTh 3K3aMEHBl [I0 MaTEMAaTUYECKOMY aHanm3y Ham nomoraim Cepreit Jlopuueh-
ko, Poman Kysnen, Cepreit MapkesnioB, Cemén Ilocunennckuii, EBrennit ®eiirun
n MBan fmenko. Hakonen, GoJiblnasg rpymnma mpenojaBaTelicii oOMoraja BECTH
3aHsATHS BeuepHeil MaTeMaTH4eCKO# MIKOJIBL.

BeqepHsm MaAaTEMATHYCCKasl IIKOJIa

BeuepHsisi MaTeMaTiyeCKasl MIKOJIA — 3TO KPYXKOK IO MaTEMaTHKE, KOTOPbIA
TpaJMIIMOHHO paboTaeT B MATHJCCAT CEBMOM MKOJIE /IJIs MOCKOBCKUX IKOJIbHU-
koB 7 m 8 kyaccoB. O/(Ha M3 OCHOBHBIX LieJI€l 3TOTO Kpy>KKa — HAWTH Oy yIux
YYCHHUKOB IIKOJIBI, XOTSI 1O TPa/IiLlAM HE3aBACHMO OT CBOMX YCIIEXOB Ha KpYXK-
K€ IIKOJIBHUKU CE/IbMBIX M BOCBMBIX KJIACCOB CZIal0T BCTYNHUTEJIBHBIC 3K3aMEHBI
(TpaMIIMOHHO Ha3BIBaCMBIC «COOECEIOBAHMSIMIY) HA OOIIMX OCHOBAHHUSIX.

3ansuss BMII (BeuepHeil MaTeMaTH4eCKO# MIKOJIBI) IPOXOAST pa3 B HEJEIIIO
(o cpeziaMm), OOBIYHO B IISITU — CEMM Tpynnax (B KaxJIoi Mapajulesid) IO OJJHUM
7 TeM ke 3ajadam. Kaxknoe 3ansiTme mpozioipkaeTces /ia 9aca. [Ipuxonuts MOXeT
060 KOJIPHAK, HaUYMHas ¢ JII000T0 3aHsAThsl. OGBIYHO 3aHATHE NPOMCXO/NT TaK:
BBI/IAIOTCS JINCTKHY C 33/1a4aMM; IKOJIFHUK, PEIIMBINNI 3a/iady, TIOJHAMAET PyKy, K
HEMY TIOJIXOIUT KTO-TO M3 TIpeTo/iaBaTelieil u ciymaer pemenne. MHoraa pemenne
pasbmpaeTcs y [OCKH. 3ajjaull O/IHOTO 3aHSTHs, KAaK IIPaBHIIO, COOTBETCTBYIOT
OJIHOMY W3 CTaH/IaPTHBIX KPY>KKOBCKUX CIOXETOB.

[MapanessHo ¢ 3ansaTHAMEA BMIII MBI Besin 3aHATHSI MAaTEMaTHIECKOTO KPYXKKa
B MITHMO (MOCKOBCKOM IIEHTPE HENPEPHIBHOTO MATEMAaTHIECKOTO OOpa3OBaHus);
STH 3aHSATHS OpoxoAnim 1o cy66oTam. UTo6s! HE eperpy»aTh MKOJIBHAKOB JIBY-
Msl KPY>KKaMH, Ha 3QHSTUSIX KPY>KKa MBI IIOYTH TIOJIHOCTBIO /1yOJIMPOBAJIN 3aHSITHS
BMIII; (meMHOTHWE) OTJIMYMSI OTMCYCHEI B KHHTE.

ME! IpHBO/IMM TaKXKE 33/1a9M BCTYNUTENLHBIX cobeceioBanmii. [leprrie 1Ba co-
6ecenioBannsi (29 mapTa u 4 anpesisi) ObUIM MMChbMEHHBIME: IIKOJIBHUKAM IIpe/iJia-
raJioch 3almcaTh OTBETHl M KpaTKue penieHnms 3anad. Crenyromue cobGece/[0BaHUs
y>ke ObliIM YCTHBIMH (M IIPOXOAMIIM IIPUMEPHO TAK )K€, KaK M 3aHSTHS KPYXKKa).

3ajaum mocie 3BE3/I0YEK — JIOTIOJIHUTEIIBHBIE.

1. 3anaTue 4 okTa0psa 2000 roxa

1. NmeeTcs 4 MOHETBI, OJjHA U3 HUX (baNblIMBas ¥ OTIMYACTCS] OT HACTOSIINX
nmo Becy. Kak Ha gameunbIx Becax 0e3 TMpb 3a /[(Ba B3BCIIMBaHUS OIpPEACIHTH
¢danpmmByIo MOHETY?

2. B xuHO 15 psanoB mo 13 mect. Ckonbko OMIIETOB JOJDKEH KynuTh Bacs,
4TOOBI OBITh YBEPEHHBIM, YTO CPEM HUX OyIyT ABa OWleTa Ha COCEIHME MECTa B
OITHOM Ppsity?

3. MoxHno 1 pazpesaTh apOy3 Ha 4 YacTu Tak, 4To0 mocie
elpl ocTajiock 5 kopok? Korza emb, jiomMaTh U pe3aTb KOPKU
HEJIB3S.

4. Jloporm mayT c ceBepa Ha IO M C BOCTOKa Ha 3amaj.
HapucyiiTe ToukH, 111 KOTOPBIX OJIMKaimasi K HUM J0pOTa HAET
C BOCTOKa Ha 3amaji (FOpPU3OHTAJIbHO).




10 Beuepnsis mamemamuueckas: wikona

5. Hapucyiite Touky X, [uist KOTOpO#i cymMMa paccrosiuii ot X B
no touck A, B, C, D MunnMajpHa.

6. Moxuo nm cpew uncen 1/2,1/3,1/4, ... BeiGpats 17, na- A
omux B cymme 1?

Cc D
x ok *

7. (Ilponomxenue 3amaum 6) Moryr s y otux 17 apo6Geit OBITB TOJIBKO HEYETHBIC
3HaMeHaTeJH?

8. MoxHO JI1 IoMecTHTh KBaJIpaThl co ctopoHamu 1/2,1/3,...,1/100000000 B mpsi-
MOYIOJIbHUK pa3Mepa 1 X 2 6e3 nepekpbITuit?

2. 3anatue 11 okrsa0psa 2000 roaa
OcraTkn

1. Jloxaxwure, 9TO NMPOM3BE/ICHUAE TPEX TOCIIE/OBATEIILHBIX HATYPAJIbHBIX UH-
cell JIeJIATC Ha 3.

2. (a) Haiijute HamMeHblllee MSITU3HAYHOE YMCIIO, KOTOpoe JesuTcsl Ha 123
Haneso. (0) Kakoit ocrarok jaér umciio 1234567891011121314 . . . 979899 npn
nenennn Ha 25? (B) Kakoit ocratok naér uncio 123321 npn nesnenmn Ha 999?

[HaroMuHaHKe: 1eJI0€ YUCIIO @ JAaET OCTATOK ¥ MPU JEJICHUM HA [EJIOE MOJIOKHU-
TeapHoe d, ecu @ = q - d +r u 0 < r < d. Ilpu HOJOXUTEIBHBIX @ DTO MOXKHO
OOBSACHUTD TaK: CBSA3BIBAS d KHUI' B IIA4YKU II0 d B Ka)l(llOﬁ, OoJIy4YacM ¢ IIOJIHBIX IIa4Y€K U
O/IHY HETIOJIHYIO (BO3MOXHO, IYCTYIO).]

3. (a) Ha uncnoBoit ocu OTMETETE TpEMS pa3HBIMU 3HAKaMHU LEJIbIE YUCIIA, Ja-
fomue octatku 0, 1, 2 npu nenennm Ha 3. ([JoctaTouno m3o6pa3uth uncia or —10
10 10.) (6) OrmerbTe ymMcIa, Jaolye OCTaTOK 2 1py JiesicHun Ha 5. (B) Haiijpm-
Te Bce yucia or 1 o 100, xoTopple Jal0T OCTAaTOK 2 IIpU JICJICHUW HAa 5 U B TO
’ke BpeMst laloT ocTaTok 1 mpm gaenenmu Ha 3. (r) 3akoHumTe (ppasy: «OCTaTOK
OT JICJICHUS TIOJIOXKUTEJIFHOTO TieJioro unciia Ha 10 — 3710 ero. . .». YTo MoXHO
CKa3aTh NPO OTPHIIATEIIBHBIC Yuciia?

4. (a) KakoBa nociieinsist uudppa ymciia 13139 (6) Kakoii ocraTok IIpY JICJICHUU
Ha 4 gaér uncso 5792

5. (a) U3 tpéxznaunoro umcsa abc Beiuim cymmy ero uudp (a + b + c).
JlokauTe, 4TO IIOJy4YEeHHas pasHOCTh Jeymrcs Ha 9. (0) Cdopmyiampyiite u
JIOKaKUTe INpU3HAK JeJIMMOCTH Ha 9. (B) HaiinmuTe ocTraTok IpM [ENICHUM 4HCla
111...111 (100 equrmn) va 9. (r) Ilpmaymaiite mpusHak jenmumocty Ha 11,
KCHOJIb3YIOIMA CIIOKECHUE LUPP C YepeyIOLIUMUCS 3HAKAMU.

6. Ha miockocTH HapHcoBaH yroJi, paBHbIi (a) 40°; (6) 50°. C momolsio
LIPKYJIsl ¥ JINHEHKU TOCTpoiiTe yrod, paBHBIA 10°.

L S

7. BepHo 4, 4TO ecid cyMMa IM(pp Yucia JeJIUTCs Ha 27, TO CaMO YUCJIO ACJIUTCS
Ha 27?
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8. Jlokaxxute, YTO IIPOU3BEACHHE TPEX MOCIIEOBATEBHBIX HATypasIbHBIX YHCEN JCIIUT-
csi Ha 6, a YeThHIpEXx — Ha 24.

9. Kakoii nudpoii oKaHYMBAETCS YUCIIO

10. [IpousBeaeHUE TpeX HATYpajbHBIX ymces paBHO 10987654321, Moxer jim UX CyM-
Ma GbITh paBHoO1 124816 ?

11. Y uucna 19" cnoxumu Bee uudphl, 3aTeM CIJAOKUIU Bee UMQPBI OTOH CyMMBI U
TaK JaJjiee, ToKa He TOoJIyYMIIock OJHO3HAYHOE wicio. UTo 210 3a unciio?

32000?

3. 3ansatue 18 okrsa0pa 2000 roxa
TMpusnyun dupuxJie

1. (a) B kuacce 13 yuenukoB. JIokaxkute, 4TO HailjtyTCsl JBOE, POJMBLIAECS B
OIMH 1 TOT ¢ Mecsim. (0) B kyacce 30 yueHnkoB. [lokaxknTe, 94TO HallyTCs TPOE,
poauBLIMECS B OJIMH M TOT ke Mecsill. MOXHO JI rapaHTHPOBaTh, YTO HalayTCs
YETBEPO, POJMBIIMECS B OJMH M TOT XK€ MECs?

2. Kapncon xouer nath 10 MasbimaM KOH(ETHI Tak, YTOOBl HUKAKUE /IBa HE
noyyniim KoH(peT nopoBHy. CMOXKET JIM OH 3TO CAEJNATh, eciim y Hero 40 kondet?

3. CTo 4YesoBEeK CHIST 3a KPYIJIBIM CTOJIOM, NIPHYEM OoJice IOJIOBHHBI M3
HUX — MYXXUHHBL J[OKaXkWTe, 4TO HaMyTCsl BO€ MY>KUMH, CHJASINUX JPYT Ha-
MpOTHUB Jipyra (10 JIUaMeTpy).

4. Jlokaxkute, 9yTo B Opurazic m3 7 MOXXapHBIX C CyMMapHBIM Bo3pacToM 332
rojla HalJyTCsi TPOE C CyMMapHhIM Bo3pacTtoM He meHee 142. (Bospacr xaxjo-
ro — 1IEJIO€ YMUCIIO.)

5. (a) desars apyseit nocnany Apyr ApYry IO3/PaBUTEIILHBIC OTKPBITKM, IIPH-
49€M KaXKZbIl IOCHal NSTh OTKPBITOK. JIOKaXkuTe, YTO Kakue-TO JBOE MOCIAJA
OTKPBITKM ApYr Ipyry. (6) Hokaxurte, uro HaijyTcs Takue JBoe (A m B), uto
A mocnan oTkpeITKy B, HO HE MOJIy4MJI OT HETO OTKPBITKH.

6. B crpoky Beimucano 1000 nenbix unces. JIokaxuTe, 9TO BCErza HaWayTCs
HECKOJIBKO MIYIIMX MOApsA urceln (BO3SMOXKHO, OJIHO), CyMMa KOTOPBIX JEJIUTCS
Ha 1000.

* k% x

7. B kBajpare co cropoHOil 1 M IpOM3BOJIBHBIM OOpa3oM pacIoiioXuid 51 TOuky.
Jlokaxxute, 4TO KaKue-TO TPY M3 HUX MOXHO HAKPBITh KBAJ[PaTOM CO CTOPOHOI 21 cM.

8. HexoTopble KJIETKM TaOIMIBI 5 X 5 OKpallleHbl B KPacHBI IIBET, a OCTAJIbHbIE —
B CUHMi. JIOK@XWTE, YTO MOXKHO HAaiiTM YEeThIpE KJICTKM, OKPALICHHBIC OHUM LIBETOM,
KOTODBIE HAXOJATCSl HA TIEPECEUEHNH IBYX CTPOK U JIBYX CTOJIOLIOB.

4. 3auste 25 okraA0pa 2000 roxa

1. U3 ropona A B ropon b Benyr 2 noporu, us ropozsa b B ropon B Benyr 3
noporu, u3 ropoza B B ropox I' Benyt 7 nopor. CKOJIBKO pas3iIMYHBIX MapIIpyTOB
BenyT m3 A B B uepe3 B? Ckoulbko pasimuHbIX MapiupyToB BenyT m3 A B I uepes
b u B?
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2. (a) Tenedons! B U3ymMpysHOM ropoze cocTosT U3 4eThlpeéx nudp. CKoJbKo
TaM MOXXHO COCTaBHUTH pa3jIn4HBIX HOMEPOB? (0) CKOJIBKO CyIECTBYeT HOMEPOB,
Bce IU(PHl KOTOPbIX HEUETHHI? (B) CKOJIBKO CYyIIECTBYET HOMEPOB, BCE IM(PHI
KOTOPBIX HEYETHBI M PasJIngHbI?

3. (a) Kakux umcen cpenm NepBOro MIULIMOHA OOJIBINE: COACPKAIIUX B 3AIUCH
eIMHUNY WM He cozepxkamux? (6) To ke, cpea NEepBBIX ACCATH MIJLJIMOHOB.

4. Tlpsimoyrosnbauk 7 X 9 pazdut Ha kierku 1 X 1. Tpebyercst 3akpacuts 4
KJIeTKH, oOpasyionme kBajpaT 2 X 2. CKOJIBKMMH pa3HBIME CIIOCOOaMH MOXKHO
BHIOpaTh TakKo# KBazpat?

5. Ckonpko cymiecTByeT crocoboB paccTaBuTh 4mcia oT 1 1o 6 Ha rpassx
KyOuka? (PaccTaHOBKM CUMTAIOTCS Pa3HBIMH, €CIIM OHM HE COBMEILAIOTCS TIOBOPO-
TaMu KyOuKa.)

6. Kakue npoBojia HaTSIHYTHI HIDKE — TPOJUICHOYCHbBIC MM TpaMBaiHblc?

* % %

7. (a) 3abop ckoJioueH u3 100 nocok. TpebGyercsi pacKpacuTh KaXXylo IOCKY B O/IUH U3
YETBIPEX LIBETOB TaK, YTOOBI HUKAKHE JBE JOCKU OJHOTO LIBETa He ObLIM psiioM. CKOJIBKUMHU
PpasyIuHBIMU criocobamu 3To MoxHO cienaTs? () To ke, HO 3a00p KOJIBLICBOM.

8. CkouibkuMu crioco6amu Mo>XHO pasMeHsiTh 20 py6uieit MoHeTamu 1o 1, 2 u 5 py6ueir?

5. 3ansatue 1 HosOps 2000 roxa
3az(a'm Ha MOCTpoeEHUE

Bo ecex 3adauax na nocmpoenue MOJNMCHO UCHOMB308AMb YUPKYIbL U JlU-
HeliKky 0e3 OeiieHull, KOMOpble NO360/5I0M a) NPOBOOUMb NpsSMYIO uepe3 08e
ommeueHHble MouKu; 0) Npoeodums OKPYICHOCHb OAHHO20 paduyca C UYeH-
mpom 8 OmMeueHHOU MmoYKe.

1. Mocrpoiite pomM6 mo (a) nuaronajsiM (0) BBICOTE U JMArOHAJN.

2. Ha miockoctu HapucoBaH Kpyr. IlocTpoiite ero nenrp.

3. BoccraHoOBHTE TPEYTOJIBHUK 110 CEPEIMHAM CTOPOH.

4. TlocTpoiiTe TpalelMIoO MO YETHIPEM CTOPOHAM.

5. Ha miockoctu jaH yron um Touka BHyTpu Hero. [locTpoiite oTpesok c
KOHIIaMH Ha CTOPOHAX YIJla, KOTOPBIA JEINUTCS JIaHHOU TOYKON IOIOoJIaM.

6. Y Bac ecth Bblpe3aHHbIi M3 Oymaru Kpyr, BHYTPU KOTOPOrO OTMEUYEHA
Touka. MOXHO JIn pa3pe3aTh Kpyr Ha 2 4YacTH, MOCJie MEPeKIIaibIBaHns KOTOPBIX
TIOJIYYHTCSl KPYT C OTMEUEHHBIM YeHmpom?

£

7. Ha Gymare HapucoBaHBI JIBE NPsIMBIE, NIEpeceKatoluecs BHe JicTa. IlocTpoiite 6uc-
CEeKTpHCY 00pa30BaHHOTO MMM YIJIa.

8. MoxHO J1 OTpe3KaMy TIPSIMBIX U JlyraMy OKPY>XHOCTEH pa3pesaTh KBaJpaT Ha YacTH,
U3 KOTOPBIX MOXKHO CJIOXUTb KPYI' TO# ke Iuiomaiu?
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9. Y Bac ecTb JiuHElKa U «<MaJICHBKUIN IUPKYJIb (¢ pacTBopoM 10 cm). (a) [loctpoiite
PaBHOCTOPOHHUII TPEYTOJIbHUK Ha JaHHOM oOcHoBaHMU. (0) OmycTuTe U3 JaHHOU TOYKU
HEPIEHAUKYJISIP HA JaHHYIO IPSMYIO.

6. 3ausTie 15 HoOsOps 2000 roxa

He nonckaTh nm MHE TPOIIBI MHOI,
[IprnEéMOB HOBBIX, COUCTAHMI CTPAHHBIX?
Y. lllexcnup. Conem 76.

1. Ckonpkumu criocob6aMy MOXHO IIOCTaBHTh Ha IIAXMaTHYIO JIOCKy 8 X 8
(a) 6enyio u 4€pHylo Jlajibk, He Oblomme Apyr apyra? (0) nBe Oelble JlaJbH, HE
Oblomme apyr apyra? [B uém pasHmia mMexnay stmmm 3anadamu?] (B) 8 Geibix
Jlaziel, He ObloIMX Apyr apyra?

2. CKoJIBKO HQ/I0 OTPE3KOB, 4yTOOBl NonapHo coeauHuTh 2000 Touek?

(BapuanT, kpyxok B MIIHMO) Ckosbko auaronaneit B 2000-yrosnbHuke (auaro-
HaJIb — OTPE30K, COCUHSIOINI JIBe HECOCCAHUX BEpPLIVHBI)?

3. IlepecranoBKa OyKB CJIOBa Ha3BIBAETCS €ro aHazpammoil. (a) CkoJbko aHa-
rpamMM y cnosa [TAC/IMHBE? Haiijure cpequ HUX HasBaHHE (ppyKTa M HOPOLY CO-
6aku. (0) CkoJIbKO aHarpaMM y clioBa [EHEK? Kak M3MEHHTCS OTBET, €CJId HE
ommuats E u E? (B) Ckosbko amarpamm y ciioa MUMAKPHA?

(BapuaHT, Kpy>xok B MITHMO) CkoJibKo pasiiMyHbIX CJIOB (He 00513aTEJIBHO OCMBICJICH-
HBIX) MOXKHO IOJTy4YMTh, IIepecTaBJisisi OyKBbl B cijioBax TOYKA, JIMHUA u NOTON? [Nouemy
OTBECTHI B 3TUX TpéX CJIyJasiX OKa3bIBalOTCS paBHbIMI/I?

4. Ha npu6opHoii nocke ects 10 jammoyek, IpUYEM Kak/asi U3 HUX MOXKET
ropeTh WM He TOPETh HE3aBUCUMO OT ocTallbHBIX. (a) Kakoe koJmuecTBo «y30poB»
U3 TOPSIIMX JIAMIOYEK MOxHO mosryunth? (6) ToT e Bompoc, ecim B y3ope
JIOJDKHO OBITh HEYETHOE YHCIIO TOPSINHX JIAMIIOYCK.

5. (a) Ckonbko cymecTByeT CIOCOOOB Ha3HAYUTh CTApOCTY, OTBETCTBEHHOTO
3a MpOE3JHbIC U JICKYPHOrO (3TO JOJDKHBI OBITH PasHBIC JIIOAM) B Kiacce m3 20
gesioBek? (0) CKoJBKO CyIecTByeT COCOO0B Ha3HAYUTH B 3TOM Kilacce 3 1eXKyp-
HBIX?

(BapuaHrt, kpyxkok B MIIHMO) (a) B Bpuranuy MUHUCTPHI M30UpAIOTCS U3 YHCIIA
JCIyTaToB IapyiaMeHTa. CKOJIBKO CYLIECTBYET CIOCOOOB HA3HAUUTh HPEMbEP-MUHKCTPA,
MHMHUCTpA OKOHOMUKH, MHUHUCTpPA CEJILCKOI'O XO3SIACTBA U MMHUCTpA MSICHOM ¥ MOJIOYHOM
MIPOMBILLICHHOCTH, €cJii B napsiameHTe 10 aemyraToB? (0) CKOJIBKO CYIECTBYET CIOCOO0OB
BBIOpaTh JCIYTAaTCKYIO KOMUCCHIO U3 4 4YJICHOB, ecid B napsamente 10 aemytatos?

6. B Bameii xBapTupe >XMBET KJIOH, KOTOpbIA MyudaeT Bac mo Houam. Oxa-
3aJI0Ch, YTO OH yMEET M0JI3aTh MO JII0OOW NOBEPXHOCTH M MaJlaTh BEPTHKAJBHO
BHM3, HO He yMeeT IuiaBath. Kak 3ammrute Bam con?

(BapuanTt, kpyxok B MITHMO) ®upma «Pycckuit cyBeHup» OOHapy»Xuia B pe3yJib-
TaTC MapKéTI/IHFa, YTO MHOI'ME I'paX/IaHC XOTCJIM OBl UMETh Ha MAMSITh ACCATUTBICAYHYIO
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KYIIOpy, HOMEp Ha KOTOPOH COBNAJacT ¢ UX TeJjiepOHHBIM HoMepoM. Ho ux HavanbHBIA
KalmiTaJl HeJJOCTaTO4YeH, YTOOBl MPUOOPECTH KYIMIOPEl CO BCEMU BO3MOXXHBIMU HOMEPaMMU.
Tem He MeHee (pupMa Hauula BBIXOJ, U3 ToJiokeHus1. Kakoit?

LI S

7. CKOJIBKO CYILIECTBYET 7-3HaYHBIX YMCEJI, COCTABJICHHBIX U3 1Mdp 1 1 2, B KOTOPHIX
HMKAKME JIBC CAMHULIBI HE CTOSAT psaoM?

8. B BriyksioM 20-yroJibHUKE IPOBEACHBI BCE AUArOHAJIM, IPUYEM HUKAKUE TPYU U3 HUX
HE MEpPECceKaloTCsl B OJHOM Touke. B cKoJIbkux Toukax BHYTpU 20-yroJIbHHKa NEpPECEKaIoTCst
IIPOBE/ICHHBIC AUArOHAJI?

9. Ilposeaeno 10 ropusoHTaNbHBIX U 10 BEPTUKANBHEIX NPAMBIX. CKOJIBKO CYIIECTBYET
MPSIMOYTOJIBHUKOB, BCE CTOPOHBI KOTOPBIX JIEXaT Ha 3THUX MPSMBIX?

7. 3ansTHe 22 Hos0ps 2000 roxa

1. SBisioTCs JIM CTapedIlnii Xy/IOXKHUMK CpEe/ld IIAaXMaTUCTOB U CTapeuiumit
IMaXMaTHCT CPEH Xy/I0’KHUKOB OJIHAM M TEM K€ JIULIOM — MJIM 3TO HE 00s3aTellb-
HO? SBJSIOTCA JIM Jy4YLIUi IAaXMATUCT CPEIU XYIOXKHUKOB U JIyYLIMA XyIOXHUK
Cpel¥ AaXMaTACTOB OJIHAM M TEM K€ JIALIOM?

2. Yucno x — mHarypanbsHOe. U3 mepaBeHCcTB 2Xx > 70, x < 100, 3x > 25,
x > 10, x > 5 1Ba HEBEPHBIX U TPH BepHbIX. YeMy paBHO umciio x?

3. Ha ocTpoBe XMBYT phIIapd, KOTOPBIC BCETJA TOBOPAT IPABIy, W JDKCIB,
KOTOpBIE Bcerzia JIryT. IlyTemecTBeHHNKY BCTPETHIINCH [JBa OCTPOBHUTSIHUHA, ONIUH
m3 HUX ckazal: «[lo kxpaiiHell Mepe omuH M3 Hac Jokerp. Kto on? Kto BTOpOii
OCTPOBUTSIHUH?

4. B KopoOke 5eXaT KapTOYKH, Ha IPOTHBOIIOJIOKHBIX CTOPOHAX KOTOPBIX
HAINMCaHbl COCE/IHAE HATYPAJIbHBIE UACIIA: HA OJ(HOM — uncna 1 u 2, na apyroi —
unciia 2 u 3 u tak janee. [IBym myzapenam A u B, cupsiumm ipyr HanpoTus apyra,
COOOIIAIOT O TOM, KaKUE KAPTOYKM MMEIOTCSI B KOPOOKE ¥ IIOKa3bIBAIOT OJHY M3
HUX (KaXK[bli BIJWT CBOIO CTOpOHY). (a) IIpomcxonuT Takoit pasrosop. A. S He
3Ha10, yTo Ha Bameil cropone. b. A s He 3Hai0, uro Ha Bameit cropone. A. A
Teneph s 3HaI0, 4To Ha Bameit cropome. Uto 6puio Ha kaprtouke? (6) Ta xe
3ajja4a, HO pasroBop Obul Takoi: A. Sl He 3Halo, uro Ha Bameit cropore. Bb. 4
3To TmpenBuzei. A. A Temeps s 3Halo, 9YTo Ha Bameil cropome.

5. «[IpomsBeneHnE Tpex HaTypalIbHBIX YHcell paBHO 36» — ckaszau [lers. «Yto
10 3a yucia?». Koust, nogymas, orBetmil: «JanHbix HepoctaroyHoy. Toraa Ilers
cooOLImI CyMMy 3THX 4mcell. «Bc€ paBHO JaHHBIX HEJOCTATOYHO» — IIOZIyMaB,

oreetml Kosisi. Uemy Obuia paBHa cymma, coobménnas Ilereii?

6. YueHuK 3ammcajcs B JBa MaTEMATUYCCKUX KPYXKKa, KOTOPBHIC 3aHMMAIOTCS
B OJIHO W TO K¢ BPEMs], HO B pa3HBIX KOHIIaX ropozia. B HUX eMy HY)XXHO exaTh Ha
METpo, TIpUYEM B HPOTHBOIOJIOXKHBIC CTOPOHBI. OH €/IeT B TOT KPYXOK, B CTO-
POHY KOTOPOTO paHbllie TIPUXOIUT Moe3/l. B KOHIle Tojla 0Ka3aJiock, YTO B OJIHOM
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Kpy>XKe OH OblBajl B 2 pa3a vame, 4eM B apyroM. Kak morio 310 ciyunthes?
(KoneuHO, MIKOJIBHUK TOMA/IacT B METPO HE BCET/a B O/IHO M TO € BpPeMsl: MHO-
I/la OH IPHUXOJUT HEMHOIO paHbIle, MHOTJAa HeMHOro mosxe. OjHako moeszia B
o0c CTOPOHBI XO/SAT C O/{MHAKOBBIMU MHTEpPBaJIaMH.)

* kX

7. lers 3agyman yuciio or 1 go 1000. Bacst xouer y3HaTh 2TO uMclio, 3aaBast [lere
BOIIPOCHI, Ha KOTOPBIC BO3MOKHBI OTBETHI /1a» U «HeT». (a) Kakue BOIpock! OH JI0JKEH 3a-
JlaBaTh, 4TOOBI FAPAaHTUPOBAHHO Y3HATH 33/lyMaHHoe 4ycio nociie 10 Bompocos? (6) Moxer
JIY OH CJEJIaTh TO XK€ CaMoe, €CJIU CICOK 13 10 BOIIpOCOB OH JIOJDKEH COCTaBUTH 3apaHee?

(BapmanTt, kpyxok B MITHMO) Ilets 3aragan ogHo u3 tpex uucen 1, 2 u 3. Kakoii
BOIPOC, [JIOITYCKAIOIMII OTBET «J/ia», «HET», «HE 3HAIO», HY>KHO 3a/1aTh, YTOObI OIpPE/CIUTh
3agymanHoe uncio? (Ilers Bcerna roBoput npaspy.)

8. Heckoubko 11axMaTHCTOB UIPaJly 110 KPYroBol cucTeMe (KaX</Iblil [0 OHOMY pa3y ¢
Ka)X/IbIM) ; IIPY 3TOM HUYBUX HE OBLIO, U aBCOIOTHOrO nobeures (BBIMIPaBLIETO Y BCEX
OCTaJIbHBIX) HE OKa3ajioch. Jlokaxkure, 4TO HaiayTcs Takue ydacTHUKM A, b u B, uto A
pemrpan y b, b Bemrpan y B u B Bemrpan y A.

9. Ha ocrpose Ilacxu ecte 3 xameHHble cTaTyn — Gora Ilpaeapl, Gora Jlxu n Gora
HurnomaTrn. Bece oHM OTBEYAIOT «/1a» M «HET» Ha 3aJlaBacMble UM BOIIPOCHI, IIPUYEM Gor
IpaBas! oTBevaeT npasay, 6or Jxku — J10xkb, a 60T JunIoMaTui — 4T0 yroaHo. [Ipuexan
myTelecTBeHHUK. CKOJIBKO BOIIPOCOB OH JIOJDKEH 3a/1aTh, YTOOBI y3HaTh, KTO €CTh KTO:
(a) pocraroyHo Jiu 2 Borpocos; (0) A0CTaTOYHO JiM 3 BOIIPOCOB; (B) MOXHO JIM, 3a/1aB
Ka)kIOMy IO BOIIPOCY, y3HaTh TpeGyemoe?

8. 3ansatue 29 HoAOpsa 2000 roaa

1. B Tabumue 10 X 15 mocTaBjeHBl 4MCia TaK, YTO B KaX/IOM CTPOKE CyMMa
paBHa 75, a BO BCeX CTOJOIaX CyMMbl PaBHbl — Y€MYy OHU PaBHBI?

2. B TypHHApE IO OJIMMIHAACKON CACTEME (IIPOUTPaBIIMI BHIOBIBACT) YYACTBYET
10000 yenoBek. CkoJbko OyIET CHITPaHO MAPTHiA?

3. Ha oxpyxnoctu crosar uucna 1, 2, 3, 4, 5, 6. Pa3pemaercs npn6aBisTh K
JIOOBIM JIByM COCEIIHUM YHCIIaM 110 e{MHUIIE. MOXXHO JIU, IOBTOPSISL 3Ty ONEpalMIo
HECKOJIBKO pa3, CJieJIaTh BCE UUCJIa PaBHBIMU?

4. Ha nocke nammcanbl uucna 1,2, ..., 10. Paspemaercst crepers moGsie 2
yucsia @ 1 b u 3anmcate BMecro Hux (a) a+ b; (6) a+ b — 1. Uepes Hexkoropoe
BpEMsI Ha JIOCKE OCTAaHETCsl TOJIBKO o/HO umciio. Kakoe?

(BapuaHT, kpy>kok B MITHMO) Ha nocke Hanucans! uucia 1, 2, ..., 2001. Pazpemra-
ercs crepers JioOble 2 uncia g ¥ b u 3anmcats BMecTO HUX uncio |a — b|. Moxer ym
YEpE3 HEKOTOPOC BPEMs OKa3aThCsl, UTO Ha JOCKE OCTAJICS TOJIBKO OJUH Hy.l'II:r)

5. 500 Touek coenunennl 500 orpeskamu. Kaxk/lylo MUHYTy Kakue-TO mepece-
katoimecst orpe3ku AC n BD 3amensiior Ha otpesku AB u CD. [lokaxure, 4to
yepes3 HEKOTOpoe BpeMsl JieNlaTh OyJeT HEUero.

6. B Tabimne 57 x 43 3ammcanbl unciia. PaspemaeTcsi MOMEHSITh 3HAKU y BCEX
yncell B 000 cTpoke Wi B JIIo60M cToJible. JlokaXuTe, 9To Mociie HECKOJIBKIX
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TaKuX OICpalii MOXKHO IIOJIYYUTh TaOJiMlly, B KOTOPOl CyMMa umcell B Kax/0i
CTpPOKE M B Ka)XX[IOM CTOJIOIC HEOTpHLATEJIbHA.

* k% %

7. B tabimue (a) 4 x4 (6) 3 X 3 B JICBOM HI>KHEM YIJIy CTOUT YMCJIO 1, a B OCTAJIBHBIX
KJleTkax — 4ucyio —1. Pa3pelraercst NoMEHSITh 3HAaK Y BCEX 4uceJ B JIIOOOI CTpOKe UM B
Jo60oM crostdue. MoXHO JI yepe3 HEKOTOpoe BpeMsl BCe YUCJIa C/EJIaTh paBHbIMU?

8. B tabumiie 4 X 4 Ha 1oJie a2 CTOUT YKUCJIO 1, a OCTAJIbHBIX KJIETKaX — 4uciio —1.
Paspemaercsi MOMEHSTH 3HaK y BCEX 4Mcel B JIOOOI CTpOKe, B JIOOOM CTOJOLE MM Ha
J000i1 NpsIMOlA, NMapaJlJIeJIbHOM O/IHOM U3 IMaroHasieil (B YaCTHOCTHU, B YIJIOBBIX KJIETKaXx).
MoskHO JI1 yepe3 HEKOTOpOE BpeMsl BCE UMCJIa CAEJIaTh PaBHBIMU?

9. B xax/10i1 kileTke Tabumubl 8 X 8 HamucaHo Lesioe uucsio. Paspenmaercs BrIOMpaTs B
Tabunuue Jro6oit kBajpar 3 X 3 wiu 4 X 4 1 yBeJIuMBaTh Ha 1 Bee Yucsia, B HEM CTOSILIKYE.
Bceerna sm ¢ noMolpio 3TUX NpeoOpa3oBaHUil MOXKHO IOJIy4UTh TabJMIly, B KOTOPOil BCe
yucia Jensarcd Ha 3?

9. 3ansTHe 6 nexadps 2000 roaa

1. B 7ocky BOWTHI TBO3/IMKY, PS/IOM C KOTOPHIMH HammcaHbl Igpsl. MoXHO
JI COE/IMHATH TBO3/IMKY IIHYPaMM TaK, YToOB! I(pa, HaMCaHHAsI OKOJIO I'BO3-
JIMKa, PaBHSJIACH YHCIIy INHYPOB, 32 HETO 3aBSI3aHHBIX?

(a) (©)
2 2 2 2 2 2 2 2

2. Mapcuane B3suIMCh 32 PyKH TaK, 4TO CBOOOJHBIX PyK HE ocTajioch. Jloka-
JKUTE, 9YTO MAapCHaH, y KOTOPBIX HEUETHOE KOJMUYECTBO PYK, YETHOE UHUCIIO.

3. (a) MoxxHO JIM PacnoJIOKUTh HA ILIOCKOCTH 4 TOYKH, COCJUHEHHBIE OT-
pe3kamm, Tak 9TOOBI KaXk[asi TOuka ObuIa COCJIMHEHA C 3 JPYTMMH, a OTPE3KN HE
nepecekanucs? (0) Ta e 3amaua ayg 6 Touek, MPUUEM KaXk7ad TOYKA JIOJDKHA
COE/IMHATECS PoBHO ¢ 4 npyrumu. (B) Ta ke 3a1aua /i1s1 7 Touek, IPUYEM KaxKzias
JIOJDKHA COEJIMHATECSI POBHO C 5 JIPYTMMH, U OTpe3KaM paspelleHo IepeceKaThes.

4. B maxmaTHOM TypHHpe y4acTBoBasio 19 4enoBek. HaGmonasmmii 3a Typ-
HHUpoM Bacs cumTaeT, mocne nepBoro JHsI KaXKAbIi IIaxMaTUCT chirpan 1, 3 mim
5 naptuii. MoXeT 1 Tak ObITB?

5. B TpuaeBdaTOM LApCTBE rOpO/a COC/MHEHBl aBHAJMHUSIMU. W3 crosimnsl
BbixonuT 101 aBuanmuus, us ropona Jlansauii — 1 aBuanuHus, a U3 BCEX NPOYUX
ropojoB — 1o 20 aBmanuHwmil. J{okaXuTe, Y4TO U3 CTOJMIBI MOXHO J106paThCs
caMoJIETOM Jio Topojia JlanbkHero (BO3MOXHO, C TepecajikaMu).

6. Ha maxmaTHo# focke 3 X 3 CTOAT IO yriaM 4eThlpe KOHSI, CBEpPXy — [IBa
6elbIX, CHU3Y — JiBa YE€pHBIX. (a) 3a kKaKoe HaWMEHBIEe YUCIIO XOJ0B OElbIX U
YEpHBIX KOHEHl MOXKHO NOMeHATh MecTaMu? (0) MOoXXHO JI1 32 HECKOJIBKO XOZIOB
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MOCTaBUTh KOHEH Tak, YTOObl BO BCEX COCEIHMX YIJIAX CTOSJIM KOHHM PasHOTO
npeTa?

* k% x

7. CyluecTByeT JI1 MHOTOIPaHHUK, Y KOTOPOTro 17 TpeyrosIbHBIX TpaHel 1 2 YeThIpex-
YTOJIBHBIX?

8. Jlokaxure, 4ro B Mo0ON KOMIIAHMM U3 6 4YeJIOBEK HaiiayTcs MO0 TPOE MONApHO
3HAKOMBIX, JIMOO Tpoe nonapHo HesHakoMbIx (eciu [lets sHakoM c Baceii, To Bacst 3HakoM
c Ilerein).

9. CeTp JIMHMII METPO TaKOBa, 4TO M3 JIOOOH CTaHUMM MOXKHO IpOEXaTk B JIIOOYIO
(BO3MOXHO, ¢ nepecajikamu). JIokaXxute, 4To MOXKHO 3aKPhITh OJIHY U3 CTaHLMA (3alpeTuB
Mpoe3]] 4epe3 He€) Tak, YTOOk! ¢ JII0OO0i OCTaBIIEHCS CTAaHLMM MOXHO OBLIO TO-TIPEXXHEMY
npoexarh B JTI00YI0 OCTaBILyIOCS.

10. 3ansaTue 9 nexkadpsa 2000 roaga (xpyxox 8 MIIHMO)

1. INpaBuna npuimums 3anpemaioT My>KYMHE CTOSIThb B OUepel Tepejl >KEeH-
muHON. B ouepenm m3 cra uyenoBek HepBbI My)XuMHA. J{okaXuTe, 4To B 3TOH
ouepey HET >KCHIIMH.

2. B nocuiepoBarensnoctu 1, 3, 7, ... nepBblii wicH paBeH 1, a Kaxk/blid
cle[ylomuyii ToJydaeTcsl, €CJIi YMHOXUTh INIpeAbLAyIMiA Ha 2 M npubaBuTh 1.
Hoxkaxute, gyto 1000-i1 uneH 3Toi MOCHENO0BAaTEIILHOCTH PaBeH 21000 _ 1,

3. JIioOyio cyMMy JIeHET, HaulHAas1 ¢ 8 30JI0ThIX, MOXKHO YIJIAaTUTh (6e3 caun)
MOHETaMHU B 5 30JI0THIX U 3 30JI0ThIX. [Touemy?

4. Ha ckoJnpko 9acTeit IesisIT TIOCKOCTh 20 MpSIMBIX, JIIOOBIE IBE M3 KOTOPHIX
TIEPECEKAIOTCSl ¥ HIKAKNE TPH M3 KOTOPHIX HE MMEIOT OOMLICi TOUKM?

5. B xoMHaTe pacCTaBIIsIOT NEPETOPOJIKH, O/IHA CTOPOHA KOTOPBIX 3¢pPKaJIbHAS,
a gpyras HeT. JIoKaXuTe, 4TO CPEAM IOJYYEHHBIX KOMHATOK BCErza HalueTcs
x0Ts1 OBI O7IHa, B KOTOPO#l HET HU OJ[HOTO 3epKaja.

6. Ha nocke namucanbl jiecsaTh nudp — HyJiell wim equnul. Paspemaercs
BBINOJIHATL OJIHO U3 clleAyionux JieiictBuii: (1) m3meHuTh nepyio 1udpy (HOJIb
MCHSICTCSl Ha €IMHUIYY W Hao00poT); (2) m3MeHUTh PPy, CTOSMYIO 33 MEPBOI
enuHUICH. JIOKaXXUTE, 4TO |3 JIIOOOM HavaJIbHOW IOCIIC/OBATCIBHOCTA MOXKHO
TOJIYHTH JII0OYIO JApYIyIo.

* %k ok

7. Ha GeckoHeyHOM JjiuctTe GyMaru n KJICTOK OKpAllUCHbl B YEPHBIA LBET. B MOMEHTHI
BpeMeHu ¢ = 1,2, ... IPOMCXOAUT OJIHOBPEMEHHOE MEPEKPAIMBAHUE BCEX KJIETOK JIUCTA, 2
MMEHHO, KaX/1asl KJIETKA PUOOPETacT LBET, KOTOPbIl MMEET OOJIBILIMHCTBO M3 TPEX KJICTOK:
e€ caMoil M JIByX cocCe/ieii CBepXy U crpaBa. JJokakuTe, UTO UEpHBIC KJIICTKU HCUYE3HYT HE
MO3KE, YEM B MOMEHT BPEMCHU ! = A.

8. Jlokaxkure, uto kBajpar 2" x 2", u3 xoToporo ynaymm (a) yrioByio; (6) JioGyio
KJIETKY, MOXKHO pa3pe3aTh Ha YIOJIKM M3 TPEX KBaJpaToB.
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9. JIokaxkuTe, YTO JUIsl KAKIAOr0 HATYypaJIbHOTO /1 HaiJETCs YUCIio, Aeisiueecs Ha 2",
B JICCSITUYHOM 3aIIKCH KOTOPOTO €CTh TOJIBKO CMHHUIIBI U JIBOMKH.

11. 3anaTue 13 pexadps 2000 roxa

B napavax 1-35 B3BemmBaHWS NPOM3BO/SATCS HA YANICUHBIX Becax 0e3 THpb,
KOTOpbIC NO3BOJISIIOT ONIPE/IENIsATh, HA KAKOW M3 YallleK JICKUT NPEAMET OOJIBILETO
Beca.

1. (a) Ectp 3 MOHETHI, cpe/i KOTOPBIX OJiHa (paJiblMBasi (JIErde OCTaJIbHbIX).
Kak 3a oxno B3BemmBanue ¢ Haiitu? (6) CKOJIbKO B3BCIIMBaHUI MOHAI00UTCS,
€CJIM M3BECTHO JIMIIIb, YTO (PajiblIMBasi MOHETA OTJIMYAETCS IO Becy?

2. Umeetcs (a) 7 (0) 77 MoHeT, oJjHa U3 KOTOPbIX (paJiblmBast (JIerye OCTallb-
neix). Kak naiitn 31y MoHeTy?

3. Ects 100 mMoHeT, o1Ha U3 KOTOPBIX (paiipiMBast (oTimyaeTcs 1o Becy). Kak
3a J[Ba JICHCTBUS y3HaTh, JIETYE OHA WJIM TsDKeslee (HaXOIMTh €€ He Tpebyercs)?

4. Ectp 9 MoHeT, 1Be u3 KoTOpbIx hasbiuBbie (Jerde ocraybubix). Kak 3a
YETBIPE B3BCIIMBAHMSI X ONPEICINTh?

5. Ectp 3 napsl 1apoB: KpacHbIX, 3€JIEHBIX M cuHUX. Cpel 1apoB KaXJI0ro
LIBE€Ta OJMH JIETKUI U OJIMH TSDKEJBIA, MPUYEM MACChl BCEX JIETKUX OJMHAKOBBI,
BceX TsDKENBIX — Toxke. Kak 3a 7Ba B3BelMBaHMS Y3HATh, KaKoil W3 IapoB B
Kax</loi mape jerqe?

6. Y naps I'opoxa 6b1510 12 ceiHOBel. M3BeCTHO, YTO KaXK/blii M3 €r0 IIOTOMKOB
JmbO WMeJ JIByX CHIHOBEW, Jymbo ymep 6e3netHpM. Beero y mapst Topoxa 6vuio
100 motoMkoB. CKOJIBKO Cpeli HAX YMepJiu O€3/1eTHBIMU?

£

7. 3a CKOJIBKO B3BELIMBAHUI MOXKHO BBIICJIMTH (DaJIBIIMBYIO MOHETY u3 12?
8. Jokaxute, uyTo B JoOoi1 kommanuu w3 10 4yesoBek HaiayTcs JiuOO 4 IOIapHO
3HAaKOMBIX, JIMOO 3 IOIApHO HE3HAKOMBIX YEJIOBEKA.

12. 3ansaTue 20 nexadpsa 2000 roaa

B 3agauax 1-5 peus muér o6 urpax, B KOTOPBIX y OJHOTO W3 MI'PAIOIIMX
€CTb 8bIUSPbIWUHASI cmMpame2usl, T.€. OH MOXXET BBIMIPaTh IIPH JIIOOOM CIIOCO-
6e urpbl apyroro (ObITb MOXET, UIpasi IO-pa3HOMY B pasHbIX ciyvasix). B atmx
3a7iaqax TpeOyeTcsl ONPEACIINTh BBIMTPBIBAIOIIETO UTPOKA M COCTABUTDH ISl HETO
CTpaTEeruio.

1. lokonanka 4 cM Ha 7 cM pasjielieHa YyrilyOlleHHsMH Ha 28 KBaJpaTHKOB
1 cM Ha 1 cM. [IBoe 110 ouepe/ pasilaMbIBalOT €€ Ha JIOJbKHY, 32 XOJ| Pa3pelIacTCst
PasJIOMATh OJMH M3 KyCKOB, KTO HE MOXET C/EJaTh X0/la — IPOHMIPHIBACT.

2. Ha crone nexwur (a) 9 (6) 10 MOHET, HTPOKH TIO oYepeny 6epyT MO OXHON
WA TIO IBE€ MOHETHL. [IpoMrphIBacT TOT, KTO HE MOXET CHENIaTh XO[.
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3. Ecrp 1Be Kyuku KaMHEl: B ojHOi 9, B jpyroi 10. 3a oauH X0 MOXHO
B34Th JII000€ KOJIMYECTBO KaMHEH M3 JII0OOH KyukM WM MO OJHOMY KaMHIO W3
Ka/I0i Kyuku. [IpourpeiBaeT TOT, KTO HE MOXET CAEJATh XOJI.

4. Ha maxmaTHO# J0CKe B JIEBOM HIDKHEM YIJly CTOUT (PUTypa «UyHs, KO-
TOpasi MOXKET XOJWTh (a) Ha J0o0OE KOJIMYECTBO KJIETOK BIPAaBO WJIM Ha Jioboe
KOJINYECTBO KJIETOK BBepX (0) BBEpX Ha O/IHY KJICTKY WJIM BIIPaBO Ha OJIHY KJIET-
Ky. J{Boe mo ouepenm JenaioT Xo/pl 3TOH (purypoii. IlpourpeiBacT TOT, KTO HE
MOXET CIEJIaTh XOJI.

5. IIBoe mo ouepeau CTaBsIT HAa IIAXMATHYIO JIOCKY (a) Jazeil (0) ciioHOB
(B) KOHEl Tak, 4TOOBI cTosIMe Ha Jlocke (pUrypbl He Omim Apyr apyra. Ilpo-
UTPBIBAacT TOT, KTO HE MOXET CJIeJIaTh XOJ.

6. B nemsBectHOM MecTe moJisg 10 Ha 10 /u1st UTPEl B MOPCKO#i 60ii pacmoJio-
JKEH JINHKOp — IIpsIMOYTOJIHHK pa3MepoM 4 Ha 1. Kakoe MMHMMasbHOE 4HCIIO
BBICTPEJIOB HYXHO CZIeJIaTh, YTOOBI rapaHTHPOBaTh, 4To OyneT nomananue? Kyna
HY>XHO CTpeJisiTs? MOXKHO JI1 OGOMTHCh MEHBIIMM YHCJIOM BBICTPEJIOB?

* % ok

7. aHbl n TOYEK, HUKAKKE 3 U3 KOTOPhIX HE JIeKAT Ha O/IHOM IpsMoii. [IBoe urpaior B
TaKyIo UIPy — IO OYCpPE/iy, HAYMHAasi C HEKOTOPOI TOYKU HOCJICAOBATEIIBHO COCUHSIOT UX
OTpe3KaMH, IOJTydasl JIOMaHylo (BOBMOXHO, caMollepeceKalollyiocs). TOT, KTo He MOXeT
creliath X0/ (Bce OTPE3KU U3 €ro TOUYKU YK€ IPOBE/ICHBI), IpoUrpbiBacT. KTo BhIMIphIBacT
MpY TIpaBUJILHON UTpe — HauYMHAOIMIA nim ero mapTHEp? Kak oH JoJpkeH urpats?

8. JIBoe UrparmoT B KpECTHUKU-HOJIMKY Ha OECKOHEYHOM JI0CKE 110 TaKUM IpaBUJIaM: Iep-
BBII1 CTaBUT /IBa KPECTHKA, BTOPOIl — HOJIMK, ITEPBBIl — CHOBA [jBa KPECTHKA, BTOPOI —
HOJIVK Y T.Ji. [lepBBIil BRIMTpHIBAaET, KOTJa Ha OJHON BEPTHUKAJIM WUIM FOPU3OHTAM CTOUT
psinoMm 100 xpectukoB. [okaskute, 4TO IEPBBI BCEra MOXKET JOOUTHCS ITOOEbI.

13. 3ansaTue 27 jnexadps 2000 roxa

1. [IBoe WrpaioT B TaKyio UIpy: IO OYepe/d KIaayT MATaKh Ha MPsIMOYTOJIb-
HBIA CTOJI (KJIACTh MOHETHI MOBEPX YK€ MMEIOIIMXCSl MJIM C/IBUTATh JISKAlIUE Ha
CTOJIE MOHETHI Heub3s1). KTo He MOXET MOJIOKHTh MOHETY (Tak, 9ToGbl OHa HE
ymajia co CTojia), MpourpeiBaeT. KTo BRIMIphIBacT Npy NMpaBUIIbHON Hrpe?

2. B cese 1Ba mapuKMaxepa — OJWH HOICTPHKEH XOpollo, Apyroi mioxo. K
KOMY W3 HUX CTOHMT MATH CTpPUYbCS?

3. Koctst momomeén x cTojy, Ha KOTOPOM JieXkall KyCOK BEPEBKH, B3slJI €T0 3a
KOHIIBl M, HE BBITYCKas MX M3 PyK, 3aBsi3aJl Ha Hel yzes. Kak oH oTo chenan?

4. B xakyio CTOPOHY €/IeT aBTOOyC Ha pUCYHKe?
/ \ 5. BeipexxpTe B JmcTe Gymard OTBEPCTHE M MPOJIE3bTE Ue-
Ooon pe3 Hero.
® ® 6. Kak mpoBecTH CKBO3b IJIACTMACCOBBIH JINCT pacKaléH-
HBII1 TIPOBOJIOYHBI KapKac Ky0a, 9TOOBI JIUCT He pachalicsl Ha
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vyactu? ([Ipu KOHTAaKTE ¢ pacKaJIEHHON MPOBOJIOKOM JIUCT MPOILIABJISCTCS U oOpa-
3yeTCs LICJIb. )

7. U3 cimuek BbUIoXKeHO HeBepHOE paBeHCTBO VII =1 (7 cnmuek). Kakoe mu-
HIMAJIBHOE YHCJIO CIMYEK HYXKHO MEPEIIOKUTh, YTOOBI CHEJIaTh MOJIyYUTh BEPHOE
yTBEepoK/IeHHE? YTOOBb! MOJIyYUTh BEPHOE PaBEHCTBO?

8. Ckosbko crimuek Hazio nepelioxuts B III =1 (6 crmuek), uToObl mOJIyYn-
JIOCh BEPHOE PaBEHCTBO?

9. Yuciio 57 MOXXHO IIPEJCTaBUTh B BHUJIE 25 + 52 MoxHo Jn NIPECTaBUTh
unciio 572 anasiornunev o6pasom (a® + b?, rie a, b — Nelble TOJNOKUTENLHBIC
ypca)?

10. Ha pyku 1ByM JIIOASIM HaJIeThl BEpEBOUYHBIE NETJIA: HA KaXJOU pyke IO
KOJIBIy, ¥ KOJIbIIa CBSI3aHBI MeXJy coboio. KoJplia 3anemiens apyr 3a apyra.
MoryT Ji1 OHI paclEeNUThCs?

14. loMamHsas oJIAMIIHA/Ia

1. Onun rpapyc Llenscus cootBeTcTBYET 9/5 rpanycoB dapenreiiTa (Inkala,
npunsitasi B CIIA), u 0° no Lesbcuio cocrasiisiior 32 rpajyca no mkaiie ®apen-
reiita. EcTh Ji1 TeMnepaTypa, BBIPaXKalolasicsl OJMHAKOBBIM YUCIIOM IPajlyCcoB IO
obenm mKanam?

2. Pas6eiite uncyio 100 B cymMmMy LiEJIbIX HOJIOKUTEIIBHBIX CJIAaracMbIX C Mak-
CHMAaJIbHBIM IIPOM3BEACHUEM M JIOKXUTE, YTO OOJIBIICIO NPOM3BE/CHUS OBITH HE
MOXET.

3. Moxno ym kBagpar 10 X 10 pa3buth Ha npsiMOyroJibHuKU 1 X 4?

4. Ha miockoctu npoBejieHo 100 mpsiMbIx, HUKaKUeE JIB€ U3 KOTOPBIX HE Mapajl-
JICJIbHBl 1 HUKAKUE TPH HE TEPECEKAIOTCS B OHOW Touke. JIOKaXmTe, YTO €Ciim
paspe3arh IJIOCKOCTh 110 3TUM NPSIMBIM, TO OyZET XOTsi Obl O/IMH TPEYTOJIbHYK.

5. Ilpuaymaiite MHOTOYIrOJIBHUK M TOYKY BHYTPH HEIO, U3 KOTOPOHA HM OJ(HA
U3 CTOPOH 3TOr0 MHOTOYTOJIBHUKA HE BH/IHA IOJIHOCTBIO.

6. Moxer Jm Tak OBITh /Jis1 TOYKA BHE MHOTOYTOJIbHUKA?

7. o okpy»xHocTH paccTaBjicHbl 100 neJibIx yncell, uX cymma pasHa 1. Ipymn-
Iy NOJApsi/ CTOSIIMX 4Yucell (B Hel MoxeT ObiTh oT 1 po 100 umcen) Ha3oBEM
TIOJIOXKUTEJIbHOM, €CJIM MX CyMMa MHOJIoKuTesbHa. Haitjure 4ncio moioxknTelis-
HBIX Ipynn (M JOKaXWTE, YTO OHO BCET/Ia OJIHO M TO XKE).

8. Ha xopIeBoil sopore CTOST HECKOJIBKO GEH30KOJIOHOK. Bcero Gensmua
XBaTUT Ha OJMH Kpyr. JIOKaXuTe, YTO MallMHA C IyCThIM 0AaKOM MOXET IIpO-
€XaTh TOJIHBIA KPYT, 3alpaBJIsisiCh 1O MyTH, €CJIM TPAaBIIIBHO BRIOEPET HAYAJILHYIO
KOJIOHKY .

A. W3 Tpéx kapaHpjameid (WM KATAaUCKUX TNAJOYEK JJIsl €/1bl) C MOMOMLIBIO
HHUTOK CIeNIaiiTe XKECTKYIO KOHCTPYKIIMIO (HATKH HE JaI0T KapaHJallaM CMEIaThCs
Jpyr OTHOCHTEJIBHO J[pyra), B KOTOPOH KapaHZallld HE KacaloTCsl.
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b. Ipuaymaiite crnoco6 m3MepeHus! TOJIIMHBI MarHUTHOM JICHTBI B KacceTe
(6e3 e€ pa3pyllcHNs) IPOCTHIMU JIOMAlIHUMU cpezicTBaMu. [Ipyn BO3MOXXHOCTH BBI-
TIOJIHATE 3TO M3MEPEHUE HA TPaKTHKE.

15. 3anarTue 17 susapsa 2001 roga

1. XK&crkwmit orpe3ok AB /bl 3 COSIMHEH INAPHUPOM C )KECTKUM OTPE3KOM
BC pymupl 1. B xakux mpejeiiax MOXKET MEHSTBCS PACCTOSIHHE MEX[Y TOYKAMH
An C?

AKCHUOMA PACCTOSIHUA:
AC < AB+ BC («HEpaBEeHCTBO TPEYTOJIbHUKA )

2. cnonbayst 5Ty aKCHOMY, JAOKaXHUTE, 4TO (a) Jobasi CTOpOHa TPEYroJIbHUKA
He GOJIbIie CyMMBI JIBYX €r0 JIPYyTMX CTOPOH W HE MEHbINE WX pa3HocTH; (6) cro-
pona AD uyerpipéxyronbauka ABCD ue Goubiie cymmel ctopon AB, BC u CD;
(B) mobasi cTOPOHa MHOTOYTOJIPHAKA HE MPEBOCXO/UT HOJIOBMHBI €TI0 NIEPAMETpa
(IepuMeTp MHOTOYTOJIFHAKA — CyMMa €I0 CTOPOH);

3. (a) Yro moxHO ckazath o Toukax A, B, C, ecim AC = AB + BC («uepa-
BEHCTBO TpEyroJlbHUKa o0pamaercs B paBeHCTBO»)? (0) Paccrostnme oT MOCKBBI
Jo Kimna 90 kM, or Kimna jjo Cosineunoropceka 24 kM, ot CoJlHEUHOTOpCKa 10
3enenorpana 36 kM, ot 3eneHorpana 1o Mockssl 30 kM. MOXHO JIM1 OTIPE/ICIIATh
paccrosiare oT CoslHEYHOTrOpCKa /10 MOCKBBI, 3Hasl TOJIBKO 3TH JIaHHBIC?

4. [ana npsivasi [ u Touku A u B. (a) Haiipgute na npsimoit [/ touky C,
i KoTopoil pasnmia Mexay paccrossausmun AC n BC makcumanpHa. (6) Ilpn
KakoM ToJioxkeHnn Toukn C 3Ta 3Ta pa3HOCTh MUHHMMAaJbHa?

5. Ouaronaimm AC u BD uernpéxyrosnsaunka ABCD mnepecekatorcs. Jloka-
xwure, yro cymma JuiuH AC u BD (a) Gosblie 10s10BUHBI IepuMeTpa; (6) MeHblie
nepumerpa. (IlepumeTp MHOIrOyroJibHMKa — CyMMa JUIMH €IO CTOPOH.) MHbpIMH
ciioBamu, noctpouB goporn AC m BD Bmecto kxonbnesoit poporn ABCD, mbl
BBIITPacM TI0 JUIMHE, HO MEHEE YEM BJIBOC.

6. B tpeyrossauke ABC npoBenn Mermany AM. [lokaxure, YTo cyMMa
mimH cropon AB u AC Godblie yiBoeHHO#M sl AM .

* k%

7. Ha nipsiMo#i yJmIie CTOSIT IECTh I0MOB (paccTostHue Mexay coceanumu 100 MeTpoB).
I'ne Hafo nocTpouTs KosIoAEL, 4TOOB CyMMa PaCCTOSIHUI OT KaX/I0r0 U3 JIOMOB /IO KOJIOALA
ObllIa MUHUMAJIbHOI?

8. B maTMyro/bHUK BIMMCaHa MATHKOHEYHasl 3Be3fa. JIoKakuTe, YTo MEpUMETp STOi
3BE3/Ibl HE MEHBILE NIEPUMETPA ISATHYTOJIBHUKA Y HE MEHBILE YJBOSHHOIO IEPUMETPA.
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16. 3ansatue 24 siBaps 2001 roga

1. Tpu moxpsii ujymue CTOPOHBI YETHIPEXYTOJIbHUKA paBHbl 1, 2 U 4 cM.
KakoBa MoxeT OBITH €ro 4eTBEpPTast CTOPOHA?

2. MHOroyroylbHMK pas’pesajli Ha JIBE€ YacTHW IO NpsMoi. Jlokaxwure, 4ro y
KaXK/I0M U3 YacTell NEpPUMETP MEHBIIE, YEM Y UCXO/HOI'O MHOIOYI'OJIBHUKA.

3. Tpeyrossauk DEF niexxut BHyTpH Tpeyrosishnka ABC. MoxHo jm yTBep-
*/1aTh, 4To (a) JioGast cropona tpeyrojibHuka ABC Gouiblie Ji1060# CTOPOHBI
tpeyrosisiuka DEF? (6) jnobast cropona tpeyroibhuka ABC Gosibliie XOTsi Gbl
oftHolt cTopoHbl Tpeyronbhnka DEF? (B) nepuMetp Tpeyrosishnka ABC Gosbiie
nepumeTpa Tpeyrojibauka DEF?

4. [lana npsivast [ n Toukn A n B. Haiinute Ha npsivoit [ Touky C, 11t KoTo-
poii cymma paccrosiinit AC u BC munumanbna. (Ykazanue: cHavasia pazbepure
ciyuait, korzia A u B HaxossTcst 0 pa3Hbie CTOPOHBI OT HpsiMoit /.)

5. Touka X nexur BHyTpu octporo yriia AOB ¢ Bepumnoit B Touke O.
Haityure Toukn ¥ n Z Ha croponax yria, /uist KOTOPBIX IIEPUMETP TPEYIOJIbHIKA
XYZ sBisiercss MUHMMAaJIbHO BO3MOXXHBIM.

6. IpsiMast | mpoxozut uepes cepesiny oTpeska AB u nepneHMKyJIsipHa 3T0-
My oTpe3ky. Touka X JiexuT 1o Ty >xe cTopony or [/, uro u Touka A. Jokaxure,
uro X Ommxke k A, uem k B.

L I

7. Ha kaxxaoit U3 CTOPOH NpsSIMOYTOJIbHMKA BRIOpaHO 1Mo Touke. JIokaxuTte, uTo Tepu-
METp YETHIPEXYTOJIbHUKA C BEpIIMHAMU B OTUX TOYKaX HE MEHBLIE YJBOCHHO! [MaroHaju
IIPSIMOYTOJIbHUKA.

8. BoJsiee noJI0BMHBI YYaCTHUKOB LIaXMaTHOro TypHUpa >kuBeT B Helo-Baciokax. [loka-
*uTte, uTo Hpio-Bacioky sIBIISIOTCSt HAMITYYIIM MECTOM TIPOBEJICHUS TypHUpA (TIPH KOTO-
POM CyMMa BCEX PacCTOSIHMII OT MECT IPOXXMBAHMUsI IO MECTa TypHHpa MUHUMAJIBHA).

(BapuaHT, Kpy>kok B MIIHMO) OxoTtHuk Bbiuen u3 A u npumén B b, asurasces no
kpuBoii. Yepes HekoTopoe Bpemsi U3 A BbiGexana cobaka, KOTopasi B KaXK/blii MOMEHT
BpeMEHM OeXajla B HamNpaBJICHUM OXOTHMKA M Takxke mpubexana B B. Jlokaxwure, uto
JUIMHA IyTH cobGaky He GOJIbIIE JJIMHBI ITyTH OXOTHUKA. (MOXHO CYMTaTh, YTO OXOTHUK U
cobaka JBIDKYTCS IO OYEpPEaN.)

17. 3anaTue 31 suBaps 2001 roga
Ipuniyn KpaiiHero

1. (a) Ilo xpyry nHammcano 99 uucell, IpUYEM Kax/10€ U3 HAX PaBHO CPEHEMY
apupmeTrueckoMy (IIOJIyCyMME) JIByX CBOMX coce/iell. Jlokakure, 4To BCE 3TH
uncla paBHBI Mexky coboil. (0) Ta ke 3a7jaua, HO YMCIIa PacCTaBJICHBI B KJIETKaX
IaXMaTHOM JIOCKH, U KaX/I0€ PaBHO CpPEJJHEMY apU(PMETUUECKOMY CBOHMX COCEZEH
(1ByX, TPEX WJIM YETBIPEX B 3aBUCHMOCTHU OT IOJIOKEHUS KIIETKH).
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2. MOXXHO J11 HapHCOBATh HA MIJIOCKOCTH JIECATH Pa3JIAYHBIX TOYCK TaK, YTOOBI
Ka)k/lasl U3 HUX ObLIa CEpPeINHON KaKOrO-TO OTpE3Ka MEXJy JByMsl U3 HapUCOBaH-
HBIX TOYEK?

3. Ha mnockoctn BeiOpano 100 Touek. [okaknuTe, 9TO HEKOTOPHIC TPH U3 HAX
SIBJISIIOTCSI BEPIIMHAMH TPEYroJIbHUKA, BHYTPH KOTOPOTO HET /IPYTHX BBIOPaHHbIX
TOYEK.

4. MoxHO Ji 3aHyMepoBaTh BepLIMHBI Ky6a uuciamu 1, 2, . . ., 8 Tak, yTOOBI
9nciIa Ha KOHIAX Jiro6oro pebpa oTimuanmck He Gosiee ueM Ha 2?

5. Uucna ot 1 1o 64 paccraBiicHBI B KJIETKaX IMAaXMaTHON AOCKH. Jlokakute,
YTO HaMyTCs JIBE COCENHUE KIICTKU, B KOTOPBIX UHCJIa OTJIMYAIOTCS 1O KpaiHei
Mepe Ha 5.

6. /I3 Touky BHYTpH BBITYKJIOTO MHOTOYTOJIbHUKA OIyCKAIOT IEPICH/MKYJIISPBI
Ha €ro CTOPOHBI WUIM MX NIPOAOJDKEHHMs. JIOKaKUTe, 94TO XOTsl OBl OJIMH IICpIICH-
JWIKYJISIp TIONaJIET Ha CTOPOHY, a HE Ha NPOJOJDKCHHE.

LI S

7. B knetkax GecKOHEYHOU KJIETYaTOM GyMary HalMCaHbI LieJIble TTOJIOKHUTENBHBIEC Ul-
cia, MpUYEM KaK/0€ PaBHO CpelHEMY apu(pMeTHYecKoMy coceeil. Jlokaxure, 4To Bce
OTH 4YUCJIa PaBHBL.

8. okaxure, uTo JoOble 10 TOUEK Ha IUIOCKOCTH SIBJISIOTCS KOHLIAMH 5 Helepeceka-
IOLIMIXCST OTPE3KOB.

18. 3ansaTue 7 ¢espasa 2001 roga
Paccyxnas jioruyecku,. . .

1. TperpekiaccHuky Bace Ha 10M 3372511 pa3lesiuTh HEKOTOPOE YHUCJIO Ha
2, 3 m 6. On ckazai: «5 3a0pU1, KaKOE YMCIIO 33JaJivl, W JICIIMII JIPyroe YHCIIO,
U JiBa pa3a pas/ielImiioch 6e3 oCTaTKa, a OAMH pa3 OCTaTOK ObUIY. YUMTEJIBHMIIA
cka3zasia: «Tel ommOCs», jake HE CIIPOCHB, Kakoe 4uciio oH eyl [louemy ona
TaK ckazaJa?

2. ToBopsr, uto w3 A ciuenyer B, ecim B BepHO Bo Beex ciiyyasix, Koria
BepHO A. YKa3aTb BCEC TaKME Haphbl JJisl YETHIPEX BBICKA3bIBAHMIA:

(1) JIxo60#t BOCEMUKJIACCHUK BHIMIE HEKOTOPOTO CEMUKJIACCHHKA.

(2) HekoTopblii BOCBMUKJIACCHUK BBIILIE HEKOTOPOT'O CEMUKJIACCHUKA.

(3) JI1000i1 BOCEMHUKJIACCHUK BBIIIE JIIOOOTO CEMMKJIACCHHUKA.

(4) HexoTopblii BOCEMHKJIACCHUK BBIILIE JIIO0OTO CEMUKJIACCHUKA.

Kax Bel jgymaere, kakme W3 4ETBHIPEX BBICKA3bIBAHWI BEPHBI /Il YYCHHKOB
Baueit mkoJis1?

3. A rosoput: «KTo He ¢ HaMu, TOT npoTuB Hacy. b roBoput: «KTO HE mpo-
THB Hac, TOT ¢ Hammy». ECTh Jim pa3HMna (C TOYKM 3pEHUS JIOTUKH) MEXIY HX
BBICKa3bIBAaHUSIMU?
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4. Ha KOHTPOJIbHOM MATEPKA CTaBUIIACH TEM, KTO PEIIMJ OOJIBINE ITOJIOBUHBI
3ajia4, ¥ GoJibllie TIOJIOBMHBI KJlacca MOJIYYMJIM MSTEPKY. 3ajiada CYUTAETCs Mpo-
CTO, ecym e€ pelrum OoJible TIOJIOBUHBI Kilacca. MOTUIO JIn IPOCTHIX 3a/1ad OBbITh
MEHBIIIE TOJIOBAHBI?

5. He Bce HOcku B sinuke ojHoro usera. He Bce HOCKM B sllMKE OJHOIO
pa3mepa. [lokaxwure, 4To KJOyH Ipmma MoxkeT BHIOpaTh W3 siIMKa 7Ba HOCKA,
KOTOpbIE OTJIMYAIOTCS M 110 LIBETY, U MO pa3Mepy.

6. Typaup npoxojuil B OAIMH KPYT (KaX/(plii UTpajl C KaX/(bIM), ¥ HAYBAX HE
6bu10. [Ipn 3TOM abCOIMIOTHOTO IOOEANTENIS (BRIMTPABIIETO Y BCEX) HE OKA3aJIOCh.
JokaxkuTe, 4To ecTh Takue TpH ydacTHuka A, B, B, utro A Bemrpan y B, b
Bomrpann y B u B Bemrpan y A.

19. 3ansaTue 14 ¢pespans 2001 roaa
IIpoMexxyTouHbIe 3HAYECHUS

1. ®yTOOoIBHEINA MaTY MEXAY BYMsI KOMaH/JAMH 3aKOHYIIICS CO CUETOM 4 : 3
B HOJB3Y TepBOi. (a) MOXHO JI yTBEPXK/aTh, YTO OOS3aTEIIFHO OB TaKoOH MO-
MCHT, Kor/ia o0¢ KoMaH bl BMecTe 3a6uii 4 roJsia? (0) Jokaxute, yTo ObLI TaKoi
MOMEHT, KOT/]a IEpPBO KOMaH/Ie OCTaJIoCh 3a0UTh CTOJIBKO MSUEl, CKOJIBKO K 3TO-
My MOMCHTY 3a0mJla BTOpasi.

2. (a) B crpouxy nHammcanbl 12 umceli, npuuéM Cymma JIOOBIX TPEX PsiIOM
CTOSIIMX IIOJIOXKUTEJIbHA. MOXHO JIM yTBEpXJaTh, 4TO CyMMma Bcex 12 uucel
nosioxkutesbHa? (0) Tot e Bonpoc st 10 unce.

3. Ha mnockocn mmeercss 100 pasimunbix TOYeK. JIOKaXWTE, 4TO MOXHO
IIPOBECTHU IIPSIMYIO, KOTOpast JICJIUT UX Ha JiBe yactu 1o 50 Touek (M HE IPOXOLUT
HU 4epe3 OJ[Hy U3 BBHIOPaHHBIX TOYEK).

4. (a) Kakue mpsimble [1eJ1siT IPSIMOYIOJIbBHAK HA JIBE PaBHBIC IO IUIOLIQ/U
yact? (6) Janbl npsMoyroJibHAK W Kpyr. [IpoBemute mpsiMyio, KOTopasi JICJIAT
o6c ¢urypbl Ha paBHBIC IO mJomaay 4acty. CKOJIBKO PEIICHMN MMeeT 3ajiada?
(8) an npsIMOYTOJILHUK C KpYTJIO# /blpkoii. [IpoBeuTe psiMylo, KOTopast ICJIUT
€ro Ha /iBe paBHbIC IO IJomaay yactu. CKOJIBKO pellIcHMi MMeeT 3az1ada?

5. MoxeT 1M 1pu yBEJIMYCHUM YKCIIa HA €MHMIY €70 CyMMa HU@pP YMEHb-
MHATHCS? YyMEHBIINTHCSE Gosiee yeM Ha 100? yMeHBIMTHCS POBHO Ha 15?7

6. Llenoe nonoxwureNpHOE YKCHIO a uMeeT cymmy nudp 100, a Gonbmee (ne-
Jioe ToJIoKUTENbHOE) uncio b umeer cymmy nudp 200. [Tokaxure, 94TO MEXK/LY
a u b maingrces nesioe uucio ¢ cymmoit nudp 143.

L S

7. Ha oxpyxHocty BeIGpaHo 100 Touek. Jloka’kuTe, 4TO MOXXHO NPOBECTH MAMETP,
1o o6e CTopoHbI KoToporo Jexar 50 Toyek (U3 4ucJia BBIOPaHHBIX).
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8. B psan crosT nsaauarts camnor: 10 yieBbix U 10 mpaBeiX (B IPOU3BOJIBHOM IIOPSIIKE).
Jlokaxxute, YTO MOXKHO HaiiTi rpymy u3 10 HoApsii CTOSIIMX Callor, CPeAr KOTOPBIX 5
JIEBBIX ¥ 5 IPaBbIX.

9. MoxHo Ji1 HapucoBaTh (PUIYpy TaK, YTO HUKakKasl IpsiMasi HE JCJIMT € Ha [Be
PaBHBIE 11O IUIOLIAAY YacT?

20. 3anstue 21 ¢eppasa 2001 roga
Nupyxuus

1. Hoxkaxwure, yro (a) umciio 111111111 penmrcs va 9; (6) umciyio 11...1
(27 epuunn) jpenurcs Ha 27.

2. (ITpoposkenne) Jlokaxmre, uto uuciyio 11...1 (3" equnmn) nenmrcs Ha
3" npu J11000M HaTypaJIbHOM M.

3. (a) Jloxaxwute, uto /2 + /2 < 2;
(6) Hokaxwure, 9TO \/2 + \/2 +V24+ ... +V2<2 (Bcero 2000 onepanmii

W3BJICUYCHUS] KOPHS).

4. HazoBéMm yeonkom ¢urypy m3 TpEX KIETOK, M300paXEHHYIO HA pH-
cynke. (a) W3 kBazjpaTa 4 X 4 KJIIETKU yJQJIUIIM O/IHY KJIETKY, HE JIOKAINYIO [
HH Ha CTOpOHE, HH B yriy. JIokakuTe, 4TO OCTaBIIyIOCs] (PUTYpPYy MOXKHO J
paspesatb Ha yrousiku. (0) Tor e Bompoc B cilyyae, KOIJa yjajl€HHasi
KJICTKA JIKHUT Ha CTOPOHE WiM B yriy. (B) U3 kBajparta 8 x 8 (1maxmarHo#t j10c-
KH) YJAJWIA OJHY W3 YETBIPEX LIEHTPAJbHBIX KJIETOK (JJi LIaXMATUCTOB: OIHY
u3 KieTok d4, d5, e4 mum e5). JlokaxxuTe, 9To OcTaBIIylocsl (PUTYypy MOXHO pas-
pe3ath Ha yroyiku. (r) ToT ke BoIpoc B ciiyyae, KOTJa yJaJlMiid IIPpOM3BOJIEHYIO
KIIETKY.

5. (Ilponosxenne) U3 kBagpara 2" X 2", (n — HaTypaJbHOE YUCIIO) YA
IIPOM3BOJIBHYIO KJIETKY. JIOKaKMTE, YTO OCTaBIIYIOCs (PUTYpy MOXKHO paspe3athb
HA YTOJIKU.

6. (a) ITpaBmibHBIA 5-yroJibHUK pa3pesalid JABYMsl CIOCOOaMM J{aroHaJIsSIMU
Ha TPEYroJIbHUKH. JIOKaXKUTe, 4TO MPH STOM IOJIYYHJIOCh OJMHAKOBOE KOJIMYe-
cTBo TpeyroisHUKoB. Kakoe mmenno? (0) Tor sxe Bompoc Npo 6-yroJIbHHK H
7-yrosieHuk. (B) ToT e BONPOC NPO 7-yroOJIbHUK, TAE€ A — IPOM3BOJILHOE Ha-
TypaJIbHOE YHCIIO.

* %k

HocnenoBarenbHocts yucen Pubonauuu 3a1aTcsi TAKMM [PABUJIOM: [IEPBBIE [(Ba €€
ujieHa paBHBI 1, a KaXK/Ablil CJICAYIONIMII paBeH CyMMe JIBYX IpeAblaynux (To ects u; = 1,
u =1, u3 =2, us =3, us =35, ug = 8 u 1.1.). Jlokaxxure clegyrolmue yTBEP>KICHUS
npo uncna Gubonayuu:

7. uy+up+ -+ up = upgp — 1

8 wtust+us+---+ up 1= uzn;
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9. wtus+us+- -+ wn = tppgr — 1
10. w2 +u?+- -+ u =uyuni;
11. upym = Up1um + UnUm+a;

12. eciiu m JACJIMTCA HA 1, TO Uy, ACIIUTCA HA Uy, .

21. 3ansatne 28 ¢geppass 2001 roga
Kueruaras Gymara

1. KakoBa miiomazes (M3MepeHHas B KJI€TOUKax) Tpeyrosibauka ABC?

2. Haiiaute mwioma/s kBajpata ABCD c nomomisio Teopemsl [Tudaropa u 6e3
HeE.

3. Mposenure Boicoty m3 Bepumnbl C B Tpeyrosibhuke ABC Ha xieTvaToit
Oymare, UMesi TOJIBKO JIMHEIKY (M KieTyaryio Oymary).

T B
B ]
/
A / A /
I~
il D
K 3ajauam 1,3 K 3amaue 2

4. YeTpipe Ky3HEUNKa, CA/ISINIX B BepIINHAX KBajpata 1 X 1 Ha knervyaToit 6y-
Mare, HaYMHAIOT UIpaTh B YeXap/ly: OJMH IECPEIPBITUBACT Yepes Jpyroro (momajas
B CUMMETPUYHYIO TOYKY). MOTyT JI1 OHM 4epe3 HECKOJIBKO NPbDKKOB OKa3aThCs
B BEpIIMHAX KBajpara 2 x 27

5. B mpsiMoyroseHuKe 7 X 13 KIIETOK, BBIPE3aHHOM M3 KJleT4aToil OyMarw,
TIpoBeJI JuaroHajib. CKOJIBKO KJIETOK OHa IepeceKacT?

6. [IBoe WrpaioT B KpECTHKH-HOJIUKM Ha GECKOHEUHOW KJleTyaToil Gymare Io
TaKUM TpaBUJIaM: NIEPBBIA CTaBUT /iBa KPECTHKAa, BTOPOHl OTBEYaeT OHUM HOJIHU-
KOM, IIEPBbIii CTaBUT €lIE /(Ba KPECTUKA, BTOPOH €lI€ HOJIMK M Tak Jaiee. Jloka-
JKUTE, YTO TEPBBIA BCEIrJA CMOXET BBIATPATh, €CIU ISl BBIATPHINA €My HYXHO
nocTaBuTh 30 KPECTUKOB MOJPAL MO BEPTHKAJIN MIIM TOPU3OHTAIIN.

* k% ok

7. Touku A, B, C naxoasitcst B y3i1ax CeTKY (BEpILMHAX KJIETOK). MOXET JiM IUIOIA/ b
tpeyrosisirka ABC paBHsTECS 4/3 miomaay KJIETKU?

8. MOXHO JIM IIPOBECTM Ha KJIETYAaTOi OyMare HpsIMyIo, KOTOpasli He IPOXOAUT HU
4yepe3 OIMH y3eJl CETKU? POBHO 4Yepe3 OJMH y3ell CeTKU? POBHO depes /Ba y3Jjia CeTKu?
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22. 3ansatue 7 mapra 2001 roga
@opMyJibl U BHIYHCJICHUS

1. Jloxaxwute Teometpuuecku dopmyay (a + b)2 = a® + b? + 2ab, pas-
pe3aB KBajJpaT cO CTOPOHOH a + b Ha kBajpaTel @ X a U b X b, a Takxke jBa
IpsIMOYroJibHUKA a X b.

2. YmpocTuTe BBIpaXKCHHE

C+DA2+DR +1)... (22 +1).

3. UssectHo, uto 1+3 = 22, 1+3+5 =32, 1+3+5+7 = 42. lponosxute
STy HOCJIEA0BATENILHOCTE M JIOKQXXKUTE OOHAPY>KEHHYI0O BaMu 3aKOHOMEpPHOCTS.
4. BrruucinTte
! + ! + ! + + !
1-2 2.3 3.4 77 (n—1)-n
mpu n = 3,4,5,...,100.
5. Pa3JioxknTe Ha MHOXHUTEIIA

a’c — ac®> + 2b — b%c + b*a — a®b
6. Ipo uncna a, b n ¢ mBecrHo, uro a + b+ c =0wu ab+ bc+ ac =0.
Hokaxwute, 4T0 a = b= ¢ = 0.
* % *

7. IonpobyiiTe NMpuayMaTh reOMETPUYECKUE TOJIKOBAaHUS AJISl PYTUX M3BECTHBIX Bam
bopMyJ1, HanpUMeEp, AJ1a HEKOTOPBIX U3 cieayroumx gopmyst: a’ — b2 = (a — b)(a + b);
(a+b) =a*+3a’b+3ab>+ b3, (a+b+c)? = ..., 14243 +...+n=n(n+1)/2.

8. Uro Goumbe:

21024 2512 1
Q22412 =224 1)... (22 2% 1 1) wm C S o P

7
9. Yro Gompue: 11220y 3.5.7.9. .- 192
10. Yto Oosblie: 1 1
SHgteto
W
1 n71+n72+n73+ n 2 n 1 0
n 1 2 3 T mn=2 n-1)

11. Ilpo uucna a, b u c us3BectHo, uro a + b + ¢ = 0. [Tokaxure, 4to

aA+b+c AP+ +E a2+
5 3 2 )
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12. JIokaxxute, 4To

1-n+2n-D4+3n-2)+...+(n—-1)-24+n-1=10+2+...+n)+
+A4+2+...+(n-1)+...+AQ+2)+1.

13. Beruncimre

L U L B
3777771023734 779010

_|_

1
m+...+
LR
8§:9.10 "7 2.3.4.....9.10°

L
2

14. Yto Goblue:

l-l—i—1<l-|-1)+1 l-1-1-1-1)—1—...4-

10 2\10 9 3 9 8

+ (l+1+...+1) W l—Fi-i—...—kl?
10 \10 9 11 12 20

23. 3anstue 14 mapra 2001 roaa
Tpocrpancreo

1. Ckonpko y KybGa BepumH, TpaHeil, pé6ep? Ha ckospko yacTeil pazbuBaioT
TIPOCTPAHCTBO NIPOJIOJDKCHUS €ro TpaHei?

2. Myxa cuauT B BepmmHe Ky6a B yMEeT MoJ3aTh Mo ero moBepxHocTn. Kako
JUIst He€ KpaTyaiiiii MyTh B IPOTHBOIOJIOKHYIO (HamboJice yIaJICHHYIO OT HeE)
BEpIIKHY?

3. JlaHBI HECKOJIBKO OJIMHAKOBBIX KUpHHYeil 1 JmHelka. Kak msmeputs nuaro-
HaJlb KApIA4a?

4. MoxxHo i 3aBepHyTh Ky0O 1 X 1 X 1 B muaTok pa3Mepa 3 X 3, He pa3pesast
mnjiaTka?

5. Kak pa3pe3ats Ky0 IJIOCKOCTBIO, 9TOOB! B CEUCHUM MOJIYUYMJIICS IIPaBUJILHBIIA
MIECTAYTOJIHUK?

6. (a) MoxXHO JIM 3aKpHITh TOYCUYHBI MCTOYHUK CBETA HA ILIOCKOCTH TpeMs
Kpyramu (pazuycsl Bel MoxkeTe BEIOHpaTh Ipom3BoJibHO)? (6) MOXHO Jm ciesath
TO XK€ CaMO€ B IPOCTPAaHCTBE C IOMOIIBIC YETHIPEX cep?

LI S

7. Kak paccraButh 64 yajpy B KyOuke 8 X 8 X 8 Tak, 4ToOBl OHU He Gui apyr pyra?
(TpéxmepHble JafapK OBIOT TI0 BCEM TPEM HamNpaBJICHUSIM, TapaJlJIeJIbHBIM pEbpam KyOuka.)

8. CKOJIBKO YIJIOB MOXET OBITh Y TEHU Ky0a, OCBEIIEHHOIrO NapajuicjIbHBIM ITy4YKOM
JTyyein?

9. MOXHO JIM MOJTyYnTh B CEYEHUM Ky0a MpPaBUIIBHBINA MSATUYTOJIbHUK?
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24. Co0ecenoanue 29 mapra 2001 roza (micsMeHHoe)
Bapuanr 1

1. Pacnonioxxure B nopsijike Bo3pacranus uncia 5/8, 7/11 u 12 /19, ne nojb-
3ysICh KaJIbKYJISITOPOM. B KakoM OTHOLICHHMH CpeJHEE IO BEJIMYUHE YUCIIO JCJIUT
NIPOMEXYTOK MEX/Ly /JBYMsl Jpyrumu?

2. (a) Pasnoxure na muoxuremn: 2x2 + 3xy + y2. (6) Hapucyiite Ha mioc-
KOCTH, TJI€ pacriosioxkenbl Touku M (X, y), mis kotopbix 2x2 + 3xy + y? < 0.

3. Buccekrpuchl BHelHux yriioB B u C TpeyroJjibHuKa
ABC nepecekaorest B Touke O, npuuém /BOC = 70°.
(a) Haitmmre yron BAC. (6) Haitmure yron OAC.

4. Uz A B B xax/iple moJjyaca BBIXOJAT MO€371a, KOTO-
pBIE €1yT C MOCTOSIHHOW ckopocThio 20 kM/4. I3 B B A
HaBCTpeuy MM Kax/ble 20 MHHYT BBIXOJST HOE3/1a, KOTO-
Pphie enyT ¢ nocrosiHHol ckopocthio 30 kM/4. [accaxkupsl,
ellylye B KaXJOM II0€3/ic, OTMEYAIOT IO 4acaM HHTEPBAJI MEXJY BCTPEUHBIMU
moe3jaMh. Y KOro 3TOT MHTepBaj OynaeT Oojbiue: y emymux m3 A B b mim y
enymmx u3 b B A?

5. okaxxuTe, 94TO CylIeCTBYeT LieJloe MOJIOKUTEILHOE YHCIIo, Aelsieecs Ha
2001, necaTuyHasg 3amuch KOTOporo HaumHaeTcd ¢ nudgp 1234. Haiinure nam-
MEHBIIEE TAKOE YUCIIO.

6. (JomosinntepbHast 3a/1a4a) Ha miiockocTy yepHMIaMi HapuCOBaHA OKPYXK-
HocTh pajuyca 12 cm. Ilo Hell mpokaTwM NWIIMHIPUYECKUN BaJlK M3 IPOMO-
Kalllki, Ha KOTOPOM OKPY>HOCTh OCTaBwmiia ciiezl. CKOJIBKO y 3TOTo clie[ja TOUeK
caMoIlepeceyeHus], eCly JJIMHA OKPY>KHOCTH BalluKa 5 cM?

Bapuanr 2

1. Pacnosioxute B nopsjke Bozpacranusi uucia 4/5, 15/19 u 19/24, ne
TIOJIB3YSICh KaJIBKYJISTOPOM. B KakoM OTHOIICHMM CpEIHEE 1O BEIMYMHE YHCIIO
JICTIAT TIPOMEXYTOK MEXK/y IIByMsI JIPyTHMH?

2. (a) Pasnoxure Ha MHOxuTenm: x> — 3xy + 2y2. (6) Hapucyiite na mioc-
KOCTH, TJIe PaclojIokeHsl Touku M (x, y), mist koTopeix x2 — 3xy + 2y > 0.

3. BuccexTpuch BHelHUX yiioB B u C TpeyrojibHUKa
ABC nepecekaorest B Touke O, npuuém /BOC = 50°.
(a) Haitgure yron CAB. (6) Haitnure yron OAB.

4. N3 A B b c unatepBasniamu B 20 MUHYT BBIXOZSIT IOE3-
Jla, KOTOPBIC €/1yT C IOCTOSIHHO#M CKOpOCTBIO 15 kM/4. U3
B B A HaBCTpeuy MM C UHTEpBajlaMH 15 MHUHYT BBIXOJST
noes/ia, KOTOpBIE €yT C MOCTOSTHHOM CKOpOCThio 20 KM/ 4.
[Naccaxuppl, enymmpe B KaXK/I0M TO€3/le, OTMEYAIOT IO YacaM MHTEpBaJl MEXIY
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BCTPEYHBIMH [OC3/1aMU. Y KOTO 3TOT MHTEpBaJ Oyner GoJiplie: y eqylux u3 A B
B mnm y enymux m3 b B A?

5. Ilokaxxute, 9TO CymIECTBYET LEJIOC MOJIOKHUTEIIFHOE YHCIIO, ACTIsIIeecs Ha
2001, necaruyHas 3amuck KoToporo HaumHaeTcsi ¢ 1ugp 1248. Haiijure nam-
MEHBIIEE TAKOE YKCJIO.

6. (JomonautenpHas 3ana4ua) Ha miiockocTn YepHIIIaMH HApUCOBaHA OKPYXK-
HOcTh pagmyca 12 cM. [o Hell mpokaTwiM NWIIMHAPUYCCKAN BaJINK W3 HPOMO-
Kalllki, Ha KOTOPOM OKPY>XHOCTh OcTaBmiia ciezl. CKOJIBKO y 3TOro ciie[la TOUeK
CaMOMEPECCUCHNs], €CIIN JIUIMHA OKPYXXHOCTH Bajimka 7 cM?

25. CoOecenosanne 4 anpeJs 2001 roga (miceMeHHoe)
Bapuanr 1

1. HaiignTe HamMeHblIee NeJOe MOJIOKUTEIIFHOE YHCIO, cyMMa Iudp KOTo-
poro pasHa 44.

2. (a) Yncno x = 2 spiseTca KOpHEM ypaBHenus x> + ax? +x +6 = 0 (rue
a — HEKOTOpHIX 9ncioBoii ko3¢ durment). Haiimure emé xotst 661 OMH KOPEHB
a10TO ypapHeHus. (6) Ta e 3ajaua juist ypapaerust X6 + ax? — 17 = 0.

3. B tpeyronpauke ABC yron A pasen 40°, a yroux
B paBen 60°. Buccekrpuca BHEIIHETO yIjla MPH BEpIIMHE
A nepecekaet npsmyio BC B Touke K, a mepneHauKyJisp,
onyieHnblii 13 C Ha 5Ty OHCCEKTPUCY, IEPECEKACT NPSMYIO
AB B Touke M. Haiiyure yron BKM.

4. N3 A B b xax/ple 6 4acoB BBIXOZAST MO€3/1a, KOTOPBIE
eIlyT C TIOCTOSIHHO# ckopocTsio 60 kM/4. V3 b B A HaBcTpe-
9y UM Kaxk/ple 4 9aca BBIXO/ST HO€3/Ia, KOTOPBIE €AYyT C TO-
CTOSIHHOM ckopocTbio 40 kM/4. B Tex Mecrax, rje Kakue-1o
JiBa TIOE3/]a BCTPETHJIMCh, IEJIAIOTCSI TIOMETKM Ha PEJIbCax.
Ha xakom paccrosiHum Jpyr OT Jpyra OyayT COCEJHHE IIO-
MeTKu? (JIBe IOMETKH, CHICJIAHHBIC B OJJHOM M TOM K€ MECTE
PEIBCOB, HE CUUTAIOTCS! COCEIHIMUL. ) K

5. CxoJbKO CyIECTBYET PasiMUHBIX 4UCE]l f, ]ISl KOTO-
peix 0 < t < 1 m (a) {6t} = {21t}; (6) {6t} + {21t} = 1? (Bnecw {a}
0603HavaeT ApOGHYIO YacTh uncia a; Hanpumep, {2,7} = 0,7 n {0} = {5} =0.)

6. Jluctok OyMaru CJOXWIM BIBOE, MOTOM
em€ pa3 BABOE (CM. PUCYHOK), M IPOKOJIO-
JI1 WIOJIKOM Bce YEThIpe Closl. 3aTeM JINCTOK
Pa3BEpHYJIM W COCIWHWMIIM OTpPE3KaMM BCE OT-
BEPCTHS; TOJYUYMIICSl YEThIpEXyroJibHuK. Haii-
JMTE YIJBl 3TOTO0 YETBIPEXYTOJIBHUKA, €CJIH
Lo = 25°.
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Bapuanr 2

1. HaiinuTe HamMeHplIee LEJIOE MOJIOKATEIIBHOE YHUCIIO, CyMMa Iudp KOTO-
poro pasHa 55.

2. (a) Yucino x = 2 sBJSICTCS KOPHEM YypPaBHCHUSI x> —ax+6 =0 (rne
a — HEKOTOpHBI uncioBoi ko3¢ duument). Haimre emé
X0Ts OBl OZIMH KOpEHb 3Toro ypaBHeHusi. (0) Ta ke 3ajava
nst ypasrenmst x6 + ax? — 13 = 0.

3. B tpeyrossnuke ABC yron A pasen 50°, a yroi
B paBen 60°. BuccekTpuca BHEIIHETO yIJia MPH BEPIIMHE
A nepecekaer npsimylo BC B Touke K, a nepneniuxyusp,
onyieHnbiit u3 C Ha 5Ty GHCCEKTPHUCY, HEPECceKacT HPsIMYIO
AB B Touke M. Haiinure yron BKM.

4. 3 A B B xaxxiple 6 9acoB BBIXOJST MO€3/1a, KOTOPhIE
elyT ¢ MOoCTOSIHHOM ckopocTsio 30 kM/4. M3 b B A HaBcTpe-
4y UM Ka)X[ble 4 daca BBIXOJST IO€3/ia, KOTOPBIE €AyT C IO-
CTOsIHHOM ckopocThio 20 KkM/u. B Tex mecrax, rje Kakue-To K
[IBa TOE3/1a BCTPETUIIACh, [ICJIAIOTCS TIOMETKM Ha PEJIbCAX.

Ha xakom paccrostHum Jipyr OT apyra OynyT coceanue nometkn? (JIBe momeTkw,
C/IcNIaHHBIC B OJJHOM M TOM XK€ MECTE PEJIbCOB, HE CUMTAIOTCSI COCETHUMHU. )

5. CkoJIBKO CyIIECTBYET pas3jIMYHBIX umcell f, [l KoTopex 0 < ¢t < 1 m
(a) {102} = {14¢}; (6) {102} + {14t} = 1? (Bnecs {a} obGosznavaer /PoGHYIO
4acTh 4uCia a; Hampumep, {2,7} = 0,7 u {0} = {5} =0.)

6. Jlucrtok Gymarm CIIOXWIH BABOE, IIOTOM
emw€ pa3 BABOE (CM. PUCYHOK), M IIPOKOJIO-
JI1 UTOJIKOM BCE YETHIpE CJIOSl. 3aTEM JIUCTOK
Pa3sBEpPHYJIM W COCIWHMJIMA OTpE3KaMH BCE OT-
BEPCTHs]; MOJYYMIICS YETHIPEXyroibHUK. Haii-

JWTE YIJIBl DTOIC YETHIPEXYTOJIBHUKA, €CIIA
Za = 15°.

26. CoOecenoBanue 7 anpess 2001 roaa

1. Otpesok [0, 1] pa3nesmium Ha 215 paBHbIx yacrteit (ot 0 10 1/21 ot 1/213
o 2/ 215 y tak manee). B KaKoM OTHONICHHWH YHCIIO 1/5 pemmt Ty W3 HEX, B
KOTOPYIO IIOTNa/IacT (CUMTAasl CJICBa HATPaBO)?

2. Ha nocke nanucano 100 umcen: oxna eavnuua u 99 nysieit. 3a oxuH wmar
paspelaeTcsl ypaBHATH JIIOOBIC [[Ba UMCJIA, 3aMEHMB KaXk/[0€ M3 HUX Ha WX HO-
jycymmy. MBI XoTuM, 4TOOBI BCE UYHMCJIa CTaJld PaBHBIMHU. J(OKaXWTe, 4TO 3TO
HEBO3MOXHO.

3. NUmeroTcs cnoBa: IYMA, KAMA, KEIA, JANA, KADA, TAMA, KVMA. CKOJIbKAME
crocobaMi MOXKHO BBINMUCATh CJIOBA B CTOJIOMK Tak, YTOOBl KaXKZO€ CleAylollee
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CJIOBO I0JIyYaJIOCh M3 IPEIBIIYLIEro 3aMEHOMN O/[HON OYKBBI (OCTAJIBHBIC OCTAIOTCS
Ha CBOMX MECTax)?

4. U3 panepbl BBIMWIECH NPSIMOYTOJIbHBIA TPEYToJIbHUK ¢ KateTamu 4 u 5. OH
JIOKUT Ha JIHE HEMO/IBIDKHOTO TIPSIMOYTOJIBHOTO siuka 6 X 7. MoXHO Jm ero
TIOBepHYTh Ha 360°, He OTpBIBas OT [[HA SIIMKAa?

5. (ITponosnkenne) KakoBa HauMeHbllasi BO3MOXHAsl IUIOLIA/b IIPSIMOYTOJIb-
HUKa, BHYTPH KOTOPOTO MOXXHO TIOBEPHYTh 3TOT TPEYTrOJIbHUK?

27. Cobecenoanue 11 anpess 2001 roxa

1. Haiijute BCe MOJIOXKUTENBHBIC YHUCIAa X, NP KOTOPBIX [X] + x2] = 9.
(Bnech [a] obo3HaYaeT LENYIO YAaCTh @, TO €CTh HAMOOJBIICE IEJIOC YHCIIO, HE
npeBocxoasuee a. Hanpumep, (2] =2 u [5,3] =5.)

2. (ITponospkenne) J11st KaX/10r0 MOJIOXKUTEIIBHOTO YUCIIA X BBIYACIIMIIU CyM-
My [x]+ [x?]. TIpu 5TOM MOJIyyaloTCs HEOTPHULIATEIBHEIE LEJIbE YHCIIA, HO HE BCE.
[MepeuncimTe NBY3HAYHBIC YHCINA, KOTOPHIC HEJb3s MOJyYUTh TAaKMM OOpa3oM.

3. OnHa MOHETa HEMO/IBMXXHA, IPYTyIo oOKa-

THIBAIOT BOKPYT mnepBoii. [Ipm 3TOM oHa jienaeT

71Ba 060pOTa BOKPYT CBOEH och (IIpoBephTe — Y
KOTO HET MOHET, MBI BbIJa/mM). CKoJbko 06o-
POTOB BOKPYI CBOCH OCH C/ieJIacT MOHETa, ec-
Jm 0OKaTHTh €€ BOKPYT MOHETHI BABOE OOJIBIIE-

ro pajuyca? BHYTPH KpPyIJIOW JIBIDKH, pajilyC KOTOpOW BTpoe OoJiplie pajmyca
MOHETHI? BOKPYT JIByX KacaloIMXCsl MOHET TOTO K€ pa3Mepa, 4To OHa cama?

4. OKpyXHOCTb KacaeTcsi 60KOBOI CTOPOHBI PaBHOOEIPEHHOIO TPEYroJIbHUKA
c yriom npu BepuHe 120° ¥ OpoJOIDKEHUI IBYX JPYTHX €r0 CTOPOH («BHEBIH-
CaHHas OKpY>XHOCTb»). Haiijiute pajyc okpy>KHOCTH, €CII1 OCHOBaHUE TPEYTOJIb-
HUKa PaBHO 4.

5. (HdomosinutensHasi) Bo3sMéM oTpesok [0, 1]. OTpexeM OT HEro 4YeTBEPThH
clieBa, ITOTOM YETBEPTH (OT OCTaBUIEHCS 4acCTW) CIpaBa, IIOTOM CHOBA UYETBEPTh
(oT ocraBILEliCs YacTH) CJIEBA M TaK JlaJice. YKaKUTE TOUKY, KOTOpasi HUKOIZa HE
OyIeT oTpe3ana.

6. (Jomonumrenbnas) HaiinnTte Bce ABy3HA4HBIC 4MClia, Ky6 KOTOPBIX OKaH-
umMBaeTCs Ha camo umcio (manpumep, 25° = 15625) u jloKaxuTe, YTO JPyrux
HeT.

28. CoOecenoanue 14 anpess 2001 roaa

1. LleHTpel JBYX NOJIyOKPY>XHOCTEH JIeXAT Ha Jna-
TOHAJIX TIPSIMOYTOJIBHOTO PaBHOOEIPEHHOTO TPEYTOJIbHUKA.
JuameTpbl OKpyXHOCTel paBHB d; U d». Haiiiute cymmy
dy + d», eciii KaTeThl TPEYTOJIbHUKA PaBHBI d. d, d,
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2. Yernpéxsnaunoe uncio abcd, cocrapnennoe w3 mudp a, b, ¢, d, Gynem
CUMTaTh XOPOIAM, CCJIM OHO JeJUTcs W Ha ab, m Ha cd. (Hampmmep, umciio
2346 xopolee, Tak Kak JeJUTcS U Ha 23, u Ha 46, a uucio 1957 — Her, Tak
Kak jeymrcd Ha 19, Ho He Ha 57.) CKOJIBKO CYIIECTBYET XOPOLIMX YHCE]l CPeI
guces ot 1000 no 9999?

3. Paccrasiisisi mo-pasHOMy CKOOkM B Belpakenmm 2 : 3 : 5 : 7 : 11 : 13,
MO>XXHO TOJIy4uTh pasHbie apobu. (Hampumep, st Beipaskenust 2 : 3 : 5 ecTb /Ba
Bapuanra: 2 : (3 :5) = 10/3 u (2 : 3) : 5 = 2/15.) MoXHO JM 1IOJIy4YUTh
BbIpakeHHe () %" (©6) %‘7

(B) IlpuBeuTe nmpumep, B KOTOPOM [IBE Pa3sHble PACCTaHOBKM CKOOOK JIaloOT
O[JHO U TO K€ YHUCIIO.

4. (Ilpopospkenue) (a) CKOJIBKO CyLIECTBYET PasjIMUHBIX YHCEJl, KOTOPBIC
MOXXHO TIOJIyYHTh PacCTaHOBKOH CKOOOK B yKazaHHOM BblpakeHmu? (0) Haiinum-
Te TPOM3BE/ICHUE BCeX TAaKUX YHCEL.

5. JIBe MamuHbl €1yT C IOCTOSIHHBIMUA CKOPOCTSIMU B 40 KM/4 110 IIPSIMBbIM /10~
poraM, nepecekaommmes 1oz yrioM 90°, u npoexKaloT NEepeKpECTOK C UHTEPBa-
soM B 1 wac. B kakoii MOMEHT paccTOsIHUE MEX/y MallMHAMHA Oy/ICT HAaNMEHBIIAM

7 9eMy OHO PaBHO?

29. CobecenoBanue 18 anpesist 2001 roga

1. IIpsiMoyrosibauK 5 X 10 BeUIOKEH (B OJ1H cjioit) 25 nomuHomkamu 1 x 2. B
HEM IIPOBEJICHA CPE/IHSISI JINHUSI — TIpsiMasi, JICJISIAsi €ro Ha JiBa MPsIMOYTOJIbHUKA
5 x 5. JlokaxxuTe, 4TO 3Ta MpsiMasi IEPECEKAET XOTsi Obl O/IHY JIOMUHOLIKY ([i€iist
e¢ Ha nBa kBajpaTta 1 X 1).

2. TIpssmoyroneHuK 8 X 8 BBUIOXKEH (B ofuH ciioi) 32 nomuHomkamu 1 x 2.
JIOKa)XuTe, 4TO MOXKHO TaK BBLJIOXKHUTh BTOPOH CIIOH (Takke u3 32 JIOMUHOIIEK),
49TOOBl HM OJ|HA W3 HHUX HE IIOBTOPSJA IIOJIOKECHUE JIOMHHOIIKA IIEPBOIO CJIOS
(1€ka B TOYHOCTH HaJ| HE).

3. Yacsl ¢ kpyribiM uepOIaToM NOKa3bIBalOT 9 yacoB. JIE€ma moBepHyJ1 -
¢epbnat (HEe MeHSIs TIOJIOKEHUS CTPEJIOK), U MOJIyumioch 12 4acoB ¢ MUHYTaMH,
NIPUYEM TIOJIOKEHUS YaCOBOM 1 MUHYTHOMI CTPEJIOK COIJIacoBaHbl (4acoBasi CTpell-
Ka yKa3bIBacT Ha Ty >Ke€ JIOJIIO Yaca, 4TO IOKasbiBaeT MHMHYTHas). Kakoe Bpems
nokaseiBaloT 4ack? (TpeOyercs naTh TOUHBIN OTBET B JI0JISIX Yaca.)

4. J1Ba npuMbIKaolMx Jpyr K Jpyry ksajpara (pas-
MepoB a X a ¥ b X b) BIHCaHBI B IIOJIyOKPYXXHOCTb, KaK
MOKA3aHO HAa PHCYHKE (HIM)KHUE CTOPOHBI JIeXKaT Ha J(Ua-
MeTpe, OOKOBBIE YIJIBl — Ha OKpPY>KHOCTH). Jlokaxkure, a b
uto a? + b? = r?, rae ¥ — pajuyc OKpY>KHOCTH.

5. Mucrep u muccuc bpayH u ueThipe Apyrux cynpy-
JKECKUX Tapbl BCTPETHIINCh 3a YaeM. HekoTopble M3 JECSITH YYaCTHUKOB IO3/I0-
pOBaJICh, OXKAB JPYT JPYTYy PYKH (J(BaK[bl HE 3/0POBAsICh C OIHUM U TEM XKE;
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My>X HE Ioxkumajl pyKy csoeit xene). [locie sToro mucrep bpayn crpocui ka-
JKJIOTO M3 OCTABUIMXCSI 9 yYaCTHUKOB, CKOJIBKO PYKONOXKaTWil TOT cleliajl, U Bce
4rclla OKazaluch pasHbIMH. CKOJIBKO PYKONOXaTHil crejiajia Muccuc bpayn?

30. CobecenoBanue 21 anpess 2001 roaa

1. Ha xueruaroit Oymare 7 KJIETOK HOKPAIICHBI B YEPHBIN IIBET, OCTAJIbHbBIC
6ennie. Kaxkjast kieTka Ha ciielyoleM mare npuoOpeTaeT IBET, KOTOPHI UMEIIo
OOJIBIIMHCTBO M3 MHSATH KJIETOK — CAMOM KJIETKM M 4eTBIpEX e€ coceneit (cle-
Ba, CBEPXYy, CHM3Yy U crnpaBa). Hanpumep, Genasi kieTka BHYTpU 4EPHON o0JacTH
CTaHOBHTCSl YEPHOH, a UEPHBIA KBajipaT 2 X 2 Ha 6€JIOM IoJie OCTaéTcs 6e3 U3MeHe-
Hui. JIOKaXuTe, 9TO YMCIIO YEPHBIX KJICTOK IOCJIE OJIHOIO Illara HE IPEBOCXO/AUT
(5/3)n.

2. (IIponmosxkenne) Jlokaxurte, 4To (MJIsI HEKOTOPBIX M M JJIsI HEKOTOPBIX
HayaJIbHBIX TO3MIMI C 71 YEPHBIMH KJICTKAMM) YHMCJIO YEPHBIX KJIETOK IIOCJIC HE-
KOTOPOTO KOJIAYECTBA IIATOB MOXKET cTath Gouspmie 1,97,

3. (Ilponospkenune) JlokaXKuTe, YTO YUCIIO YEPHBIX KIJIETOK HMKOIZA HE IIpe-
B3OM/IET 41, eCiiM M3HAYAJIBHO UX OBUIO 7.

4. (ITponopkenne) MoXeT Ji YUCIIO YEPHBIX KJICTOK YEPE3 HECKOJIBKO MIAaroB
TIPEB30UTH 21, €CIIM M3HAYaJIBHO MX ObLIO n?

5. Kopabnp HauWHACT IUIBITH W3 TOYKH C MHPOTOM m aonroToit 0° (310 He-
JlaJIeKo OT 3amajiHoro Oepera AQpPUKM) W NIBIBET C IOCTOSIHHON CKOPOCTHIO M
TIOCTOSIHHBIM a3uMyTOM. Uepes CyTkm OH mmeer koopauHatel 10° mmportel n 10°
nosrotel. Karmmran paccumran, uto emE yepes CyTkd OH OyneT B TOYKE C KO-
opauHatamu 20° mmpotel u 20° gonrotsl. Ilpas sm on? Ecim Her, TO B Kakylo

CTOPOHY OH ONIMOCSI MO IMHPOTE W MO jaoyirote? (A3MMyT — 3TO YroJI MEXIY
HANIPaBJICHUEM JIBIDKCHUS W HAIPABJICHUEM Ha CCBEPHBIN MOJIOC. 3€MIIIO CUATATH
1IapOM. )

6. (a) Kak Bl gymaere, naBiieHHE BHYTPH MBUIBHOTO Iy3BIPSI MECHBIIC HJIH
6osbme armocgepHoro? (0) Kakoit okcnmepumenT Brl OBl MOcTaBWIIN,
4TOOBI BBISICHUTH, B KAKOM MBUIBHOM My3BIPE JIABJICHAC GOJbIIE — B C
B OoupmoM mim MasicHbkoM? (B) Kakoii skcnepmMenT Bri 661 TO-
CTaBWJIM, 4TOOBI IO BO3MOXXHOCTH TOYHEE M3MEPHUTh B JIOMAIIHUX 9
YCJIOBHSIX JIABJICHUE BHYTPY MBUIBHOIO I1y3bIpsi?

7. Buyrpu kBagpara ABCD B3sra touka X. [lokaxure, 4to A D
cymma yriioB Z XAB + /XBC+ Z/XCD + Z XDA ne mennine 135°.

31. CoOecenoBanme 25 anpesis 2001 roga

1. Ha cocennmx cropoHax pomba IMOCTPOCHBI JIBa NIPABAJIBHBIX
TPEYTOJILHUKA; OJIMH BHYTPh, JIPyroi HapyXy (cM. pucyHok). [lo-
Ka)XWTE, 4TO UX TPEThHM BEPIIMHBI M IPOTUBOIIOJIOXKHAS BEPIIMHA
pomba JieKaT Ha OJHON IpSIMOH.
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2. Coumosioru roBopsAT, uTo 10% campix GOraThix JIIO[CH B HEKOTOPOi CTpaHe
BJazcioT 30% cOGCTBEHHOCTH, B TO BpeMsl Kak HIDKE YepThl O€THOCTH KXUBYT 85%
JnozicH, KoTopble BiazfeioT Beero 50% coGCTBEHHOCTH. JI0KaKHUTE, YTO COLIUOJIOTH
ommbaoTcs.

3. Tliutka umeeT popMy BBITYKJIOTO ISTHYTOJIbHUKA, NPUYEM HHUKAKUE J(BE
CTOPOHBI €I'0 HE HapajulciibHbl. [IpM 3TOM TaKMMH IJIMTKAMM MOXXHO BBUIOXKHTB
6ECKOHEUHYIO IIOCKOCTh O3 11pobesioB u nepekpbiTiil. [IpuBeuTe npuMep Takoi
IUIATKH.

4. TokaxwuTe, YTO B MOCIIEAOBATEIBHOCTA

53,503, 5003, 50003, 500003, . . .
€CTh XOT$ OBl O/IHO COCTaBHOE€ YHCIIO.

32. CobOecenosanne 28 amnpesis 2001 roaa

1. dan octpbiit yroii. [7ie MOXET HaXOIUTHCSI LICHTP OKPY>KHOCTH, €CJIH W3-
BECTHO, UTO OHA TEpeceKacT TPaHMIYy YIJia B UETHIPEX TOUKax?

2. B maxmaTHOM TypHMpe U3 21 y4acTHHMKA KaX</Iblii UTPacT ¢ KaXK/(bIM OJHY
NapTUIo, 3a BbArppil jJaoT 1 ouko, 3a HUubio —0,5 ouka, 3a npourpeiun — 0.
Kakoe mMakcumasibHOE 4MCIIO YYaCTHUMKOB MOIUIM Habparth 1mo 15 oukoB?

3. B Brutyksiom uerbipéxyroisauke ABCD nporuBo-
nosioxubie cTopobl AB u CD paBHbI; KpoMe TOro, Jina- B C
ronasiu AC u BD paBubl. [lokaxkute, 4TO HPOTHBOIO-
soxubie croporsl AD u BC mapainiesbHbl.

4. 3anuueM nozapsiy uucia ot 1 o 99, 3arem 3amenumM A D
KaXXJIO€ UHCJIO HAa CYyMMY €ro nudp, HOJIYyIUTCs HOCIIEO-

BaTEJIBHOCTh

0,1,2,3,4,5,6,7,8,9,2,3,4,5,6,...,17,18.

C moJlydeHHO! NOCJIEOBAaTEIILHOCTBIO pa3pellacTcsl NPEANPUHSTh TaKoe Jci-
CTBHUE: B3SITh HECKOJIBKO TOZPsi UAYLUIAX YUCEJl M YBEJMYHUTh UX Ha 1; MOXHO
TaK)KE B3ATh HECKOJIBKO TOZIPS/L MAYIMX YHACE M YMEHbIINTh UX Ha 1. Kakoe mu-
HHUMaJIbHOE YHCJIO olepanmii noTpebyercs, YToOBl c/elaTh BCE YHCIA PaBHBIMA?

5. TeueHnme peKM CTAaHOBUTCSI ME/UICHHEE IO MEpE NPHOJIDKEHUS] K YCTBIO.
[ibIBs BHU3 IO peKe Ha JIOZKE, phIOaK OOGOTHAJ MJIOT, MIBIBYLIMI MO TEYCHHUIO.
Yepes naTe MHUHYT MOCJIE DTOTO OH TOBEPHYJI 06paTHO M MOMJIBLI BBEPX MO Teye-
Huio. CKOJIBKO BpEMEHH €My MoTpebyeTcsi, 4To0bl BEPHYThCS K ILIOTY: 5 MUHYT?
6oubiie? Menble? (CKOpPOCTh pblbaka OTHOCHUTEJIBHO BOJIbl MOCTOSIHHA. )

6. B xaxy1o KJIETKy KBaZIpaTHOM Tabymubl 25 X 25 BIMCaHO OHO W3 umced 1
nim —1. Tloj kaXkJbIM CTOJIOIOM MULIETCS! IPOU3BECHIE BCEX YUCE, CTOSIIUX B
STOM CTOJIOLE, CIIpaBa OT KaXJIOl CTPOKHM —— IPOU3BEJCHUE BCEX YUCEIl CTPOKH.
MoxeT nu cyMMa Beex 50 NIpOM3Be/ICHUI paBHSIThCS HyJIO?
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33. Tect no ¢pusuke

1. Kanan nmenn MockBbl nepecekaeT JICHMHTpajicKuil IPOCHEKT IO DCTaKa/Ie
(pycio kaHajia Ha omopax IpoxoauT Haj aoporoi). Kak mensercs narpyska Ha
OTIOPBI, KOT/Ia 110 KaHajly HaJl JIOPOToil mpoxoauT Tspkéias 6apxa?

2. Ha BHyTpeHHEM M3 JIByX CTEKOJI OKOHHOW paMbl B Ioes/ie HanucaHo «He BbI-
COBBIBAThCSI»; ACCAXXUP PACCMATPUBAECT 3Ty HAJINCh, OTPAXEHHYIO BO BHEIIHEM
crekie. Buywr s on €€ B 3epKalibHOM M300PaXKCHNM Wi OOBIYHBIM OOpasom?

3. B creHKE TOHKOCTCHHON IMJIMH/IPUYECKOIN KOHCEPBHOH GaHKM 0OBEMOM 1
JUTp ¥ BbicoTOM 10 cM mpozenany JbIpKy Ha PacCTOSIHAM 3 CM OT JIOHBIIIKA.
Kakoe mMakcuMalibHOE KOJIMUECTBO BOJIbI MOXKHO HAJIUTh B GaHKY, 4TOOBI Bojia HE
nponuBanack? (baHKy MOXXHO HAKJIOHSTS. )

4. BpyCoK NOJBELICH K HOTOJIKY TPEMsI BEPEB-
KaMH: JIBE II0 KpasiM ¥ oj{Ha B cepeniuHe. JleBast Be-
PEBKa HaTsHyTa C CIJION 5 HBIOTOHOB, CPEIHSSI —
10 np10TOHOB. (a) KakoBo HaTspkeHME IpaBoil Be-
péBku? (6) CkoJIbKO BeCHT OpycOK?

5. JIBe nmammoukn HakanwBanusa (100-BaTTHas
u 25-BatTHasi, o6¢ Ha 220 BOJIBT) COCJMHCHBI MOCJIC/OBATCIILHO U BKJIIOUCHBI B
cetb 220 BoubT. (a) BynyT yim OHM rOpeTh sipue MIIM TYCKJIEE, YEM BKJIIOUEHHBIC
oo MHOYKE (OOBIMHEIM crioco6om)? (0) MoryT Jim OHEM HEeperopeTh m3-3a mepe-
rpy3ku? (B) Kakas n3 namnouek 6yner ropets sipue? (r) Byner im notpebnsiemas
OT CETH MOIIHOCTh 06oJibIne, yeM y ofHoi 100-BaTTHOU JaMIOuyku (IpH OOBIYHOM
noakoucHnn)? () y OnHOM 25-BaTTHON JIAMIIOYKH?

3agaum 2001 —2002 roaa (9 xiaacce)

B Teuenne nepBoro rozaa (9 kiacc) GoJbIIAs YaCTh Kypca COCTOSIIA U3 OTACIb-
HBIX (MHOT/Ia BECbMa HENPOCTBIX) CIOXKETOB, HE OOBEMHEHHBIX OOIMY HIICSIMU
W MCETO[IaMH W Ja)XKe TOpOoil HE IMpPEATOoJIaraioliux OCOOCHHOTO TPOJIOJDKCHUS B
nanpHelmeM. B oTiimume OT «OCHOBHBIX» JINCTKOB, PEIICHUE JIACTKA Ha TaKyIo
TeMy ObUIO CKOpee IOYETHO, YeM oO0s3aTellbHO. Takue JIMCTKU ObUIM CHAOXKEHbI
MIUIIOCTPALSIMA — OTCKAHMPOBAHHBIMU PHCYHKAMH (WIACTKH C I[BETOUKOM»),
KOTOpBIC BOCIIPOM3BE/ICHBI B KHUTE. B KOHIIE TJIaBBI IPMBE/ICHHI 3a/1auil 3K3aMEHA
3a 9 kJacc.

34. /loka3aTe/IbCTBC HEPABEHCTB

1. JJoxaxxute, 9TO M3 BCEX NpPSIMOYTOJILHMKOB TiepnMerpa 40 HambOJIbIIYIO
IJIoIa b MMeeT KBazipaT (co cropoHoil 10).

2. ToBap moznopoxai Ha 7,31%, a 3atem nozemesel Ha 7,31%. Cran nm on
JIOpOXE WM JICIEBIIE B pe3yJibTaTe?

3. Camon€r netan u3 A B b n obpaTHO Tpu pasa ¢ OIHOI U TOi ke CKOpO-
cteio. [lepBhiit pa3 oH JieTes1 Ge3 BeTpa, BTOPOH pa3 — P IOCTOSTHHOM BETpe
mo HampabJieHmio u3 A B B, TpeTmit pa3 — IpH NOCTOSIHHOM BETpe TOW e CH-
Jibl, nepnenukyisipioM AB. B kakoM ciiydae caMOJIET IOTpaThJl MEHBILIE BCETO
BPEMEHU, 2 B KaKOM — 0OJIblIIE BCETO?

4. Kakyio MakCUMaJIbHYIO ILIOLIA/[b MOXKET UMETh (PUTypa Ha KJIET4aToi Oy-
Mare, ecim e€ TpaHuna (Waymasi o KJIETOUKaM) MMeeT JUInHy He Goliee 19 kire-
TOK?

5. Cxonbko 1ucp B umcyie 21007

6. Prluaknble Bechl HeUeCTHbIE (IJIEYM PasHON JUJIMHBI), HO TMpH IpPaBUIIb-
Hple. MOXXHO JIM YECTHO OTBECHUTDH 2 KMJIOTPaMMa CaXapHOIo IIECKa B /iBa IIpUEMa:
CHayaJla KIJIOTPAMMOBAs THPsl C OJHOWM CTOPOHBI, a IOTOM C Jpyroi?

7. 3amenum B npomssezienun 100 - 101 - 102 - ... - 200 Bce umcna Ha 150.
VYBEJIMUATCSI OHO OT 3TOTO WM yMEHbINMTCA? TOT XKe BOIPOC ISl CyMMBI.
1 4 1 1o, 1

8. YBesmunrest MM YMEHBIIATCS. CyMMA 15 + 707 T - - - 1 795 1 505, €CIM

BCE WICHHI B HEl 3aMennTh Ha 1/150?

9. IMpencrapre yncio 40 B BA/ic CyMMBI HECKOJIBKHX TICJIBIX TOJIOKATEIIBHBIX
cJIaraeMbIX Tak, YTOOBI WX IPOM3BE/ICHAC GBUIO MAaKCHMAJIBHO.

10. B nmocnenoBaTenbaocTn ®Onbonawun 1,1,2,3,5,8,13, ... Kax/aslii ciie-
JYIOIIW# YICH paBeH CyMME JIBYX TIPEABIAYINUX. JJOKaXXWTE, UTO COTHIN €€ WIicH
cocrouT He OoJiee 4eM 3 32 nudp B JIECATUYHOM 3alUCH M HE MEHEE YeEM
un3 15.

11. Yxaxwute xakoe-HHOYAb nejioe #, mpu kotopom 1,001 > 10.

12. YkaxuTe Kakoe-HHOY/b Iieioe 71, IpH kKoTopoM 0,999" < 0,1.
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13. Ha kpaio mycTHIHH MMEETCs HEOTPaHMYCHHBIN 3amac Gemsmna. Mammna
MOXET B3STh OCH3MHA TOJIBKO Ha 50 KM IyTH, HO MOXXHO JIeJIaTh 3amachl, CJIM-
Basl 4acTh OCH3MHA B KaHWCTpPHl U OCTaBJIsAs MX B mycThiHe. (KanmcTrp B Mammnue
CKOJIBKO YrofiHO.) MOXKHO JI Tak Jio0paThest 10 APYTOoro Kpasi MyCTHIHA, eclm €€
nmprHa — 1000 xM?

14. HoBoGpaH1ibl CTOSIT B CTPOIO, cepxaHT ckomanzioBas «Hase-BO», HO wacTs
73 HUX MO OMMOKE NMOBEPHYJIACh HANpPaBo. Jlajee MPOUCXOMUT BOT UTO: KaXKIyIO
CEKyHJly T€, KTO BHJST, 4TO CTOSIT JIMIIOM JIpPyT K Jipyry, o6a HOBOpauMBaioTCS
KkpyroM. Jlokaxmute, 4yTo (a) OHM KOT/Jja-HUOY/Ib OCTAaHOBSTCSI (0) OHM OCTAaHOBSITCSI
HE To3/JHee, 4eM uepe3 2" ceKyHJ, TJie # — JUIMHA IIepeHrd; (B) OHM OCTaHO-
BSITCA HE TO3JHEE, YEM 4YEpes n?2 CEKYHJl, I/le¢ 1 — JUIMHA epeHry; (I) HaWTh
MaKCHMAaJIFHO BO3MOXKHOE UHCJIO CEKYH/]I /10 OCTAHOBKH.

15. TpeyrosbHUK BOHCaH B IPSIMOYTOJIBHUK: OJ{HA €r0 Bep-
IIHA COBINAJIaeT C BEPIIMHOM INPSIMOYTOJIbHUKA, a JIBE JIPyTUX
JIeXKAT Ha HECMEXXHBIX C HEW CTOpPOHAax (CM. PUCYHOK). Jlokaxku-
T€, YTO ILIOMA/Ah TPEYTOJIbHIKA HE GOJIBIIE TOJIOBHHBI IO/
TIPSIMOYT OJIbHUKA.

16. Haiinétcs ym Takoe n, IpH KOTOPOM

! + ! + ! + + ! > 10?
1 2 3 7 n '
17. Haiinércsa ym Takoe n, IIpH KOTOPOM

1 1 1 1
1+4+9—|—...+n2 > 10?

18. Nmeercst 20 ruph, kaxk[as U3 KOTOPBIX BECUT LICJIOE€ YMCIIO I'DAMMOB.
W3BecTHO, UTO HEJIB3sI, OTJIOKUB B CTOPOHY HEKOTOPHIC U3 HUX, Pa3/ICJINTh OCTaB-
mmecs Ha J{BE Ky4Yd PaBHOTO Beca. JIokakmTe, 4TO OOIIMIl BEC THPh NMPEBOCXOAUT
1 ToHmy.

19. CocraBbre 3 nudp 1,2,3,4,5,6,7,8,9 (ucnoiip3oBaB Kaxayio 10 Ofl-
HOMY pa3y) TpU TPEX3HAYHBIX YUCJIAa TaK, YTOOB! MX NPOU3BE/ICHUE ObLIO MaKCH-
MaJIbHO.

35. Koopaunatst

1. Jlexxar sm touku A(6,8), B(9,13) u C(1,0) na oxuoit npsMoii?

2. SBnsieTcst i Tpeyrosibauk ¢ Bepumuamu A(1, 1), B(4,5), C(9, —5) ups-
MOYTOJIbHBIM?

3. Hapucyiite Ha KOOp/IMHATHOI IJIOCKOCTH MHOXECTBO Bcex Touek M (X, y),
JUISl KOTOpBIX X2 > y2.

4. Touka C (3, 2) saBuseTCS CEPEIMHOM OTPE3Ka, OIMH U3 KOHIIOB KOTOPOTO —
Touka A(X, y). Halinure koopJuHATHl BTOPOro KOHIa OTpe3Ka.
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5. Haiigure xoopAuMHATBl YETBEPTOM BEPLIMHBI M LICHTpa MapajulciiorpaMma,
ecym Tpu ero BepmmHb cyTh A(1,1), B(—1, —1), C(0,2). (Ykaxurte Bce BapH-
aHTBHL. )

6. Hapucyiite Ha KOOPAMHATHOM ILIOCKOCTH MHOXECTBO BcexX Touek M (X, y),
nuis koropeix (a) {x} + {y} = 1; (6) [x] = [y]. (Bnech [x] oGosznasaeT yenyw
yacmp 4YUCiia X — HamOOJIbINEE IIEJIOC YMCIIO, HE MPEBOCXO/SIIEE X: HATPHMEP,
(5,71 =5, [-5,7] = —6; {x} — 310 OpobHas uyacmp uncina x, paBHast X — [X].)

7. Hapucyiite Ha KOODJMHATHOM NPSAMON MHOXECTBO BCEX UMCEIl X, JUlsl KO-
TopbIX X(x — 1)(x —2)...(x —10) > 0.

8. HepagenctBo x3 + ax? + bx + 7 > 0 umeer clielyolee MHOXECTBO pe-
HMICHUIA:

-1 2 3
—1<x<2mmx >3

Haiijure xodapdunuentsr a u b.
9. HaprucyiiTe Ha KOOPAMHATHON IJIOCKOCTH MHOXECTBO Bcex Touek M (x, y),
KOOP/IMHATBI KOTOPBIX YIOBJICTBOPSAIOT CHCTEME HEPABEHCTB

X2 +y*<1,
x+y=0.

10. Hammumre cucteMy HEpaBEeHCTB, PEIICHUsI KOTOPO# M300pa)XKEHbl HAa pH-
CYHKE.

11. Bepumnnl Tpeyrosibhuka — Touku A(0,0), B(5,8), C(8,13). Bbuu-
CIIUTE €0 IUIOIA/b.
12. (a) Haiiqure xoopauHaTh! (X, y, Z) BEpLIMH

Ky6a, 0OO3HAYEHHBIX HA PUCYHKE 3HAKOM BOIPO- y
ca. (6) Jdus kakmx Touek M (x,y, z) sTOro Ky6Ga 0,1,0) > 12
0<x<y<z<1? 2

13. [dns xakmx Touek M(x,y,z) KybGa '}____» X

W3 NPEbUYINCA 3212t BBUIOJHEHO PABEHCTBO (o ¢ 1)L’ (1,0,0)

X+y+z=3/22 - ?
14. UsBecTHO, uTo |x+y| < 1,2 [2x —y| < 2.

Kaxue 3naucHUs MOXCT NIPUHUMATH y?
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36. MHOTOYroJIbHUKH Ha KJIeT4aToi Oymare

Ha xnerwatoit Oymare (crtopo-
Ha kuetku 1) Oynem paccmarpu-
BaTh MHOTOYTOJIbHHKH C BEPIIMHAMY B
yIJlax KJIETOK (TOYKax € LIEJIbIMH KO-
Op/AMHATaMH).

1. KakoBa MMHHMMaJIbHO BO3MOX-
Has IUIOIA/Jk TPEYrOJbHUKA C BEP-
IMMHAMHM B ymiax kieTok? Haiigure
IUIOIA/b TPEYTOJIbHAKA C BEPIIMHAMH
A(0,0), B(p,q) n C(r,s).

2. MHOroyrojlbHUK C BEpUIMHAMU
B YIJIaX KJIETOK COJCPXKUT BHYTpPHU CeE-
6s1 k ToOdYeK C NENBIMH KOOpJWHATa-
MU, a €T0 CTOPOHBI IIPOXOJST depes [
TOUEK C LIEJBIMA KOOpIMHATaMK (HE
cumTas BEPIIMH, KOTOPHIX 7). ITpujy-
MaiiTe (hopMy.ly, HO3BOJISIONYIO Haii-
TH IJIOIIA/(b MHOTOYTOJIBHHKA TIPU W3-
BeCTHBIX k, | v n, u npoBepsTe €€ HA
PasHBIX IpEMEpPax.

3. Jokaxkute npujiyMannyio Bamu gpopmyiy.

(r,s)

—

(0, 0) k=11,1=2,n=4

4. MHOroyroJlbHUK C BEpLUIMHAMM B YIJlaX KJIETOK HE HMe-
€T TOPM3OHTAJIBHBIX CTOPOH. JIOKa)XXUTE, YTO €ro IUIoWa/ib paBHA
CYMMapHO# JUIMHE BCEX T'OPU3OHTAJIbHBIX OTPE3KOB CETKH, IOMa-
JAIOLIKX BHYTPh MHOTOYTOJIBHHKA.

5. KakoB MUHHMMalbHO BO3MOXKHBI OOBEM MHOTIOTpAaHHUKA,
BEPIIMHBL KOTOPOI'G MMEIOT (B IPOCTPAHCTBE) LiCJIbIe KOOP/MHA-
ThI?

37. KoopauHatsl U nipeoOpa3oBaHUs

1. Kak nepeMecturcst Touka A ¢ KOOpJMHATaMH (X, y), €CJM (a) yBEJIMYHUTh
X Ha efmHALYY? (0) W3MECHUTH 3HAaK KOOPAMHATHL y? (B) M3MEHHUTh 3HAKH y 00OEUX
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KoopamMHAT? () TIOMCHSATH MECTaM# X U y?

2. (a) Kakas c¢wurypa monyumrcss w3 OykBel R Ha pucys-
K€, €CIi KO BceM ¢€ TOukaM NpPHMEHUTh NpeoOpa3oBaHHE KO-
opmmHaT (Xx,y) +— (x + 2,y + 3) (yBenmuuTh Bce abcrmc-

cel Ha 2, a opamHatel — Ha 3)? (0) ...(x,y) — (—x,¥)? 1

®B) ... (x,y) — (X2 —? (D) ... (%) — (y,x)?

m ... (xy) — 2x,2y)? () ...(xy) — (x,2y)? 1
(x) ...(x,¥) — (x,y + x)? (3) Kakoe npeobpazoBaHue Hy>XHO

c/ienaTh, 9TOOBl MOJIyYNTh Ha TOM K& MecTe OykBy 1?

3. HaiinuTe KoOpuHATHI TOYKH, B KOTOPYIO IIEpEXO-
JWT Touka (x,y) Ipu noBopore Ha 90° OTHOCHTENBHO
Hayajla KOOPJMHAT IPOTUB YaCOBOH CTPEJIKH.

4. (a) Tot »xe Bompoc it ToBOpoTa Ha 90° BOKpYr
toukn (2,1). (6) Tot ke Bompoc Juisl IOBOpOTa Ha 45°
BOKpYI' HauaJjla koopimHaT. (B) ToT ke Bompoc i Io-
BopoTa Ha 30° BOKpYr Hayajla KOOp/MHAT.

5. (a) OxpyxHOCTb paguyca 1 ¢ LIEHTpPOM B Hayajle KOOpPJWHAT MMEET ypaBHE-
mue x2+y? = 1. O6psacauTe, M0YeMy 3TO Tak. (6) Hammmmre ypaBHeHHE OKpYX-
HOCTH C LIEHTPOM B HayaJle KOOpJAMHAT U pazuycom 2. (B) Hammmmre ypaBnenme
OKPY>HOCTH C LICHTPOM B TOuke (3, 4) u paguycom 3.

6. OkpyXHOCTh pazmyca 1 C IICHTPOM B HayaJic KOOpPJH-
HaT HapHCOBAJIM Ha PE3MHOBON IJIEHKE, KOTOPYIO PacTSIHYJIH
BJIBOC B HallpaBJICHMM ocH x. Hammmmre ypaBHeHMe moJly-
YMBIIEHCS KPUBOU (OHA IIOKa3aHa IyHKTUPOM Ha PUCYHKE).

38. KoMOnMHaTOpHKa — HMCKYCCTBO CUéTa

1. Ckomnpko Bcero cymectByeT 15-3Haunblx uymcen? Y
CKOJIBKHX W3 HHX MocienHsis nudpa u€tHas? nepsast nudpa YETHAS, TOCICIHSS
Heuy€THAs1, a BockMasi He paBHa 6? ([lepBast nm¢pa ymcna He MOXKET PaBHSATHCS
HYJIIO.)

2. CKOJIBKIMY CIIOCODaMU MOXHO PacIpeesIUTh MEX/y /1 IKOJIbHUKAMU POJIH
B IIKOJIbHOM crekTakiie? (Ilpenmosaraercst, 4To KaXKIbli JIOJDKEH MIpaTh POBHO
O[HY POJIb.)

3. CxoyipkuMH criocobaMy MOXKHO pacCTaBUTh Ha IIIaXMaTHOM Jlocke 8 ajeit
Tak, 9ToObl OHM He Omim npyr npyra? Jlages GbET BCE KIICTKH, HAXOASIIHECS C
HEIO Ha OJIHOM BEPTHUKAJIM WK HA OJIHOM ropu3onTaym. (Bee sajpyn o1uHakoBble. )

4. B ycraHOBKEe LIBETOMY3bIKM 7 Pa3HOLBETHBIX JiamIloueK. Kaxiyio MOxHO
BKJIIOUMTH WJIM BBIKJIIOUATH HE3aBUCUMO OT JpYrux. CKOJIBKO pasJIMYHBIX y30pOB
MOXHO IOJIyYMTh, BKJIIOYas U BBIKJIOYas JiaMmouku? ToT e BOIpoC IpU ycJo-
BUM, YTO TOPETh JIOJDKHO HEYETHOE KOJIMYECTBO JIAMIIOYEK.
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5. B ksacce n yucHumKoB. B cy660Ty HEKOTOpBIC M3 HUX IONLUIA B IOXOJ.
CkoJIbKO MMeeTCsl BApUAaHTOB cocTaBa Ipymnmel Juist moxoza? Kak cBsizana 3Ta 3a-
Jlada c mpesaymeit?

6. CKoNBKO JIMaroHalieil IMEETCs! B BBITYKIIOM 71-YTOJIbHUKE?

7. BputaHckoe MPaBUTENILCTBO COCTOUT M3 JICMyTaTOB MapiiaMeHTa. CKOJIBKO
CYIIIECTBYET CNOCOGOB Ha3HAYMTh kK MUHUCTPOB, €CJIM BCETO B TapJjlaMeHTE 7 Jie-
mytatoB? OTBET 9TOi 3a/[aul HA3BIBACTCS «UMCIIOM Pa3MEICHUA k DJIEMEHTOB IO
n Mectam» # obosnavaetca AKX (B nammom ciyuae «pasmemarorcsy k MummCTEp-
CKHX IOpT(elicih N0 1 JelyTaram).

8. CKoJIbKO CyIecTByeT CHOCOGOB Ha3HAYMTH Kk WJICHOB JICNyTaTCKOW KOMUC-
CHH, €CIIM B MapjlaMeHTe n JienyTaToB? OTBET 3TOM 3a7aull Ha3bIBAacTCS «UHACIIOM
COUETAHMI M3 1 JIEMEHTOB To k dJieMeHTOB» M obosnauactes CK. (Yuraercs:
«I12 |3 3H II0 Kay.)

9. CKoNBKO CyIeCTBYeT paslIMuHBIX cfiad B mpedepanc? (Ilpm urpe B mpe-
(pepanc paspaioT TpEM urpokam mo 10 kapT, a JBe KapThl OCTaBISIIOT HA CTOJIE.
KapTel 1 Urpoku cumraioTcs pasiIMYHbIMH.)

10. CkoJIbKO pa3iIMyHBIX OyC MOXHO COCTaBUTh M3 5 KPaCHBIX, 3 XENThIX 1 7
6enbix Oycna? (BycrHBI HAaHM3BIBAIOT HA KOJIBLEBYIO HHUTKY.)

11. CkoJIbKO CYIIECTBYET Pa3JIMYHBIX CHOCOOOB pacKpacKu CTOPOH IpPaBHIIb-
HOTO n-YTOJIbHUKA B 71 IIBETOB (KaXX/BbI/ IIBET HY>XHO MCIIOJIB30BaTh OJUH pa3)?
Packpacky, oTiimuaomuecs TOJIBKO NOBOPOTOM F-yTOJIbHUKA, CYATAIOTCS OJMHA-
KOBBIMH.

12. CkonbKo CyIIECTBYET pasiIMYHBIX CIIOCOOOB pacKpackw TpaHeil Kyb6a B
6 1BeTOB (KaX</Iblil IIBET HY>KHO HCIOJIB30BaTh OJUH pa3)? Packpacku cumraiorcs
OJIMHAKOBBIMH, €CJI UX MOXXHO COBMECTHUThH IIOBOPOTOM Ky0a.

13. CkOJBKO CYIIECTBYET PasjIMUHBIX CIIOCOOOB pacKpackm TpaHcit kyba B
2 nBeta? Packpackm CUMTAIOTCS! OZIMHAKOBBIMH, €CJIM WX MOXXHO COBMECTHTH TIO-
BOPOTOM Ky0a.

14. Ilpu nepeesfic ¢ KBapTUPhl HAa KBAPTHPY HYXKHO PasJIoKUTh K XpyCTalIbHbIX
OOKaJIOB B 1 SIIMKOB ¢ ormujikamu. CKOJIBKMMH CIIOCOOaMH 3TO MOXHO CJIEJIaTh,
€CJIM B KaXK/IbIi1 SIIMK MOXKHO TI0JIOXKUTh IIPOM3BOJIBHOE KOJIMYECTBO GokasioB? Bee
SIIMKYA pasHble, a OOKaJIbl COBEPIICHHO HEOTIIMYHMBI.

15. CkoubkO CyIlIeCTBYeT 7-3Ha4yHBIX YHCEN, B 3allHCH KOTOPBIX Y4acCTBYET
mucgpa 6?

16. CkoJIbKO BOCBMH3HAYHBIX YMCEJI MOXHO MOXHO oOpa3zoBaTh m3 1udp 0,
1, 2, 3, 4, 5, ecniu B Kaxx/ioM uncie nudpa 1 nomkHa cozxepxarbes 3 pasa, a
ocTajibHble UGPBl IO OZIHOMY pasy?

17. CkoJpko umces1 NepBOM COTHU JICJISATCS WK HA 2, wim Ha 3, mim Ha 5?

18. ®nar cocToMT U3 TPEX IBETHBIX MOJIOC PaBHON MIMPHUHBI (TI0JIOCH OJHOTO
LIBETa HE MOTYT HaXOAUThCs psifioM). CKOJIBKO (pJ1arOB MOXKHO COCTaBUTB, €CIIU
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HMEIOTCSI TIOJIOCH! TKAaHU 5 Pa3iIMYHBIX 11BeTOB? TOT e BOIIPOC IPH YCIIOBHH, 9TO
OJlHA W3 TIOJIOC JIOJKHA OBITH 0€Jioil (O€Jblii — OIWH M3 MMCIOUIUXCS IIBETOB).

19. B knacce 23 yuennka. Kaxzplil 3HacT XOTs OBl ONMH U3 TPEX SI3BIKOB ——
PYCCKHIA, 5CTOHCKMIA Wiy aHriuickuid. [lo-pyccku ropopsrt 11 4elioBek, I0-3CTOH-
ckn — 9 u no-anrimiicku — 11. Ha pycckoM M 3CTOHCKOM O/IHOBPEMEHHO I'OBO-
PAT TPOE, HAa PyCCKOM U AHTJIMACKOM — YETBEPO, HA 3CTOHCKOM M AHTJIMACKOM —
Tpoe. CKOJIbKO YYEHHKOB KJjlacca TOBOPSIT Ha BCEX TPEX S3bIKaX?

20. CkoJIbKO pCIICHHMI B HaTypaslbHbIX (LI€JIbIX HEOTPHULIATEJIbHBIX) YHCIIaX
nmeeT (a) ypaBHEHHE X + ¥y + z = n (JUIs JaHHOTO HATYpaJIbHOTO YmCia 1)?
(0) ypaBHeHme X3 + X + ... 4+ X; = n? (B) cucreMa x; +x + ... + xx = n,
1< <2,...,1 <x <22

21. CxonpkuMu ciocob6aMy MOXHO PaccTaBUTH 8 Jajiell Ha IaxMaTHOM Jocke
TaK, 4ToOBl OHM JepXKanm Moz GoeM Bce KICTKH Jocku? Bee nanmpm onmmako-
BBIE.

22. B BbIIYKJIOM #-yTOJIbHUKEC HUKAKUEC TPU /IMAarCHAJIM HE NEPECEKAIOTCs B
ool Touke. CKOJIBKO BCETO TOUEK IIEPECCUCHMs JUATCHAJICH Y 3TOI0 H-YIoJib-
HUKa?

39. Vrapgaii npezeJt

1. TpeOyeTcs HaiiTi (yrajaTh, a €CiM yIacT-
cs, To U oboCcHOBaTh OoJice Wi MeHee yOenm-
TEJIBHO), K YeMy HPHOJIMKAIOTCS YKA3aHHBIC BBI-
paxenusi ¢ poctom n. (Ilpencrasere cebe, Ha-
IpUMEp, YTO HAJI0 HAWTH TPHU-UYETBIPE JICCATHAY-
HBIX 3HaKa npu n = 101900))

11
T+-+—+... +—;

(a) totgt o
(6) JRUL I N
10 100 "7 107

(8) RUE GV
3tot ot

2. Ta e 3amaua s \/6 + \/6 +...V6+ \/6 (n mecrépok). [dpyrumu
cinoBamu, a1 = 1 u a,41 = /6 + a, npu n > 1; TpebyeTcs Haiith a, NpH
60JIBIIUX 71.
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3. Ta e 3azauva Ui

1+

1+

1+ m
(e =11 ap1 =1/ + an)).
4. Ta e 3ana4a st Vn?2 +n — n.
5. Ta e 3anava jus (1 — 1/4)(1 —1/9)(1 —1/16) ... (1 —1/n?).
6. Ta e 3ajaua qusa (12 +22 4+ ... 4 n?)/nd.
7. Ta e 3a/1a4ua J1s1 OTHOIICHUS JIBYX coceHmX umcesr PunboHauun

1,1,2,3,5,8,13,21, . ..

(xaXkzoe cienyonee paBHO CyMME JIBYX IPEbIIyIINX).

40. MupHsbie ¢urypsi

1. Kakoe MakcumaiibHOE 9ucIio (a) Jia/iel;
(0) cinonos; (B) xopoJeii; (r) xKoHei; (a) dep-
3eil, He ObIOIUX [PyT JIpyra, MOXKHO paccTra-
BUTH HA INAXMATHOM JOCKe 8 X 8?

2. (ITponosmxenne) CkoslbkuMH crocoOa-
MH MOXHO PacCTaBUTh MaKCHMAJIbHOE YHCJIO
(a) mapeit; (6) ciioHoB; (B) KOHEH, HE ObIO-
IMUX JIpyT Jpyra, Ha MaXMaTHOU Jocke?

3. JlokaxkuTe, YTO YHCJIO CIIOCOOOB pac-
CTaBUTh HA INAXMATHOM JIOCKE MaKCHMMAaJIbHOE
4nCIIo HE ObIoIWX JIpYT ipyra dep3eit u€THO.

4. JlokaXWuTe, 4TO YHCJIO CHOCODOB pac-
CTaBUTh Ha IAXMATHOM JIOCKE MaKCHUMAaJIbHOE
4ynucJIo He OblomUX JPyTr Jipyra KOpojiel He-
YETHO.

5. CkonpkuMmu ciocobamMm MOXHO paccTa-
BUTh HA IAXMaTHOW JIOCKE TpW HE OBIOIMX
IpyT Jpyra jansn?

6. (a) CxonpkuMu ciocobaMu MOXHO pac-
CTaBUTH Ha IIAXMATHOH JIOCKE YEThIpe HE ObIO-
IUX JpyT Jpyra JlaJibl, HA O/lHa M3 KOTOPHIX HE CTOMT Ha juaroHaim al —h8
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(Mymei U3 JICBOro HIDKHETO YIJia JIOCKW B IpaBblil Bepxumii)? (6) Tot e Bo-
TIpoC Ul BOCEMH JIaJiel.

7. Kakoe mMakcumaisHOE umciio (a) Jiazieit; (0) ciIoHOB; (B) KopoJiei; (I) Ko-
Hel, He OBIOINX JIPYT JIpyra, MOXKHO TIOCTaBUTh Ha KBAJIpaTHYIO JOCKY 1 X n?

8. (ITponomxkenne) CKOJIBKAME CHOCOOaMH MOXKHO PacCTaBUTh MAaKCHMAaJIbHOE
unciio (a) snazeit; (0) cioHoB; (B) KOHEH, He ObIOIMX JIPYT /IpyTra, Ha KBaJIpaTHOM
JIOCKE 1 X n?

41. lesnie uncia

Bo Bcex 3ajjayax 3TOTo JIMCTKA JIATHHCKAE OYKBBI O003HAYAIOT NEJIBIC UACIHA.
JeaumocTs

M#b1 roBopuM, uTo a Odenumcsi Ha b (a kpamno b, b denum a, b —
denumens a) W MMINEM a - b, ecii CylEeCTBYeT Lielioe ¢, Jyis KoToporo a = bc
(npyrumu ciioBamu, eciim a/ b nenoe wim a = b = 0).

1. Kakue u3 ciuejylomux yTBepx/eHui BepHbl: (a) eciw a - b u b : ¢, 10
a:c; ©®eccma:-bubjfc,oajfc; B ecma:buc:b, 10a+c:b;
(r)ecma:bwuc/b, toa+c/tb; (n) echu ab=cd na:c (c #0), 0
d:b;(e)ecimab:c, 10 a:c wm b: c? Jlokaxure BepHbIC YTBEPK/ICHUS U
TIPUBEINTE KOHTPIPHUMEPHI K HEBEPHBIM.

Jlokaxxure, 4TO

2.a+ha+ b

3.ecrma’ a+ b, Toun b2 a+ b;

4. eciim a YETHO W HE JCIUTCS HA 4, TO KOJMYCCTBO UYETHBIX JCIIMTEIICH a
PaBHO KOJIMYECTBY HEUETHBIX JICJIMTEIICH .

5. Haiijute Bce HaTypaJibHbIC YKCJIA, UMEIOIHE HEYETHOE YKCIIO HATYPaJIbHbIX
IEIATEIICH.

6. Tokaxute, uTo \/2 — MpPPAIMOHAJILHOE YACIIO, T. €. HE CYIECTBYET TAKHX
anb,uro a®>/b* = 2.

7. Hokaxure, uro 72" — 427 * 33 npu mobom nesiom n > 1.

OCTaTKd U CpaBHEHHS MO MOJY.IIO

Ecim a — b m, 1o roBopsT, 4T0 @ cpasHumo ¢ b no modyno m. O6o3Ha-
uenue: a = b(mod m).

JoKakuTe Clie/lyIolue CBOMCTBA CPaBHEHMI:

8. ecm @ = b(mod m) u ¢ = d(mod m), 0 a + ¢ = b+ d(mod m);

9. ecim @ = b(mod m) u ¢ = d(mod m), To ac = bd(mod m);

10. ecoim a = b(mod m), To ac = bc(mod mc);

11. a” = b"(mod a — b);

12. a? = —p?(mod a + b).

13. M300pa3uTe Ha YUCIIOBOM NPSIMOi LieJIble YACIIa a, JIsl KOTOPBIX (a) a =
= —1(mod 7); (0) a = 15(mod 5). Kakue uncia Bbl MOMETUIIHA JIBAXK/(bI?
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Hanomuum, urto pasdenums umcino a vHa b > 0 ¢ ocmamxom o3HaYaeT
HaliTW TakwWe liejble kK (HEMoJIHOE 4YacTHoe) M » (OCTaTok), uTo a = kb + r
n 0 < r < b. 910 MOXHO czienaTh Tak. OTMETHM Ha TIPSIMO# Bce YmCIa, KpaT-
ubie b. OHM pa36MBAIOT MPsMYIO Ha OTpe3ku JuMHbl b. [lycts kb — JieBblit KOHEl
OTpE3Ka, COJICPXKAIIEro TOUKy g, TOrJa pasHoCTh ¥ = a — kb nexur mexay 0
u b, u Mbl nosiyyaem TpebGyemoe npejcraBiienue a = kb + r.

14. [lokaxkxuTe, 9YTO YaCTHOE W OCTATOK ONPEJICJICHBI OJIHO3HAYHO: €CIA a =
=kb+ri=kb+r, apuEmM0< r,rn< b 10r=rnk=h.

Haiinure octatkm OT JiesieHAs

15. —123234345 na 123;

16. 77001 g3 8;

17. 72001 ya 25;

18. 72001 ya 100;

19. 11100 _ 8100 5 57:

20. n” —nma7;

21. n2+3n—7wman+2@pun=0,1,2,...);

22.33...3 (n tpoek) Ha 33...3 (k Tpoek), rie n u k — IieJIbIe IOJIOXKHU-
TEJIBHBIC UHCIIA;

23. 2" +1 ma 2K + 1, e n m k — nebie NOJIOKUTEIBHBIE YKCTIA.

CyIuecTByeT Jin NIeJI0e YHCIIo, Jaloniee

24. npn nenennm Ha 12 ocrarok 6, a npm nesicann Ha 20 ocTaTok 8§;

25. npm JiesieHAN HA 8 OCTAaTOK 7, a mpH JAeJieHu: Ha 25 octatok 18?

26. [lokaxwuTe, 4TO JiI0OOE HATypaJlbHOE YHCIIO 71 M CyMMa €ro Iudp AaoT
OJIMHAKOBBIC OCTATKM IIPH JICJICHAM HA 9.

27. Kak HaiiTH OCTaTOK OT JieJICHUsI HaTypaJIbHOTO 4nclia Ha 11, ecy u3BeCT-
Ha ero JecsTmuHas 3amuck? CopMysmpyiiTe W NOKaXUTE NPHU3HAK [EIAMOCTH
Ha 11.

PazpemmMe! 1111 B eJIBIX 9YMCNIAX YPaBHCHUS:

28. x? — y? = 2002;

29. (a) x>+ y> =1991; (6) x> + > + 2% = 999?

3ajauM 3TOro JHMCTKa CAAIOTCA TOJBKO B IHACEMEHHOM BHje!

42. Maremaru4yecKkasi UH/{yKIUs

1. U3 kiieTuaToli Gymaru BRIpE3aH KBa/IpaT Co CTOPOHO (a) 16 kietok (6) 2F
kieTok (k — HaTypanbHOe umcno). U3 sToro kBajpara ynajieHa OffHAa KJIETKa
(Heu3BeCTHO, Kakas). JlokaxuTe, 4To HOJIyYeHHYIO (PUTYpy MOXHO paspesaTh Ha
«YTOJIKH» U3 TPEX KIETOK.
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2. okaxwnrte, yto (a) uymcio, 3anucanHoe 81 eamumueid, aenmrcsa Ha 81;
(0) nus mo6Oro HATypaJIbHOTO 71 YHCIIO, 3alMCaHHOEe 3" eMHULIAMU, JIEJIATCS
Ha 3".

3. Yncio x + 1/x saBusercsa nensiM. JIOKakWTe, YTO TOTAA YIS JIIOOOIo
HaTypajibHOro n umncio x" 4+ 1/x™ toxe nenoe.

4. [Tokaxwute, 9To mpu Jiobom n = 1,2, ... uncio (2 — V3)n IIpEeCTaBUMO
B Bujie pasnocTd v/ m + 1 — \/m [Jisl HEKOTOPOTO LEJIOTO M.

5. Ha nyiockoCTn npoOBEJEHBI HECKOJIBKO NPSIMBIX. J{OKaXHTE, YTO 4acTv, Ha
KOTOpbIE OHHU JICJISIT IJIOCKOCTh, MOYKHO PacKpacHTh B JIBa LIBETa TaK, YTOOBI OJIHO-
LIBETHBIE YAaCTH HE CONPHUKACAJINCh CTOPOHAMH (BEPIIMHAMM COIIPUKACATHCSI MOX-
HO).

6. Jlokaxxure, 4TO CyMMa HEPBbIX /1 HATypaJlbHBIX umcell paBHa n(n + 1) /2.
CcopmynupyiiTe 1 1OKaXXUTE aHAJIOTHYHOE YTBEPKICHHUE IIPO CyMMY ITIEPBBIX N
YETHBIX YMcell; MEPBBIX /71 HEUETHBIX YHCEl.

7. Jokaxure, yTO CyMMa KBaJ/IpaTOB IIEPBbIX # HATypajlbHbIX YUCEJl paBHA
n(n+1)(2n + 1) /6. ChopMmyaupyiiTe U JIOKQKXUTE aHAJIOTUYHOE YTBEPXK/ICHUE
mpo cymmy 1-2+2-3+ ...+ n(n+1).

8. IMonGepure ko3¢ dunmenTr (uucna) a, b, ¢, d, e Tak, 9ToGH cymMmMa KyGoB
IEPBBIX 71 HATypaJibHBIX umcell paBHsiack an® + bn® + cn? + dn + e (upn
MoOOM 1) M JIOKaXUTE TOJIYUYCHHYIO (popMydy.

9. [okaxuTe, 94TO IIpH JI0O0M HaTypaJsHOM n uucio 4" 4+ 15n — 1 nenmrcs
Ha 9.

10. Tokaxmute, 4T0o cymMma KyOoB JIIOOBIX TPEX MOCIIEI0OBATEIIBHBIX HATYpPaJlb-
HBIX YMCEJI JICJIUTCS Ha 9.

11. PaccMoTpuM noclenioBaTENbHOCTE YHCEN] \ﬁ, vV2+ \/5, ... (opyramm
CJIOBaMH, Ay = V2 u an+1 =2+ a, npu Beex n =1,2,3,...). Jokaxure,
YTO KaXK/(blil WICH 3TOH NOCJICI0BATEJIbBHOCTA MEHbLIE 2 1 OOJIbIIE MIPEbIYLIETO
e€ yJieHa.

12. [lpn KakWX HaTypaJbHBIX 71 BBIOJIHEHO HEPAaBEHCTBO (a) 2" > n2?
(6) 3" > n3? (B) k" > nk (natypanbHOe uncio k > 3 ¢ukcupoBaHo)?

13. [dokaxwure, 9To mpu JiioboM kK = 2,3, ... BBINOJHEHb HEPABCHCTBA

Vk <1/V1+1/V2+ -+ 1/Vk < 2Vk.

14. Ha CKOJIBKO YacTell AeJISAT MIOCKOCTh 71 MPSIMBIX, HUKAKKE JIBE 13 KOTOPBIX
HE TIapaJuIe)IbHbl W HAKaKWe TPHU HE MEPEeceKaloTCs B OJIHON TOUKe?

15. Ha ckoJipKO 4acTeil AeNsAT TIIOCKOCTh /1 OKPY>KHOCTEH, KaXK/bIC JIBE W3
KOTOPBIX IIepeceKaloTcsl (He KacaloTcst) MeXJy coGoil M HWKakKue TP He Tepece-
KaIOTCsI B OJ[HOM TOUKe?

16. BhINyKJIBl 11-YTOJIBHUK pa3pe3aH HENepeceKaloNMMACS JIMaroHalIsIMA Ha
TpeyroJibHiKA. CKOJIBKO TPEYrOJIbHAKOB MOTJIO TIOJIyYHTHCSI? CKOJIBKO JIMaroHa-
Jieit poBesm?



48 3adauu 2001 — 2002 200a (9 knacc)

17. B BBIMYKJIOM 7-yrOJIbHAKE IMPOBEJIM BCC JUATOHAJIN; HUKAKNE TP UX HAX
HE TIPOLIUIM 4Yepe3 O/Hy TOuKy. Ha CKoJIbko WacTell fejmMTcsi IpH 3TOM H-YIoJib-
HUK?

43. YépHbie u OeJible KJIETKH

Ha xneryaroii Gymare HEKOTOPBIC KIIETKH
TIOKpAIlleHbl B UEPHBIA 1IBET, a OCTaJIbHBIE B O¢-
Jiplii. Ha kaX/1oM 1are nBeT KJIETOK MEHSIETCS
1O TaKkoMy MpaBMIIy: Kax/as KJIeTKa Impuoope-
TacT TOT LIBET, KOTOPBIA Ha Ipe/bIAYyIIECM Lare
uMeJIo GOJIBIIMHCTBO U3 MSATH KIIETOK — €€ ca-
MO¥ 1 e€ cocelielt cieBa, CHU3Y, CIpaBa U CBEp-
xy. (Bce kileTku MEHSIOT LIBET O/IHOBPEMEHHO. )

1. Yucio 4Y€pHBIX KJIETOK KOHEYHO (BCS
IUIOCKOCTh 0OeJlasi, KpoMe KOHEYHOH 4YacTH).
MoXXeT Ji 3TO 9YHUCIIO YBEJIMYUTHLCS MOCHE OJl-
HOTO IIara NEPEKpallNBaHMsl IO ONHMCAHHBIM
TipaBujiaM?

2. MoxXeT JI1 3TO YHUCJIO YBEJIMYUTHCS 6o-
Jiee 4eM B 2 pa3a IocJie OJIHOTO Ilara nepekpa-
mmMBaHus?

3. MoXeT J 3TO YHCJIO YBEJIMUUTECH 60-
Jiee yeM B 1,5 pasa mociie OfHOTO Ilara Iepe-
KpalBaHus?

4. MoXeT JI1 3TO YHCJIO YBEJIMYUThCA GoJiee YeM B 4 pa3a MocCJie HECKOJIBKUX
maroB?

5. MoxeT JI1 3TO YHCIIO YBEIMYAThCS GoJiee YeM B 3 pasa mociie HECKOJIBKHX
maros?

6. MoXeT JI1 3TO YHCIIO YBEIMYUThCA Oojiee 4eM B 2 pa3a Ioclie HECKOJIBKHX
maroB?

7. MOXeET JIu 3TO YHCIIO YBEJIMUHUTHCS Gosiee 4eM B 1,5 pa3a mociiec HECKOJIBKHX
maros?

8. IzMeHuM npaBuiia 1 OyieM CUMTATh, YTO KaXk/as KJIETKa IPUOOpETacT IBET
OOJIBIIMHCTBA U3 TPEX KIETOK: €€ caMoi U cocesiell crpaBa U cBepxy. Jlokakure,
YTO B 3TOM CJIydae Jiio60e KOHEUHOE MHOXKECTBO YEPHBIX KJICTOK 4EPe3 HECKOJIBKO
MaroB MCYE3HET (BCE KJICTKM CTaHYT OeJIbIMHM).

Tpeaynpexaenue: Mbl HE 3HACM PENICHAs HEKOTOPHIX U3 3TUX 3aj1ad (HO OyneM
pajsl y3HATH!)?

2C Toro MOMEHTa, KaK 3To ObIJIO HAMMICAHO, Kax/asi M3 3ajiau Oblja penieHa (OOMMHI YCHIINSIMUA
Iperno/jaBaTeieil U MKOJBHUKOB).
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44. Jlapeiinple MHOIOYJIEHBI

Bynem HasbBaTh JIOCKOW J1I000€ KOHEYHOE
MHOXXECTBO KJICTOUCK Ha Jmcre Oymaru. By-
JIEM CUMTATh, YTO JIA/ibsl, CTOSILIAS HA HEKOTO-
poil KileTKe JOCKH, OBET JI0OyI0 KIIETKY JdOC-
KM, HAXOJMINYIOCsl C HEW HAa OJHOM BEPTHKAJIU
WA OJJHOM T'OPM3OHTAJM (HE3aBUCHUMO OT TOIO,
MPUHA/ICKAT JIM JIOCKE KJICTKA MEX/y HUMH).
Jlist GUKCHPOBaHHO! JI0cKH /] WmCIo crnocoGoB
paccTaBuUTh Ha Heit k He ObIOIMX JAPYTr Jpyra
najent oboznaunm JIi (/). HazoBEM jBe jocku
/I u /[, oKBUBaJIeHTHBIMH, €CJIU JUist JIOO60TO kK
Je () = T (o).

1. JlokaxxuTe, YTO SKBHBAJICHTHBIC JIOCKH
HMCIOT OJMHAKOBHIC ILIOLIA/IH.

Jladeiinbim mHozounenom nocku /| HaspiBa-
€TCsl MHOTOUWICH

Jd ) =14+ JL(Dx + JL(Dx*+ ...

2. Ipunymaiite (a) nazeiinwil (0) He Jla/ieiHBIA KBaJpaTHBIA TPEXUIIEH C
LIEJIBIMU TIOJIOKUTEIIbHBIMU KO3 (PUIMEHTAME U CBOOO/IHBIM WJICHOM, PaBHBIM 1.

3. Iyers [ ecrb o6bemnenne nocok Jf u [, npuuém c jpocku /[y nanwst
He MoxeT momnacTh Ha Jocky /lp. Torma JI(x, [{) = JI(x, /1) JI(x, /D).

4. Ilycts k — mpom3BOJIbHAsS KJleTka jocku /[, /[y mosnywaercs m3 /] yna-
JieHHUeM K, /[, mosiywaetcst u3 /[; ylaJieHHEM BCeX KIIETOK, Ky/la MOXHO TOTMAcTh
u3 x 3a omun xox. Jokaxure, uro JI(x, ) = JI(x, /1) + xJI(x, /D).

5. Ha jocke n X n paccTaBiicHO n JiaJicii, He Obrommx Japyr npyra. Ilpo
KaX/IyIo KJICTKYy MOXHO Y3HaTh, CTOWT JIM Ha Heit Jiajbsa. Kakoe HamMeHblnee
YHCJIO BOIPOCOB HYXKHO, YTOOBI Y3HATh BCIO PACCTAHOBKY?

Myets kv > ko > ... > k, > 0 — uenvle uncna. HazoBéM duacpam-
moii fOunea [ky, ks, . .., k,] co cmpokamu ki, ka, . .., k, nocky, cocrosyio
U3 KJIETOYECK, IPaBble HMKHUE YIJIbl KOTOPHIX UMEIOT KOOP/IMHATHI

(1; _1): (27 _l)a (3; _1); (4a _1)7 R (kla _1)5

aQ,—-n+1),...,(ky_q1,—n+1),
(1; _n)a s -,(k",_n).
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Hampumep, nmarpamma IOmra (7,6, 5, 3] noka3ana Ha pu- ]
CYHKE.

6. JlokaxxuTe, 4TO KBajipaTHasl JIOCKa JIOCKa 1 X N JKBHU-
BajientHa Juarpamme KOwra J, = [2n — 1,...,3,1].

7. PaccmorpuM npsiMoyrojibHuk m X (n + k), Koropbli Mbl GyneM Impej-
craBisith cebe cocrosuumM u3 2 vacreii: A — IpsSMOYroyibHUK m X nu b —
npsiMoyroyibHuK m X k. Ilycte B u I' — jBe DKBHMBAJICHTHBIC [JOCKH, PacIIo-
noxxennele BHyTpH 4actn 5. Torma ecim no6aBuTh K HEM d9acTh A, TO OHH
OCTaHYTCsl SKBUBAJICHTHBIMH.

8. Ilycts by > by > ... > by > 0. O603naunm uepes /] pumarpammy IOnra
by, by, ..., by]. Jokaxure, uto npu p > m

!
S D Gy D) =

=(p+b)p+bua—-1)...(p+b—m+1).

_r
o —m) 1([[)

9. C amarpammoii FO0ura B = [by, by, ..., byl (by =2 by > ... 2 b,, > 0)
CBsDKEM (HEYNOPSIIOUCHHBINA) HAGOp dmcen

S(B)=(bpm,bm1—1,...,by —m+1).

Hokaxure, uro quarpammsl FOnra /[; u /[, SKBUBaJICHTHBI TOTJja ¥ TOJIBKO TOT/IA,

korma S(/) = S(/D).

Iycts 65C, (/]) — umciio crnocoGoB pacCTaHOBKM 71 HE OBIOIMX JIPYT Apyra

GesiononbHbIX cyioHOB Ha nocke /], UC,(/]) — 1o ke camoe, HO st 4&p-
HonouibHbix ciionoB, BC(x, /[) n UC(x, []) — COOTBETCTBYIONIUE (CIIOHOBBIC
MHOTOWICHBI .

10. Ilycts K,, — xBazspaT n X n. Beipasute muorowien YC(x, K,,) uepes
muorowieHsl YC(x, K5,,41) m BC (X, K3,,+1). (HanoMHUM, 9TO HWKHSIS JicBas
KkieTka al yépnas.)

11. JJokaxkure, 4To JJisl Ka/10i Juarpammbl FOHra cymecTByeT €IMHCTBEH-
Hasl DKBMBaJICHTHasl el jamarpamma FOHra, JUiMHBI CTPOK KOTOPOM — pasiiM4Hble
HEHYJICBBIC YMCJIA.

12. JTokaXuTe, YTO €CJM JBE JOCKHM JKBHUBAJICHTHBI, TO DKBUBAJICHTHBI U HX
JIOTIOJIHEHU S Ha JII000 MPSMOYTOJIBHOM JIOCKE, B KOTOPYIO OHH 00€ ITOMEIMIAIOTCS.
(Ecim yiocka /] nomenena B gocky /', 1o dononnenue pocka /| — 310 J0cKa,
COCTOSsIIIAsl U3 BCEX KJIETOK Jocku /', we npunayexaumx /] .)

13. Ilycts fm, n(X) — JajCHHBIA MHOTOWIEH /JIsi IPSIMOYTOJIBHOM IOCKH
m X n. (a) [Jokaxure, 9T0 [, n(X) = frm—1,n(X) + 0Xfm_1,n—1(x). (6) Haii-
TTE frm n(X).
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14. J1n1s1 JaHHOTO 7 CPEJM BCEX CBSI3HBIX OTHOCUTEJIBHO XO71a JIaJlbl JJOCOK
U3 1 KIJIETOUCK HAWJUTE TaKylo, Ha KOTOPYIO MOXHO HOCTaBUTh HECKOJIBKO (HE
¢pUKCHpOBaHHOE KOJIMYECTBO) HE OBIOIMX JPYT /IpyTa Jiazicit HanbOoJIbIIMM YHUCIIOM
cnoco60B. UeMy paBHO 3TO YHCIIO CIOCOOOB?

15. TMonpoOyiiTe pa3BUTh TEOPHIO «KOPOJIEBCKUX MHOTOWIeHOBY Kp(x, /)
(x0Ts1 OBl /111 IPSIMOYTOJIBHBIX JI0COK 1 X 1,2 X n, . ..).

45. IlepecTaHOBKH

1. B psn cTodTr n SmuKoB (IIpOHYMEPOBaHHBIE OT 1 10 1), B KOTOPBIX JIeXaT
1 apoB, TaKXXe NMPOHYMEpoBaHHBIX 0T 1 70 7. (B kakaoM sImKe JIOKUT OJIMH
map, HO €ro0 HOMEpP MOXET HE COBIAJATh C HOMEpOM KopoOkw.) Paspemaercs
IIOMEHSTH /IBa 1lIapa MecTaMy (HayyHOE Ha3BaHUE: mpaHcno3uyus). Jlokaxure,
YTO MOXHO JIOOUTHCS, YTOOBI KaXK/[blii IIap JIeKaJl B «POTHOM» SIIIUKE (C TEM XKe
HOMEPOM), C/ICJIaB HECKOJIBKO TPaHCIIO3MIIMNA.

2. Tot *e BONpPOC, €CJI Pa3pellacTCsl MEHSATh MECTaMM TOJIBKO Maphl B CO-
CCIHUX SIIUKAX.

3. Tot *xe BOIpPOC, €CJIM Pa3pelIacTCsl MEHATh MECTaMH TOJIBKO HIAphl C CO-
CE/THIMH HOMEpPaMHU.

4. Kakoe KOJIMYECTBO TPAHCIO3MIMI MOXET MOTPEOOBATHCS (B Xy/IEM CIIy-
yae) B KaXJI0M m3 TpEX npeabymmx 3anad? (Hajmo ykasaTe [ist Kax ol U3 3THX
3ajiau Takoe uncsio N, uro (1) npum Jo60M HayaJlbHOM IIOJIOKCHHM MOXKHO pe-
IMTH 3a/1a4y, c/ieliaB He Gosiee N TpaHcHo3unmid; (2) Mpu HEKOTOPOM HayaJIbHOM
TIOJIOXKCHUM MEHBIIMM YHCIJIOM TPAHCIIO3UIMI HE OOOUTHCH.)

5. NmeroTcs yeThIpe Mapa | YeThIpe SIIUKa; IPUIyMaiTe TOCIeA0BaTEIFHOCTD
TPaHCHO3MIINI COCETHAX SIIMKOB, IIPY KOTOPOI Iaphl BO3BPAINAIOTCS B HAYAJIbHOE
MOJIOKEHNE, TTOOBIBAB B KAXK/I0M M3 24 BOBMOXXHBIX IOJIOKCHUIA TI0 OJHOMY pajy.
IMpumep: 11 TPEX MWAPOB TOAMTCS TOCIIE/IOBATEIFHOCT

[2]3]-[1]3]2]=[3]1]2]=[3]2]1]-[2]3]1] - [2]1]3] - [1]2]3]

6. (Ilponoinkenue) JlokakuTe, YTO aHAJIOTMYHAs MOCJIEJOBATEIIbHOCTD CyLe-
CTBYET Jylsl JI060ro GOJIBLIETO YKCIIA IIAPOB.

7. s 4eThIPEX 1apOB HAWAUTE BCE IOJIOKCHMSI, B KOTOPBIX OHM MOTYT OKa-
3aTbCsl HOcie k TpaHcno3uumii (HAuaThlX B MCXOJHOM IIOJIOXKCHMM, KOTJA 1uap
[ maxoyutcsi B i-M smwmke), ecnm k = 1,2,3,4,5. Yro Gyner juist GoJbimx
3HayeHmit k?

8. IMocne HeCKONBKUX TPAHCTIO3MIMI (KaXk/asi MEHsLIA APkl B IBYX COCEOHUX
SIIMKAX) IIApbl BEPHYJNCh B MCXOIHOE TOJIOXKEHHME (B KOTOPOM OHM OBbLIM IO
TPaHCNO3ULMIA) . JIOKaXXWTe, 9TO OBLIO CAENaHO YETHOE YMCIIO TPAHCIIO3HLIAM.

9. (Ilponoikenne) JIokaXUTe aHAJIOTUYHOE YTBEPXKCHUE J1JIsl IPOU3BOJILHBIX
TPaHCNO3ULMIA (HE OOSI3aTENIBHO B COCCIHMX SIIMKAX) .
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10. (IIponoskenne) Jlokaxxute, 4To BCE PACIOJIOKCHUS LIAPOB B sIIIUKAX Jie-
JIATCS Ha JIBE TPYNIBL: OJJHA MOXXHO TOJIyYMTh M3 MCXOIHOTO MOJIOXKEHUs (KOr/a
i-# map JIeXWT B i-M SIIUKE), CIeJIaB YETHOE YUCIIO TPAHCHIO3ULIMMA (M HEJIB3s1 TO-
JIy4nTh TOCJIe HEYETHOTO YHCia TPaHCHO3MIMI), Apyrue — HaoOopoT. CKOJIBKO
PAaCIIOJIOKEHUI 71 1IApOB OTHOCSTCS K NEPBOM TPyIIIE, a CKOJIBKO KO BTOpO#t?

11. (Bapaua H. H. KoncrantrHoBa 06 o6meHe kBapTup) B HEkoTOpoM ropo-
Jic pa3pelICHbl JIMIIb «IIPOCTHICY OOMEHBI KBapTHp (B KOTOPBIX Y4YacTBYIOT [IBE
KBapTuphl); 6oJiee JUIMHHBIC LICIOYKM OOMCHOB (HAaNmpHUMEp, €CiM A BBE3XKACT B
kBapTupy B, KoTOpBIil BBEe3KaeT B KBapTUpy B, KOTOpBIil BBhe3KaeT B KBapTHUpy A)
He paspenieHbl. [IpeqmosioxknuM, 9To KaXk/plii Biaziesiel] KBapTHPbl MOXKET ydacT-
BOBaTh B /ICHb HE 0ojiee 4eM B OfiHOM OOMeHe. JIoKakuTe, YTO TEM HE MEHEE
o060 0OMEH MOXKET OBITh OCYIIECTBIIEH 32 /iBa JHs. (B mepBblii AeHP IPOU3BO-
JITCS1 KaKoe-TO YHCJIO MPOCTBIX OOMEHOB, BO BTOPOHl — TOXe, IOCIe 4ero Bee
OKa3bIBAIOTCSl B TeX KBAapTHpaX, KOTOPBIC MM Ha3HAYCHBI. )

12. [uxioMm JumHbl 3 Ha3bIBaCTCsl TaKasl ONEpalysl: ap A IOMEIACTCS Ha
Mmecro mapa b, xoTopelii momemaercst Ha MecTo apa B, xoTopslii momemaercs
Ha Mecro mapa A. (OcraiipHble Iapbl OcTaloTCs Ha Mecre.) CKOJIBKO pasiiny-
HBIX KOH(UTypanuii MOXHO TOJIy4YUTh, TIPUMEHSISI TPOUHBIC IMKIIBI K 33JlaHHOM
KOH(UTypanuu YeTHIpEX MapoB?

13. Tot xe Bonpoc Juisi n WAapoB (M TPOHHBIX LIUKJIOB).

14. Anroput™ mmgpoBaHUs 3aMEHSIET KaX]ylo 3 33 pycckux OykB Ha Ka-
KyIO-TO JIpyrylo OyKBy, MPHUYEM pa3Hblc OyKBbl 3aMEHSIOTCSI Ha pa3Hblc (4TOOBI
MOXHO OBIO BOCCTAaHOBHTH MCXO/IHBIM TEKCT). JIOKaXKUTE, YTO MOCJIE HECKOJIBKIX
TIPUMEHEHUI 3TOTO aJITOPATMA MBI BEPHEMCS K VICXOIJHOMY TCKCTY.

15. (dns BuneBmmx Ky6mk Py6mka) Ilycte A — moBopoT mepenHeit rpann
1o 4acoBo# crpesike Ha 90°, B — noBOpOT 1paBoit GOKOBOU I'PaHU IO YaCOBOI
crpesike Ha 90°. [oBTopsin A mim B yerbipe pasa mojipsii, Mbl BEpHEMCSL B UC-
xoziHoe nosioxkenue (cumBosimuecku: AAAA = 1, BBBB = 1). Bepuémcs jiu Mbl
B VICXO/IHOE TIOJIOXKEHHME, eclii Oy/ieM MHOTOKpaTHO YeperioBaTh A 1 B: Bo3aMoXHO
s ABABABAB ... AB =1?

16. (dns BuneBmux urpy «15») J{okaxuTe, 9To B Urpe B 15 HENb3s MOJyYnTh
KoHGuUrypauuo, B Kotopoil ¢puiiku 14 u 15 noMeHsIMch MECTaMu, a OCTaJIbHbIE
HAXO/ATCSl B MCXO/IHOM TIOJIOXKCHUN.

46. BeposiTHOCTD

1. UrpaspHyio KocTh GpocaioT mecTh pa3 nojapsij. KakoBa BeposiTHOCTB, 4TO
BBINIAJIET POBHO TIAATh MECTEPOK, ECIIM CYATATh Bee 6% MCXO/I0B PaBHOBEPOSATHBIME?
Iosicnenue. VicxoioM 3KCIEpUMEHTA Oy[yT 3aIlCAaHHBIC TOAPS]] PE3YJIbTaThl
mecTn Opocanmil. Pesynsrar Gpocanmst — uuciio oT 1 10 6, Tak 4TO y OHOTO
6pocanus 6 WCXOOB, a y cepum Opocanmii — 6% mcxonos. Hano B3ATh wmcIio
«BJIarOTIPUATHBIX» FICXO/I0B (KOT/Ia BBHINAJIO POBHO MSTHh IMECTEPOK) W YMHOXKHUTH
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ero Ha 1/6° (TakoBa BEpOATHOCTH OJTHOTO MCXOJIA, €CIIM BCE MCXOIbl PABHOBEPO-
SITHBI).

2. (Ilponmoikenne) KakoBa BEpOSITHOCTH TOTO, YTO HE BBHINAJACT HU OJHON
mecTEPKU? YTO BHINAJICT POBHO O7iHA IecTEPKa? XoTs Obl ofHa mecTépka? Goliee
OJHOI ImeCTEPKN?

3. MopcunTaiiTe «<MaTeMaTHYECKOE OXMIIAHUE) YUCJIA MECTEPOK (TaK HA3BIBA-
10T cpeaiHee apudMETHUECKOE UMCIIa MECTEPOK, BBHIUMCIICHHOE Juisi Beex 68 mexo-
20B). Uto Gosiee BEPOSITHO — UTO HE OyJCT HU OJHON MECTEPKHU, MM 4TO OyzeT
6oJiee OIHOM IIECTEPKU?

4. B copeBHOBaHUSX IO KyOKOBOH cHCTeMe INPHUHUMAIOT ydacTme 2" cropr-
cMeHOB. Cumilbl CIIOPTCMEHOB TOCTOSIHHBI M TIOTIAPHO PasiIM4HbI, 00JIEe CHIIBHBIN
Beerza mo6exzaet Gosiee ciaboro. Haitmre BeposSTHOCTE TOro, uTO B (puHAJE
BCTpETATCS 2 CaMbIX CUJIBHBIX CHOPTCMEHA, €CJI BCe BapUaHTHI KepeOhEBKU paB-
HOBEPOSITHBI.

5. Momnery Gpocator 99 pa3, 3anmchiBasi OIPS| pe3yJsibTaThl Opocanmii. Ka-
KOB2 BEPOSITHOCTh TOTO, YTO OPJIOB OyzeT GOJible, YeM pemeKk? 4To OpJIoB OyAeT
yétHoe umcio? Kakoe MHOXECTBO PaBHOBEPOSITHBIX MCXOJIOB HICIIOJIB30BAHO IIPH
nozcuére?

6. (Ilponosxkenne) Tot e Bompoc, eciim MoHeTy Gpocaror 100 pas.

7. UIrpok B cIOpTJIOTO BBIOMpacT 6 uncell u3 49 1 3au€pKUBAcT UX B KapTOYKE.
Bo Bpems Tupaxka Takke ciydaiiHo BeIOmpaloTcs 6 umcen. KakoBbl BeposiTHOCTH
TOTO, YTO BEPHO YIa/IaHHBIX YnCeJI (T. €. 4iCell, KOTOPbIC OblIIM 3a4E€PKHYThl UT'PO-
KOM B KapTOYKE, a 3aTEM BBIIAJIM BO BpeMsl THpaxka) okaxercst 4, 5 u 6? (Otser
JIETYE BBIYUCIIATH C KAJIBKYJISITOPOM. )

8. U3 ypusl, B koTopoii JiexxaT 50 u€pHbIX 1 50 GeNbIX MapoB, Hayra/l A0CTaOT
10 mapoB. KakoBa BEpOSITHOCTD TOTO, UTO BCE OHM OyAyT UEpPHBIMU?

9. B maptum w3 n = 100 peraneit 5% OpaxoBanneix. OTK mposepsier 10%
neraneit (BriOmpas mx ciydaitHo). KakoBa BEpOSTHOCTH TOTO, YTO HH OJHA M3
OpakoBaHHBIX JIcTaJlcit He OyzneT oOHapyxeHa? [lokakuTe, 94TO BEPOSITHOCTh TOTO
e cobbiTus uisi n = 10000 Menbme 10710,

10. Umetotcs Be ypHBI ¢ mapamn. B onHoli m3 Hux Jexatr 5 Genbix u 10
YEPHBIX 1IApOB, a B Jipyroi 6 6eibix 1 2 4€pHBIX mapa. VI3 kax/10i1 ypHbl Hay/aqy
BBITACKMBAIOT 1O OfIHOMY mmapy. Haiizure BEpOSITHOCTh TOTO, YTO OHM OJHOTO
LIBETA.

11. KakoBa BeposSITHOCTB TOTO, YTO Cpeldl /1 IIKOJBHUKOB HaMIyTcsl JBOE,
OTMEYalollMe JIeHb POXK/CHUS B OfUH JeHb? Haiijute uncnennoe 3HadeHHWe 3TOH
BEPOSITHOCTH IIpu h = 22, n = 24 [4ucno ydyeHukoB 9B m 9J1 mkonmsl 57] m
n =22+ 24.

12. (ITpomoikenue) IIKONBHMK NOCTYNMII B KJIACC, B KOTOPOM # YUYCHUKOB
(cumras ero camoro). KakoBa BepOsITHOCTB TOTO, YTO XOTsI Obl OJMH H3 €TI0 Of-
HOKJIACCHHUKOB OTMEYACT CBOM [ICHb POXKJECHUS B TOT XK€ JCHb (n = 22, n = 24,
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n =22+ 24)?

13. [IsaTepo My»X4MH M MSTEPO KEHIIUH CAZSTCS 3a KpyIJblid croi. Bynem
Ha3bIBaTh MAPOi MY>XUMHY W XKCHIIVHY, CUISIINX PSIOM (KaXK[blii 4eJI0BEK MOXKET
Bxoqute B 0, 1 mym 2 maper). KakoBo cpenHee KkoJm4yecTBO 0OpasyeMbIx map
(MaTeMaTHUecKoe OXHUJAHME YHclia map)?

14. B xonozne 52 xapthl. KoJio/ly nepeTacoBbpIBaIOT ¥ BHIHUMAIOT U3 HEE KapThl
710 TIOSIBJICHMSI TIEPBOTO Ty3a. KakoBO MaTeMaTHYeCKOe OXKHJIAHUE YMCIIa BBIHYTBIX
KapT (He cumras Ty3a)?

B cnenyromux 3ajjadax Hy>KHO HE IIPOCTO IO/CYUTATh COOTBETCTBYIOIME JPO-
01, HO ¥ BOCIIOJIb30BaThCsl 3/IpaBbIM CMBICIIOM.

15. JIBoe mrparoT B TaKylo Urpy: 6pocaioT MOHETY, ITOKa He BhmazieT 10 opiioB
(Torna BbMrpbIBacT nepsbiil) mim 10 pemek (Torga BHIMIPBIBacT BTopoi). OHuM
TIpepBaJid UIPy, Koraa 6pu10 8 opiioB u 9 pemek. KakoBbl BEpOSITHOCTH BHIATPATh
TocJie BO30OHOBJICHHS! UTPBl Y Ka)X/IOTO U3 yJaCTHUKOB?

16. /IBoe WrpaioT B TaKylo MIPy: KaXK/blil MUIIET HA OyMaXKKe IEJI0€ YHCIIO,
IIOTOM OHM OJHOBPEMEHHO OTKPBIBAIOT HaNMCaHHble uyucia. Ecim cymma 3THX
4HCeJl ICUTCS Ha 3, BBIMTPBIBACT NEPBBIA (M BTOPOM €My INIAaTHT pyOiib), €CIH
HEeT — BBIUTPBIBAacT BTOPOi (M mojiydaeT A pyOuedt oT mepsoro). Ilpu kxakom
3HaueHMH A 3Ta Urpa 4ecrHas?

17. Kax/elil U3 1ByX UTPOKOB IUIIET Ha OyMaxkke 4uclo 1 uim 2, mocie 4ero
OHH O/IHOBPEMEHHO OTKPBIBAIOT cBoM Oymakku. Ecim umcna coBmanm, NepBBIi
IIJIATUT BTOPOMY CTOJIBKO pyOJieil, KakOBBbl 3TU YHUCIIA; €CJIM HET, BTOPOH IJIATUT
nepBoMy A pyouieii. [Ipu kakoM 3HaueHMH A 5Ta Urpa yecrHas?

18. Nmeetcs necars 4€PHBIX U AecsATh Oeliblx MapoB. Bel MoxeTe pacnpene-
JIITh MX NPOM3BOJIBHO IO JIByM YpHaM (HA/0 HCIIOJIB30BaTh BCe LIAphl), IoOCIie
yero Bam mpenuioxkar BeIOpaTh CilydaiiHbIi map w3 cirydaitHo# ypHbI (Bl He 3Ha-
ere, I7ie Kakasi ypHa). Kak Hy»HO 1eficTBOBaTh, YTOOBI MAaKCHMAJIbHO YBEJIMYUTh
IIAHCH BBIHYTh O€JIbIii map?

47. KoMILIéKCHBIE UHCJIa

Hapbl YUCCJI (TO‘IKI/I KOOpI[I/IHaTHOﬁ IIJ'[OCKOCTI/I) MOXXHO CKJIQ/JIbIBaTh.
(a,b) + (c,d)=(a+c, b+ d)

Takue napbl Ha3bIBAIOT KOMWJIEKCHbIMU YUCAMU, WIIA TOYKAMA KOMHJIEKCHOI
ninockocmu. ToBOpST, YTO KOMILIEKCHOE uncio z = (a, b) mmeet deticmeumens-
Hyto uacmb Re z = a u MHumyio yacms Im z = b. OGbIuHbIE (JICACTBUTEIIBHBIE)
YHCJIa CTAaHOBSITCSI YACTHBIM CJIy4aeM KOMILIEKCHBIX, €CIIH JJ0OAaBUTh K HUM HYyJle-
ByI0O MHUMYIO 4acCTb: JACHCTBUTEJIBHOC YHCIIO @ OTOXIECTBIIAIOT ¢ mapo# (a, 0).
KomiekcHoe umciio (a, b) 3anuchBaioT Takxke Kak a + by/—1, 4To npuBoauT K
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TaKOMY OIPE/ICIICHUAI0 YMHOXCHHUS:

(a,b)-(c,d)=(a+bv—-1)(c+dv-1) =
= (ac — bd) + (ad + bc)v/—1 = (ac — bd, ad + bc).

Mapy (0, 1) Ha3swBAIOT MHUMOII eQuHuYeil n 0003RavaIoT \/—1 mim i.

1. (a) IlpoBepsTe, 4TO U B caMOM Jielie i = (—1,0) (tak uyTo 06O3HAUYCHUE
\/—_1 omnpasziaHo). (0) Beramcnure i 10 (g) Boramcsmare (1 + i)10.

2. INpoBeprTe OOBIYHBIE CBOWCTBA CIIOKEHHS M YMHOXEHHSI, OCOOEHHO acco-
LIMATUBHOCTh YMHOXKCHUSL:

(a,b)-((c,d) (e, ) = ((a,b) - (c,d)) (e, [).

3. HaiiuTe KOMIJIEKCHOE YMCIIO, KBajipaT KOTOpPOro paBeH (a) —4; (0) —3;
() i;(r) 1+1i.

4. Haiijiute KOMIUJIEKCHOE YHCJIO Z, JUIsl KOTOPOTro 74 =1,

5. Haiigure (x0Ts1 OBl OMH) KOMILICKCHBIA KOPEHb KBAJJPATHOI'O YPaBHCHHS
224 741 = 0 (KOMIIIEKCHOE 9HCIIO Z, 1Sl KOTOPOT'O BBIIIOJIHEHO 3TO PAaBEHCTBO).

6. Haiijute KOMIIJIEKCHOE YMCIIO Z, JUIsl KOTOPOTO z3=1,H0 z # 1.

7. Hapucyiite, r1ie HaXo/sITCsl KOMIUIEKCHBIE YKclia Z, [JIs1 KOTOPBIX (a) Aci-
CTBUTEJIbHAs YacTh z paBHa 1 (3ammck: Rez = 1); (0) npeiicTBUTENbHASI YacTh Z
paBHa MHuMOI (3amuck: Rez = Im z); (B) iz JeiicTBUTEJBHO (MMEET HYJIEBYIO
MHUMYIO YaCThb).

8. PaccMoTpiM Bce KOMILJICKCHBIE UHMCIIA, Y KOTOPBIX JCHCTBUTEIIBHASI YaCTh
paBHa emHUMNE. JlokakuTe, 4TO MX KBAJpaThl JIEXKAT HA MOBEPHYTON mapabolie
(mapaboJyia — rpauK KBaJIpaTHOTO TPEXWJICHA).

9. Jokaxure, uro eciam uv = 0 JyUis [ByX KOMIUICKCHBIX YHCEll U U V, TO
OJIHO W3 YHCEJ U W V PaBHO HYJIO.

10. Joxaxkute, uro Job0e KOMILICKCHOE YMCIIO (KpoMe HyJIsl) MMEET obpat-
Hoe: ecin z # 0, To Hainércss w, Juis koToporo z - w = 1.

11. PaccMoTpuM Bce KOMILIEKCHBIE YHCIIA, Y KOTOPBIX JCHCTBUTEIIbHASI 9ACTh
paBHA €IMHUIIC, M BO3bMEM obOpaTHbic K HUM. OHH JIe)KaT HAa HEKOTOPOU KPUBOIA;
YTO 3TO 3a KpuBas?

12. PaccmoTpum reomerpuyueckoe npeobpa3oBaHue z — iz (Kaxzas TOYKa
yMHOXaeTcst Ha i). (a) Uro 370 3a nmpeobpazopanne? (6) Kakoe npeobpasoBanue
TIOJIYYHTCSI, CCJIU BBHIIOJIHATH €r0 JIBAXKIbI?

13. Kyzna nepexoqur Touyka z KOMIUIEKCHO# INIOCKOCTH MOCJIE TOBOpoTa Ha 90°
TIPOTHUB 4acoBo# cTpeliku BOkpyr Touku (1, 0)? Kak 3anmcaTs OTBET ¢ IOMOIIBIO
KOMIIJICKCHBIX 4nCeJI1?

14. Kyzna mepexoquT Todyka z KOMIUICKCHOW INIOCKOCTH IOCJIE IOBOPOTa Ha
30° mpoTHB YacOBOW CTpENKM BOKPYT Hadajla koopjauHaT? Kak 3ammcaTb oTBeT c
TIOMOIIBIO KOMILIEKCHBIX YUCEeJI?
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15. Yucio Z = a — bi Ha3pIBacTCsl CONPSINCEHHbIM K KOMILICKCHOMY YHCIY
z = a+ bi. [Jokaxure, uto () z1 + 20 = Z1 + 25, (0) Z1 -2, = 77 - Zp A
JIOOBIX KOMIUIEKCHBIX YHCEN 21 ® Zp.

16. PaccmoTpuM reomerpmueckoe mpeobpasoBanue z +— z. (a) Urto 31O 32
npeo6pazoBanmne? (6) Tot ke Bompoc /Jisl mpeoOpazoBaHus z — iZ.

17. Kyna mepeXo[MT TOYKa Z IPU OCEBOM CHMMETPUM C OCBHIO, IPOXOJSIICiH
yepes Touku 0 u 4 + 3i?

18. Moodynem xomiuiekcHOTro unciia a + bi Ha3bIBAIOT PACcCTOSIHUE OT TOYKH
(a, b) no navana KOOpJMHAT; MOAYJb uMcia z obo3Hadaercs |z|. Jlokakure,
91O () MOJYJb NMPOM3BE/ICHNS! JIByX KOMILICKCHBIX YHCEJI PaBEH MPOM3BEJICHUIO
monyJeit; (6) |z|2 =z - Z.

19. PaccMoTpuM Liesible UUCIIA, IIPEJICTABUMBIE B BUJIC CyMMBI JIBYX KBaJ[paTOB
(manpumep, 5 = 22 + 12 u 9 = 32 + 02 npeacrasumbl, a 3 u 7 — ner). (a) [o-
Ka)XWTE, UYTO €CJIM M TIPEACTaBUMO, TO M 27 mpescTaBuMo. (0) Jlokaxure Gosiee
ofllee yTBEpXK/ICHHE: TIPOU3BEC/ICHUE JIBYX IPEJICTABUMBIX YHCEJI TIPEICTaBIMO.

48. CamocrosTesibHass padoTa
1. Tpuapymaiite dopmyily st CyMMBbl

1 2 3 n

2+22+23+"'+2"
n jJokaxwure e€. (Ykazanue. JTa popMylia IMeeT BUJ a + b;% JU1s1 HEKOTOPBIX
umcen a, b, c.)

2. Yecrnyio MoHeTy Opocaior 100 pa3 u IOJCUNTHIBAIOT YKCIIO OPJIOB, HEIO-
CPE/ICTBEHHO Hepe/l KOTOphiMU Obula pemka. Halinre MatemaTtiueckoe OXkuianue
3TOTO YHCJIa.

3. JIBoe mo ovepenyu 0OBOIAT KPacCHBIM M CHHAM LIBETOM CTOPOHBI KJIETOK Ha
KJIeTUaTol Gymare (3a Kax/Iblil XO/{ MOXKHO OOBECTH CTOPOHY OJIHOM KJIETKH, €CIIN
oHa em€ He obOBeneHA JpyruM). JIOKaKMTE, 4TO BTOPOH (CHHMII) MTPOK MOXKET
TNOMeaTh KpacHOMy 0Gpa3oBaTh KPACHYIO 3aMKHYTYIO JIMHHMIO.

4. Ha nocke nammcano anciio 100. 3a oquH mar paspemaercs pa3ouTh OTHO 3
HAIIMCAHHBIX HA JIOCKE YMCEJI HA /IBA LICJIBIX MOJIOKUTEIILHBIX CIIaracMbIX, 3aIiCaB
Ha OT/eJIbHON Oymakke mx mpomssezicHue. (Hampumep, mocne ojpHOro mara Ha
Jlocke MOTryT ObITh unciia 60 u 40, a Ha Gymaxkke — 2400, a mociie BTOporo — 60,
20 u 20, a na 6ymaxkke 2400 un 400.) Tak jenaioT, IOKa Ha JJOCKE HE OCTaHYTCS
onHu exununpl. Haiijure cymmy Beex umcell Ha GyMaxke (M [JOKa)XKUTE, YTO OHA
HE 3aBHCUT OT IOPsI/IKA JCHCTBHUIA).

332 3aj1aua OKa3aNaCch BECHMA CJIOKHOIA: TOCJIE TOTO, KAK HUKTO HE PELIAJI €& HA MEPBOl CaMO-
CTOSITENIBHOI pafoTe, OHa OblJIa TMPEJIOKEHa Ha BTOPO CaMOCTOSITEIILHOM (Yepes Hellellio) — C TeM
XK€ PE3yJIbTaTOM.
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49. AKCHOMBI H IINIOCKOCTH

Al. Insg moOBIX JByX pa3iIMYHBIX TOYEK CYyLIECTBYET
OJlHa M TOJILKO O/lHa MpsIMasi, KOTOpasl UX COAEPXKUT.

A2. 1 jo6oit npsiMoii [ 1 jiioGoit Toukn A, He JiexKa-
e Ha /, HafiA€Tcs O/(HA U TOJIBKO O/iHA IIPsiMasi, KOTOpast
CONEPXKUT A M napaielibHa npsvoit / (He mmeet ¢ [ o6mmx
TOYEK).

A3. CymecTByIOT TpU pasjIi9HbIe TOUYKH, HE JIeXKallue
Ha OJHOM IPAMOM.

1. Ucnonb3ys ToJbKO akcoMbl Al — A3, 1okakuTe, 4To
(a) mo6ple 1Be NpsiMbIE JIOO HE MMEIOT OOIMX TOYEK ( napaJiienbHbl), b0 nme-
10T POBHO O/iHY OOINYIO TOUKY (#epecekaromcs), MO0 coBnajamioT; (6) ecim JBe
IIpsIMBIC TTAapaJuIeJIbHBl TPEThEl, TO OHM JIMOO MapajuIelIbHBI JpYyr Jpyry, Jmbo
coBnajaioT; (B) ecym npsiMast | mepecekaeT NMpsMylo m, TO OHA NEpeceKaeT W
Jiobyo npsmylo m’, napajuieisnyio m; (r) ecim upsmas [ mepecekaer nps-
MyIo m, T0 Jio0as upsmas ', napajuieibuas [, nepecekaer Jiodyo upamyio m’,
napajulesIbHyIo .

2. JlokaxkuTe, 9TO Ha IIJIOCKOCTH HE MEHEE 4 TOUYEK.

3. [IpuBeuTe MpUMEp CUCTEMBI U3 YETBIPEX TOYEK M HEKOTOPOTO UHCiia Hps-
MbIX (IpsiMasi NOHMMAacTCsl KaK MHOXKECTBO TOYEK), oOJiajjaiomieil CBOWCTBaMH
Al1—-A3.

CucteMsl 13 TOYEK U NPSIMBIX, obJiaiatonme cBoiictBamu Al — A3, Ha3pIBaIOTCS
agpgpunHbIMU nROCKOCMAMU.

4. TokaxwuTe, 9TO CBOMCTBO A3 Hellp3sl JIOKa3aTh, NOJIB3YSICh TOJBKO CBOM-
ctBamu Al n A2.

5. MoxHo J11 JI0Ka3aTh, NOJIB3YSICh TOJIBKO cBoiCTBaMu Al — A3, uyTo amaro-
HaJl MapajulesiorpaMMa nepecekaroTcsi?

6. Ha mpsmoit [ addunnoi miockoct poBHO 7 TodeK. CKOJIBKO HPSIMBIX
HPOXOJIUT Yepe3 TOUKy A, He Jiexalyio Ha [?

7. Tlokaxwure, 4TO Bce INMpsIMble KOHEUHOW ap(PUHHON IJIOCKOCTH COZEpXKaT
OJIHO ¥ TO K€ YHCJIO TOYeK. Kak yCcTaHOBUTH B3aMMHO O/IHO3HAYHOE COOTBETCTBHE
MEX/Ly IByMsl IPSIMBIMA?

8. (a) CkoJbko BCero ToueK Ha adp(MHHON MIIOCKOCTH, €CJIM NpsIMasi COCTOUT
3 n Toueck? (6) CKOJBKO MPSIMBIX HA 3TON IUIOCKOCTH?

9. CymecrByer Jm adduHHAs MIOCKOCTh U3 (a) 6 Touek; (0) 9 Touek?

10. Ha xpy>kOK NpHIINA NKOJILHAKA U3 A Pa3IMYHBIX NIKOJI, U3 KaXI0W MIKO-
JI61 GBIJIO POBHO #1 YEJIOBEK: OJIMH IEPBOKJIACCHUK, OJIMH BTOPOKJIACCHYIK,. . . , OIUH
n-KjlacCHUK. MOXHO JI BceX BBICTPOUTE B KBa/IpaT 1 X 1 TaK, 4TOOBI HU B O{HOM
PSly ¥ HU B OZIHOH KOJIOHHE HE OKa3aJIoCh JBYX peOST M3 OJHON INKOJIBI WIIM M3
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OJIMHAKOBHIX KJiaccoB, ecim (a) n = 3; (6) n = 5; B) n = 4; (r) n = 6?
(Bo3moxHo, nipu nepebope BapHaHTOB TI0JIe3HAa TIporpaMmMa.)

Crenyiomue CBOMCTBA Ha3bIBAIOT aKCHOMaMH MPOEKTUBHON MJIOCKOCTH:

IT1. (=A1) Yepes mobbic BC pa3iiMyHbIC TOYKHA HPOXOAWT POBHO OJIHA TIPS
Masl.

12. Jlo6bie /1BE pa3JiMyHBIC NPSIMBIC NIEPECCKAIOTCSI POBHO B OJ{HON TOUKE.

3. (=A3) CymecTByIOT TPH Pa3JIMYHBIC TOUKH, HE JISKAILIUE HA O/IHOM IIpsi-
MOIA.

I14. Ha xaxx/10i1 IpsiIMOii €CTh 1O MEHBIIEH Mepe TPH PasiIMYHbIE TOYKU.

11. INononuute OOBIYHYIO €BKIIMIOBY IJIOCKOCTh «OECKOHEUHO YZAJIEHHBIMI»
TOYKAaMM TaK, YTOOB! BHINOJIHSIIMCH akcuoMbl [11 —T14.

12. ®ukcupyem B npocTpaHCTBe HeKoTOpylo Touky O. Bynem HasbBaTh «T0U-
KaMm» MpsMBIe, poxojsipe yepe3 O, a «IpsSMBIMAY — TIJIOCKOCTH, TIPOXOJISIIIAC
gepes O. «IIpsiMasiy (IIOCKOCTh) | TIPOXOIMT UYepes «TOUKy» (IpsiMyio) A, ecim
wiockocTh | conepxut mpsimyio A B o6biuHOM cMbicie. Kakoil cMmbici npuoGpe-
TafoT akcuoMsl [11 —I14 B 3T0# mATEepnpeTanmn? Kak BB ymaeTe, BEpHBI JI OHH?

13. O6bsicHATE, TOYEMY B IBYyX MPEABIAYINHAX NPUMEPAX PACCMATPUBACTCS MO
CYILECTBY OJ[HA M Ta ¢ MPOEKTUBHAS MJIOCKOCTB.

14. [Toxaxxute, 4TO €CIIM U3 NPOEKTUBHON INIOCKOCTH (CHCTEMBI TOYEK U IpSs-
MBIX, obnasatomeii cBofictBamu I11 —I14) BEIGpocHTh JIOOYIO IPSIMYIO BMECTE CO
BCEMH €€ TOYKaMH, TO HOJy4uTCs adpuHHAS MIIOCKOCTh (CHCTeMa, obJajalomas
cBoiictBamu Al —A3).

15. CkoJIbKO TOYEK B KOHEYHOM NPOEKTMBHON IJIOCKOCTH, €CJIM Ha OJHOU M3
e€ MpSIMBIX 71 TOUCK?

16. IlocTpoiiTe npuMeps! MPOEKTUBHBIX ILIOCKOCTel n3 7 1 13 Touek.

17. 3akpacere (a) 21 xiyeTky B KBajpare 7 X 7; (0) 52 KjeTKu B KBajjpare
13 x 13 — Tak, 9TOObl HUKAaKWC 4 3aKPAIICHHBIC KJICTKH HE OKA3aJWCh B yIJiaxX
IIPSIMOYI'OJIbHAKA CO CTOPOHAMU, IapajulelIbHbIMUA CTOpOHaM kBajpata. (B) Oue-
HUTE MAaKCUMAJIBHOE YHCJIO KJIETOK B KBajpatax 7 X 7 1 13 X 13, KOTOpBIE MOXHO
3aKpacHuTh, HE Hapyllasi YKa3aHHOTO CBOWCTBA.

50. CamocrosTesibHast padoTa

1. CkoJIbKO CylIeCTBYeT map IieJiblx uuced X, y ot 1 no 1000, 1ist KOTOpPBIX
x2 + y? nenwtcs (a) wa 7; (6) na 49?

2. Haiiziute cyMmMy Bcex IIECTU3HAYHBIX YKCEJ], B JIECATUYHYIO 3aIIMCh KOTOPBIX
BXOJST JIMIIb LUppel 1,2, 3, npuy€éM HUKAKKE JBE OJMHAKOBBIX NU(PbI HE UAYT
TIOJPSILL.

3. IBoe mo ouepeny OOBOAST KPAaCHBIM M CHHMM I[BETOM CTOPOHBI KJICTOK Ha
KJleTyaToi 6ymare (3a Kax/Iblil X0/l MOXKHO OOBECTH CTOPOHY OIHOM KJIETKH, €CJIN
OHa cIE He oOBelcHA JIpYruM). JIOKaKWTe, 9TO BTOPOH (CHHMII) MTPOK MOXKET
TOMEIIaTh KPaCHOMY 00pa30BaTh KPAacHYIO 3aMKHYTYIO JIMHUIO.
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4. Jlokaxure, 4yTo JyIsl BCEX JIOCTaTOYHO OOJIBIIMX 7 BBIIIOJIHEHO HEPaBCH-
ctBo 1,01" > 10n.

51. HanGoJspmii oOmmii AemmTe b

HaunGonbumit oGumii aesmrens. [lycte a u b — 1nenble ynciia, HE paBHBIC
HyJIIO O/tHOBpeMeHHO. HanGouibliiee HaTypasibHOE YMCIIO, JIeisiiee KaK a, Tak u b,
Ha3BIBAETCA MX Haubonvuuum odbuwum oenumenem n obosnavactcss HOM(a, b).
Yucna a n b nazmBaorcst 83aumuo npocmoimu, eciiu HO(a, b) = 1, To ecrp
y HHUX HET oOmux aesmredieit, kpome +1.

Haiigure HOJI cnenyiommx umced (B 3aBUCMMOCTH OT M1 U N):
nuo0;
nun+l;
nun-+6;

.2n+3u7n+6;
.n’ 4+n+1lun+s;
2" —1m 2™ —1.

JIOKa)kKuTE CIEAYIOMUE yTBEPXKICHUS:

7. Ecom HO/A(a, b) = d, 10 a/d wn b/d B3ammHO TIpOCTHI.

8. HOl(a — kb, b) = HO/I(a, b). (Eciim OT OAHOTrO YmClIA TApPBI OTHSATH
KpaTHoe Jipyroro uucia, To HOJl He mu3menurcs.)

9. Mycrts k, I, m, n — uensie uucna, juis kotopeix kn — Im = 1. Torna
HOM(a, b) = HO(ka + Ib, ma + nb).

Auroputm EBKJIMIa COCTOMT M3 1OCJIEA0OBATEJIBHOCTH 1AroB. 3a OJMH Inar
ot napsl uuceds (a, b) nepexoqum k nape (b, r), rue ¥ — OCTaToK OT JICJICHHUS
a Ha b. (OTpe3aeM OT NpSIMOYroJIbHUKa a X b KBajpaThl, IOKa HE OCTaHETCS
npsimoyroJibhuk b x v.) Ecim b = 0, TO aJiroput™M OCTaHABJIUBACTCSI.

JIOKa)kKuTe CIEAYIOMUE yTBEPXK/ICHUS:

10. Asroputm EBKinia B KOHIIC KOHLIOB OCTaHOBUTCSI.

11. HenysieBoe 4mciIO B Mape, MOJIYYCHHOM Ha MOCJIETHEM IIare ajropuTMa
EBksmna, paao HO/I(a, b).

12. Yucsio HOM(a, b) mpencraBumo B Bujie ax + by c¢ uenbimu koaddurim-
€HTaMHU X, y. B yacTHOCTH, eciin @ U b B3aMMHO HPOCTBI, TO CYIIECTBYIOT IIEJIbIC
X ¥y, s Kotopeix ax + by = 1.

13. Yucuo HO/I(a, b) nenurcst Ha Jiio00i 00mmii jaejuresp uncest a u b.

14. Jlio6oe obiee kpaTHOe ynceld @ u b JeNuTcs HA UX HAMMEHbIee obiee
kpaTHOe [0603Hauaemoe HOK(a, b)].

15. JlJist HOJNIOXKUTENIBHBIX YHCEN d, b ponsBe/icHrEe X HAUGOJIBINETO OBIIETO
JICJINTEIIs ¥ HAMMEHBIIIETO OOIIEro KpaTHOro paBHO ab.

16. Ecym ab nenutes Ha ¢, b M ¢ B3aUMHO HPOCTHI, TO @ JICJUTCS HA C.

17. Ecim ab npenurcs Ha NpOCTOE YMCIO p, TO a NEJHTCA Ha p win b
JIeJIATCSI Ha p.

AU A W=



60 3adauu 2001 — 2002 200a (9 knacc)

18. Ecim a jesmrcst Ha b v a jenures Ha ¢, npudyéM b U ¢ B3aUMHO TIPOCTHI,
To a nenmtcs Ha bce.

19. Hokaxure OcHognyto Teopemy Apugpmemuru: pasiioKCHUE HATypalib-
HOTO YHCJIa Ha TPOCTHIE MHOXKHTENIM CYIIECTBYET M €MHCTBEHHO (C TOUHOCTHIO
JI0 IEPECTAHOBKUA MHOXUTEJIEH).

JluneitHble JMO(AHTOBBl ypaBHEHUs

JOKaXXnTE CICIYIOMNE YTBEPHKICHHUS:

20. YpaBHeHHE ax + by = c¢ ¢ nensiMu ko3dgdurmentamu a, b, ¢ paspemmmo
B IIEJIBIX YMCJIAX X, y TOTJ[a M TOJIBKO Torja, korja ¢ kpatHo d = HO/l(a, b).

21. (Ilpoposvxenue) Ecim (Xo, yo) — ONHO W3 PELICHUA 3TOI0 YpPaBHCHHS,
TO BCe pelleHust uMeioT Bun (X + tb/d, yo — ta/d), tne t € Z.

Pemmre B niesibIx 4nCiaX ypaBHEHUS

22. 2001x + 555y = 1;

23. 7581x — 1761y = 15.

24. (Kwuraiickast Teopema o6 ocratkax) (a) Haiinmre umcno, cpaBHmMoe ¢ 5
1o moayio 7, ¢ 7 no monyiuo 13 u ¢ 13 no monymio 17. (6) Haitnure Bce Takue
yuca.

(8) IIpunymaiite obliee MpaBUJIIO /ISt OTBICKAHUSI YACEJI, CPaBHUMBIX C 3a/laH-
HBIMH TIO 3aJIaHHBIM MoAyJisM. ([lJ1s Havajia pa3bepuTe cily4yail B3aMMHO IPOCTBIX
MOJIyJieil; COOTBETCTBYIOLIEE YTBEPXK/ICHUAEC Ha3bIBacTCs KHUTaiCKoil TeopeMoil 06
OCTaTKax.)

25. CiyiononmoTaM — IIaxMaTHasi (purypa, ymeloliasi XoAuTb Ha m KJETOK
B OJJHOM HalpaBJICHUW U Ha n B NepHeHMKYJsipHoM. Hampmmep, koHb — 3TO
ciononoram ¢ m = 2, n = 1. Ilpu xakux (m, n) CIOHONOTAM MOXCT IIONACThb
Ha cocelHee ¢ HUM ToJie (Ha OECKOHEYHOM J10CKe)?

26. B ropose NN uMEIOT X0X/ICHHE MOHETHl B @ U b TyrpHKOB, IPHYEM YH-
ciia @ 1 b B3auMHO TpocThl. (a) JloKaXuTe, YTO JIIOOYIO JIOCTaTOYHO OGOJIBINYIO
CyMMy (B II€JIO€ YHCJIO TYTPUKOB) MOXKHO YILUIaTUTh Oe3 cjiaun. (0) Haiijure nam-
GOJIBIIYIO LIEJIYI0 CyMMY S, KOTOPYIO HEJIb3sl yIUuIaTuTh 6€3 ciauun. (B) Jlokaxure,
gro eciit 0 < § < S ¥ § TYrPUKOB HEJIb3sl yIUIATUTH Oe3 ciaud, 70 S — s —
MOYKHO.

52. OauHHAAATE 33734 IO KHHEMATHKE

1. Touka jBurajach mo npsiMOi; Ha rpacduKe [BIKCHUS
(puc. 1) nokazaHa 3aBUCUMOCTh KOOP/MHAThl TOUKUA OT BpEMe-
HH. B Kakme MOMEHTBI OHa yCKOpsulach? 3aMelIsiilach? B Kakon
MOMEHT €€ CKOpOCTh Obl1a Hanboubiieii? Hammenbineit? Hapn-
cyiiTe rpaduK 3aBUCUMOCTH €€ CKOPOCTH OT BPEMEHH.

2. Touka /iBUrasach 1o NpsIMOii; Ha rpaduke (puc. 2) MoKa-
3aHa e CKOpPOCTh B 3aBUCHMOCTH OT BPEMCHH. B Kakoil MOMEHT
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TOYKa OblIa JlaJIblie BCET0O OT HadaJIbHOTO HosioxkeHus? Hapucyiite rpaguk 3asu-
CHMOCTH €€ KOOPJMHATBl OT BPEMCHHU.

AX AV

T~

N
~

S <

b ————p

Puc. 1 Puc. 2 Puc. 3

3. (a) Touka aBwxkeTcsi Mo npsiMoi, B MoMeHT ¢ € [0, 1] e€ koopuunara
paBHa t2. B Kakoil MOMEHT €€ MIHOBEHHAsI CKOPOCTh PaBHA CPE/IHEN CKOPOCTH Ha
npoMexyTke [0, 1]? (0) Tot ke Bompoc, eciim KOOpANHAaTa B MOMEHT ! paBHa 3.

4. N3 nynkra A B nynkT b BblE) Axmiuiec, netisisi o jecy. Yepes Heko-
TOpPOE BpeMsi U3 A BBINOJI3JIA Yepenaxa, KOTOpasi B KaX/blii MOMEHT [IBUTaJ1ach
TOYHO B HampaBjieHMH Axmijieca. Yepe3 HekoTopoe Bpems nocie Axmiuieca B b
npubblIa U yepenaxa. JlokakuTe, 4TO IPOMHJCHHBIA €I0 NyTh HE OOJIbINE ITyTH
Axmuigeca.

5. Camon€ér, BbuleTeB U3 MOCKBBI, JIETUT C TIOCTOSTHHON CKOPOCTBIO U ITOCTO-
ssHHBIM asuMyToM 45°. Korma m xyzna o momanér? (Ecim 6b1 OH JieTel ¢ Toi
JKE CKOPOCTBIO TOYHO Ha CEBEp, TO IpumileTel Obl HAa CEBEPHBI mojoc uepes 12
4acoB. )

6. JIBa xopabiisi O(HOBPEMEHHO OTILIBIBAIOT OT /BYX TOYEK IpsIMOro Oepera
Mopsi, OTCTOSINUX Ha paccrosiue 1. OnuH kopabulb JBIXKETCS CO CKOpPOCThiO 1
NIepIICHANKYJISIpHO Oepery. Bropoii kopabiib ABIKETCS C TOM )K€ CKOPOCTHIO, BCE
BpeMs Jiep>ka Kypc Ha nepsbiii (puc. 3). KakoBo Oyner paccrosiHue Mexiy Ko-
pabiisiMu yepe3 GOJIBLION TPOMEXKYTOK BpeMeHU?

7. Uccnenys majeHue Tell, OTHYIICHHBIX 0c3 HAYAJBHON CKOPOCTH, YUCHBIMA
BBIJIBAHYJI THIIOTE3y: CKOPOCTh PACTET NPONOPLHUOHANIBHO IPOHICHHOMY TEJIOM
myTy. Iokaxxure, 4TO 3Ta IMIOTE3a HE TOJIBKO IPOTUBOPEUYMT OIBITY, HO U BHY-
TPCHHE IIPOTUBOPEUMBA.

8. CkopocTb OCTBIBaHHS 4Yas IPONOPLMOHAJIBHA Pa3sHULIC MEX/Y TEMIEpaTy-
poii yasi 1 KOMHATHOM TeMmreparypoil (KOTOpyIo Mbl HIpuHMMacM pasHo# 20°). 3a
20 munyT 4ait octeil co 100° 10 30°. Yepes CKOJIBKO BPEMEHH OH OCTBIHET €IIE
Ha 5°?

9. OnuH KOHEl, 2JIACTMYHOrO IHypa (HauvasbHas JumHa 1 M) 3aKkperuién, a
Jpyroit TSHYT cO CKOpocTbIo 1 M/c. MypaBeil HOJI3ET 1O IIHYpPY C HOCTOSIHHOM
CKOpOCTBIO B 1 MM/C, HauaB C 3aKpENJIEHHOTO KOHIA. JIOMOJI3ET JIM OH XOTh
KoTr/ia-HUOY/b 10 JIpyroro KoHna?
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10. Touka ABMXKETCS IO NPSIMOMA, IPUYEM €€ CKOPOCTD IIPOIIOPLIMOHAJIbHA pac-
CTOSIHMIO OT Hayajla KOOp/IHAT: HauMHasl /BIDKCHUE Ha PacCTOSTHUM 1 M OT HavaJa
KOOpP/IMHAT, OHA JIBIKETCSI CO CKOPOCTBIO 1 M/cC, OTOiis1 OT Hauajla Ha 2 M, OHa
JIBIDKETCSI CO CKOPOCTBIO 2 M/C ¥ Tak jajee. Yepes ceKyH/y mociie Hadalja J[BH-
JKCHHS OHA ObliIa Ha PacCTOSIHMM € METPOB OT Hadaja koopjuHat. (a) Haitnure e
¢ ommbKoi He GoJiee ueM B /iBa pasa. (0) Jlokaxkure, 4TO UMEIOT MECTO HEPaBEH-
cma (1+1/nm)" <e< (1+1/n)"*.

11. Touka yjansiercst o NpsSIMON OT Hayasla KOOPJMHAT, IIPUYEM CKOPOCTh €€
yllaJIcHHsl TIPOTIOPLIMOHAJIbHA KBAJ[paTy paccTosiHUs 0 Havasa. [lokaxkure, 4to
OHa «yWIET B GCCKOHEYHOCTB» 32 KOHEWHOE BpeMsi. BepHo im 31O, ecim CKo-
POCTB yZaJICHUs! IPONOPIMOHAJIEHA PACCTOSIHUIO JI0 Hadasla KOOP/IMHAT, a HE €ro
KBazipaty?

53. IlpecOpa3oBanus

Ar g >y
A Ay A

OceBast cummetpust  LleHTpanbHast cuMMeTpust

[lpu ocesoii cummempuu OTHOCHTEJIBHO IpsiMOM [ Kaxkziasi Touka A mepe-
xomuT B Touky A’, Juist KoTOpOii orpesok AA’ meprenavkyisipen npsimoit [ u
neymrcest et monosiaM. (Toukw npsiMoit [ ocTaioTcst Ha MecTe.)

1. Jdaubl jiBe Touku A u B 1o ojHy cTopoHy oT mpsiMoii [.

[Mocrpoiite Jiyy, BHIXOASIIMIA U3 TOYKU A u nonajamomuii B TOYKY A < . B
B nocinie oTpakeHus B npsMO#i [, TIpH KOTOPOM YroJl HajieHus pa- i Ve
BEH YNy oTpaxceHus. (YkazaHHe: IOCBeTUTe (POHAPHKOM Ha CBOE !
OTpax<eHHE B 3epKalle.)

2. Jlanbl 1Be TOukM A u B 1o pasubie cTOpoHHI OT TipsiMoit /. TlocTpoiiTe Ha
npsiMoit | Touky C, niist KOTopoii mpsivasi [ siBJisieTCst GUCCEKTPH-

coit yrna ACB. *B
3. Manel e Toukn A U B 110 oany cropoHy OT npsimoit [. A~ 3//
[MocTpoiiTe TOUKy Ha TIPSIMOMA, JUIsi KOTOPO# YroJl HajicHUs! BIBOE !

MEHBIIE yIJla OTPaKCHUSI.

4. TIpaBuibHBIA TPEYTOJLHUK TIEPEKATHIBAIOT MO IJIOCKOCTU BOKPYT €I CTO-
POH (Ha KaXk/IOM 1I1are O/IHa U3 BEPUIMH OTPAXKAETCs CHMMETPUYHO OTHOCUTEJIBHO
IIPOTHBOIIOJIOKHON CTOPOHBI). Uepes HECKOJIBKO IIaT0B TPEYTOJBHUK BEPHYJICS B
HCXOJ{HOE II0JI0XKEHUE. MOryT JId IIpU 3TOM BEPLIMHBI IOMEHATBCS MECTaMu?

Ocbro cummempuu urypsl I' HaspBacTCsl IpsiMasi, IIPA CUMMETPHH OTHO-
CUTEJIbHO KOTopoii ¢urypa [ mepexomur B cedsl.
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5. ®urypa umeer /iBe napajuliciibHble OCU CUMMETpUM. JIOKaXuTe, 4TO OHA HE
orpaHMYeHa (HE MOXKET OBITh 3aKJIIOUCHA HU B KaKOH NPSMOYTOJIBHUIK).

[lpu yenmpanvHoii cummempuu OTHOCUTEJIBHO Touk O Kaxzas Touka A
nepexouut B Touky A’, mist kotopoit O siBisietcs cepeunoit otpeska AA’. (Tou-
ka O ocraércsa Ha Mecre.)

6. Kak mpoBecTu uepe3s /JaHHYIO TOYKY TPEyTOJIBHOTO TOpTa pa3pe3, YTOOBI
TOUYKa OKasajachk B cepe/uHe pazpe3za? CKOJIBKO pellleHMil MOXET MMETh 3aja4a?

7. Bosiee nosoBUHBI Kpyra NOKpalleHO B YEpHBIA LBeT. JIOKaXXUTe, 4TO €CTh
JIBE YEPHBIC TOUKHM, CUMMETPUYHBIE JIPYT JIPYTy OTHOCUTEJIBHO LICHTpa Kpyra.

8. Moxer Jiu orpanuueHHas ¢purypa uMeThb JiBa nenrtpa cummerpun? (Llenmp
cummempuu GUrypsl — TOYKA, IPU CUMMETPHI OTHOCHUTEJIBHO KOTOPO# (urypa
nepexouT B cebsl.)

A’ Alr
./'Q A”’A
P (0

IMapaienbneiii nepesoc  IoBopor

Tpu napannensHom neperoce Ha Bektop PQ Kakias Touka A TIEpEXO/UT B
Touky A’, mis koTopoit oTpe3ok AA’ paBeH u mapajuiesien PO u HanpaBlieH B TY
K€ CTOPOHY.

9. HepeBrn A U B pacnosioeHbl IO pasHbIE CTOPOHBI PEKH € ITa-
pajuienbabiMu Geperamu. [Mocrpoiite Mmocr XY, nepneHukysisipHbIi :
peke, mist koroporo orpe3skn AX m YB napasuiesbnbl. J{okaxure,
YTO TaKoe IOJIOKCHHE MOCTa 1aéT KpaTvaiimmit nyts m3 A B B (no —+——
CPaBHEHHMIO C JIDyTYIMA BapMaHTaMH, KOTJla MOCT HEpICHAUKYJISpeH A
peKe).

10. I'ne HajIO MOCTPOUTD NEIIEXO/HBIE NEPEXO/bl Yepe3 NEepIEH-
JWIKYJISIPHBIC IIOCCE Pa3HON IIVPHMHBI, YTOOH! IyTh MEIMEX0/la W3 JAHHOW TOUYKH A
B JIaHHYIO TOUKY B (B IPOTHBONOJIOXKHBIX KBapTalax) OblI Kak MOXHO Kopoye?

11. Bosiee 60% nuioima m eMHAYHOTO KBaJjpaTa MOKPALICHO B YEp-

HbIA 11BET. JIOKaXXUTe, UTO €CTh JIBC YEPHBIC TOUYKM HA PACCTOSIHUU
0,01. J LA

12. (ITponosrkenne) ToT ke Bompoc, ecyiu MokpaieHo 6ojee 40% ;Hf—
KBaJ[paTa.

Tosopom eokpyz mouku O Ha y2on o NEPEBOJUT KaXIYIO TOY-

Ky A B Touky A’, juis xoropoit OA = OA’ u yron AOA' pasen o (1 HanpaBiieH
B OJHY M Ty € CTOPOHY /JIsi BCEX TOUEK A).
13. Ilo oty cTOpOHY OT OTpe3ka AB TOCTpOEHBI NpaBHUJIBHBIC TPEYTOJIBHIKA
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ADC un CEB. Jlokaxute, uro touka C (yiexamas Ha otpeske AB) oGpasyer
PaBHOCTOPOHHMIA TPEYTOJIBHUK C cepeaimHamy oTpeskoB AE m DB.

14. Bosnee 1/3 xpyra (1o mjolajy) MOKpalleHO B YEpHBIA IBET. [Jokaxure,
YTO CYIIECTBYIOT JIBE YEPHBIC TOUKH, IIEPEXOSIIAE JAPYT B [pyra IIpH IIOBOPOTE
BOKpYT LieHTpa Kpyra Ha 120°.

15. U3 touku O nposepeno 30 Jiyuel, jeisiuux IUIOCKocTs Ha 30 yruios.
Hx ckomupoBaii Ha KaJlbKy UM HOBEPHYJIM Kayibky Ha 120° Bokpyr O. [lokaxure,
9TO JINOO OJMH M3 JIydel HAJIOKHUTCS HA JPyroi, ymbo B oxuH m3 30 yrijoB He
NONAZIET HA OJHOIC M3 HNOBEPHYTHIX JIyYeH.

54. I'padbl u npyrue 3ajaun

1. Moxno Jm 06oiitn 10cky 3 X 4 x010M
IIaXMaTHOTO KOHSI, MOOBIBAaB HAa KaXJIOW KJIET-
K€ 10 OJTHOMY pa3y M BEPHYBIIKCH B MCXOJHYIO
KJICTKY?

2. JIoKaxkuTe, YTO U3 JIIOOBIX IIECCTH YEJIO-
BEK MOXXHO BBIOpaTh JIMOO TPEX MONAPHO 3HAKO-
MBIX, JMOO TPEX MOmapHO He3HakoMbIX. (Ecim
A 3nakoMm ¢ B, To n HaoGoporT).

3. JIokaxXuTe, 4TO B JIIOOOH KOMIIAHWH YH-
CJIO JIOJIEH, Y KOTOPBIX HEUETHOE YUCIIO 3HAKO-
MbIX (B 3TON KOMIIAHWM), YETHO.

4. Jlokaxute, 4TO B JIIOOOH MOMEHT (hyT-
OOJILHOTO TypHHpPa B OAWH Kpyr (Kaxsjas
KOMaH/]a MTrpaeT C KaxJoi N0 pa3sy) ecTb JBe
KOMaH/Ibl, ChIIPaBIIME OJIMHAKOBOE YUCIIO MaT-
YeH.

5. JIBagnath nsTh IIKOJIbHUKOB peliajid He-
CKOJIBKO 3ajla4; KaXKJyIo 3ajlady peIIM /iBa
IIKOJIBHUKA M KaXXIbli INKOJIBHUK PEIIUI JIBE
3a/iaun. (a) Jlokakure, YTO MOXKHO TaK Opra-
HI30BaTh pa3bop 3aja4, YTOOBI Bce 3a/aud OBUIN pacCKa3aHbl 10 OIHOMY pasy U
KaX</Iblil IIKOJIBHMK PacCcKasajl 1Mo OJ[HOW M3 PEIEHHBIX UM 3a/1a4. (0) Jlokaxwure,
YTO YMCJIO CHOCOOOB 3TO C/ICJIaTh €CTh CTEICHb JIBOMKH.

6. Jlokaxkute, 4TO y JI0OOTO BBIIYKJIOTO MHOTOTPaHHUMKA €CTh [JIBE T'PaHM C
OJIMHAKOBBIM YKCJIOM CTOPOH.

7. MoXHO JI1 pacnoJIoXWTh BCe TPEX3HAUHBIE UMCIIA, HE OKAHYMBAIOIIUECS
nyJismz (ot 101 70 999) B mociie10BaTENRHOCTE TaK, YTOOBI MOcieHss 1mdpa
Ka)X/I0TO YHMCJIa PaBHAJIOCH NIEPBOM LU(pe CIEAYIOIETo 3a HUM?

ITycTb naHO HEKOTOPOE MHOXKECTBO GEpUUUH, W HEKOTOpBIE Maphl BEPIIMH CO-
€IMHEHB! pébpamu. MBbl Tpe/oiaracM, 4to pebpo COe/IMHSET pa3Hble BEpPUINHBI
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(HeT meTeJb) W YTO JIaHHAs I1apa BEPIIMH MOXKET OBITH COE/IMHEHA HE OoJiece 4eM
onHUM pebpoM. (PopMallbHO: HEKOTOphIC HEYNOPSIOUYCHHBIC Naphl BEPUIMH BBI-
JIcJICHBI ¥ Ha3BaHbl pEOpamu.) [Ipumepsl: (a) BepmmHbl rpadpa — Joay; pEdpaMu
COE/IMHEHBI 3HAKOMBbIE; (0) BepIIMHBI — KJIETKH IIaXMaTHOH ZI0CKH; pEbpamm co-
€/IMHEHBI Iaphbl KJIIETOK, OTCTOSINUE Ha XOJ KOHH; (B) rpad MMeeT 1 BEpLIMH U
Kak/lasl I1apa BEPIIMH COEMHEHA PeGpoM.

8. (a) Ckoubko pebep y rpadoB B /1Byx nociieinux npumepax? (0) . ..y rpada
x0/10B (5, 8)-ciyiononorama Ha jiocke N x N? (B) Ckousbko cyuiecrByer rpagos
C JIaHHBIM MHOXXECTBOM BEpPIINH?

Bepumnel rpaga yacto n300pakaioT TOUKaMu, a pedpa — COCAMHSIOIIMYI X
JmausiMA. (JIMHUM MOTYT TepeceKaThesi M HE B BEPIIMHAX, TAKAC TIEPECCUCHUS HE
CUHTAIOTCSI. )

9. Ipap ceszen, ecim n3 MoOGON BEPIIMHBI MOXXHO NIPOUTH B JIOOYIO IO pé-
6paMm. (a) [lokaxkuTe, 4TO B CBA3HOM rpade ¢ # BepllMHaMH He MeHee (n — 1)
pEbep. (6) okaxnTe, YTO €CIIM CBSI3HBIN rpad ¢ 71 BEPIIMHAMH TIEPECTAET OBITh
CBSI3HBIM TIOCJIE y/IaJieHHs Jiioboro pebpa, To B HEM poBHO (1 — 1) pébep. (B) Ka-
KO€ MaKCHMAJIbHOE YHCJIO pEGep MOXKET OBITH B HECBSI3HOM rpade C 11 BepIIHAMA?

10. [Jokaxmute, 9TO B JII0OOOM CBSI3HOM Tpade HAWIETCs BEpIINHA, MOCIE yIa-
JICHHsI KOTOpO# (BMecTe CO BCEMH IPHMBIKAIOIMMA K Hell pébpamu) rpad ocra-
HETCS CBSI3HBIM: €CJIM B CETH METPO M3 JIIOOOH CTaHIMM MOXKHO IIpOEXaTh B JIO-
0y10, TO MOXXHO 3aKpbIThb OJIHy M3 CTaHLUI (3alpETUB IIPOEHKATh Yepes He€) C
COXPAHEHUEM 3TOI'0 CBOICTBA.

11. Jokaxwure, uTo eciu B rpadpe péOep HE MEHBIIE, YEM BEPIINH, TO B HEM
€CTh YUKJ — TyTh IO PEOpaM, BO3BPAIIAIOLIMICS B MCXO/HYIO BEPUIMHY M HE
MIPOXO/SIIUA HU 110 OJHOMY peOpy IBaXK/bl.

JDiinepos yukn — 3TO IUKII, IPOXOJALINIA IO BceM pEOpPaM POBHO 110 OJJHOMY
pasy. (Hpyrumum cioBamu, TpeOyercss 0OBECTH HApHCOBaHHBIA Ha Gymare rpad,
IPO#/isl IO KaXKAOoMy peOpy IO OJHOMY pa3y, W BEPHYTHCSI B HCXOJHYIO TOUKY.)

12. MoHO J1 HaiiT! 3iJIepoB IMKJ B rpad)ax Ha pPUCYHKe?

13. 3akoHunTE U JJOKAXXUTE YTBEPXK/JCHUE: Tpadh UMeET diliiepoB
LUKJI TOT/a U TOJBKO TOTZA, KOIJja OH CBSI3CH W . . .

14. Cmenensio BeplinHbl B Tpade HA3bIBACTCS YHUCIIO BBIXOJS-
mmx u3 He€ pEbep. JlokaxxkuTe, YTO CyMMa CTENCHEN BCEX BEPIIVH B
Jo6om rpade uéTHa.

15. Hokaxwute, 4To B JiI0OOM rpadge ecTh JiBe BEPLUIMHBI OJIMHA-
KOBOW CTEIICHH.

16. JlokaxkxuTe, YTO MOXKHO PacHOJIOKUTH 10 Kpyry 128 nHyieit u
€/IMHUL TaK, 4TOOKI J1f00asi TPyNIa 13 CEMH HYJICH M €IMHHLL BCTpE-
yajiach (HOZpsil) POBHO IO OJJHOMY pasy.

17. B mKoJie HECKOJBKO KPY>KKOB, IPHYEM HEKOTOpPBIE IIKOJIBHUKH XOAST B
HECKOJIBKO KPY>KKOB Cpasy. 3aByd XO4eT Ha3HAYHUTh B KaXKJIOM KpY>XKe CTapocTy

0
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(13 9mca YYaCTHWKOB), NMPUYEM HUKTO HE JIOJDKCH OBITH CTapOCTON HECKOJIb-
KUX KpyXKoB. [TokaXkuTe, 9TO 5TO HEBO3MOXKHO B €IMHCTBEHHOM CJIydae: Korja
(131 HEKOTOPOTO 1) €CTh 1 KPYXKOB, OOBEAWHEHNE KOTOPBIX COAEPKHUT MEHEE
1 y9aCTHHKOB.

18. Kaxxiplit U3 1 MIKOJILHUKOB pelIvIl 5 3a7ia4, IPUYEM KaxK1ylo 3a/lauy pe-
IIUIA POBHO 5 IIKOJIBHUKOB. JIOKaXkMTE, YTO MOXKHO OPraHM30BaTh pazbop 3a/au
Tak, 4TOOBI KaX/(blil IIKOJIBHMK PACcCKa3ajl KaKylo-TO W3 PEHICHHBIX MM 3aj[a4 1
Kax/1as 3a/1a49a OblJIa paccKazaHa Mo O/IHOMY pasy.

19. B GeckoneuHoM rpade Kaxk/ble /IBE BEPIIMHBI COC/AUMHEHBI peOpoM — JIH-
60 KpacHBIM, JINOO CHHUM. JIOKaXWTe, YTO MOXXHO HaWTH OECKOHEYHOE YHCIIO
BEPIIKH, KOTOPBIC COC/IMHEHBI JIPYT € JIpyroM pEOpaMu OZHOTO IBETA.

20. [TokaxwuTe, 9TO W3 JIOOOro GECKOHEYHOIO MHOXECTBA TOYEK, HUKAKHUC
TpPU W3 KOTOPBIX HE JIEXKAT Ha OJIHOM NpsIMON, MOXXHO BBIOpATh YETHIPE TOUKH,
JISKAIWE B BEPIIMHAX BHIMYKJIOTO 4-yrOJIBHUKA.

21. Tor e Bompoc JyJist 5-, 6-, ..., n-yroJibHUKA.

55. Komnozunms npeoOpa3oBaHmit

Komnosuyueii npeoGpazosannit I u G naseiBaercs npeo6paszobanue F o G,
KOTOpOE HOJIy4uTCsi, e€ciii CHauajia npumenuts G, a morom F. dopmaibHO:
FoG :x+— (FoG)(x) = F(G(x)). Obparure BHUMaHuE Ha TO, YTO B
TIPUHATOM HaMM 3aIllFCH IpeoOpa3oBaHMs BBINOJHSIOTCS «CIIpaBa HaJICBOY.

1. llycte Sa u Sp — npeoGpazoBaHus ICHTPAJIBHON CHMMETPHU OTHOCHTEIIb-
HO Touek A u B. Yemy paBHa ux xomnosuiusi Sg o So? CoBmajaer Jin oHa C
S4 0 Sg?

[Ipeobpa3oBanne, KOTOpoe OCTaBISICT KaXAYI0O TOYKY Ha MeECTE, HasbIBAIOT
mooicdecmaenHbiM 1 o6o3Hadaor 1. Hanpumep, ecim A = B, 1o xomno3uuust
SB 0S4 — TOXJECTBCHHOE NPeOOpa3OBaHKE.

2. Mycts S; u S,, — npeoOpa3zoBaHUsI OCCBOWM CUMMETPUH OTHOCHUTEIIBHO
npsmbix [ u m. Haiijure mpeoOpasoBanue S, o S;. (Ykazauue: paccMoTpute
Cllyuay TIapaJijieNIbHbIX, MIEPECEKAIOINXCSI U COBMA/IAIOIINX OCEH CUMMETpPUM. )

3. Kakoe npeobpazoBanue sBIsieTCs (a) KOMIIO3HIWCH JBYX MapaJulCIbHBIX
nepeHocoB? (0) KOMIO3MIMEH NEpeHoCca U IIEHTPaJIbHOM cuMMeTpun? (YKa3aHUe:
TIEPEHOC MOXKHO TIPE/ICTAaBUTh KaK KOMIIO3MIMIO /IBYX IICHTPAJIbHBIX CHMMETpHIA. )

4. Mlycte R§ — mpeobpasoBanue 1oBopora BOKpyr Touku O Ha yron o
(npotuB yacoBoi crpeiiku). (a) UeMy paBHa KOMIIO3MLMSI RgRg MIOBOPOTOB C
onnum nentpom? (6) Yemy paBHO npeoOpasoBanue R o R o ... o R (19 pa3),
ecim R — npeoGpaszoBanue HoBopora Ha yroi B 19°?

5. ®durypa nepexoxut B ceOst Ipu MOBOPOTE HAa 35° BOKPYT HEKOTOPOH TOYKH.
JlokaxuTe, YTO OHAa MIMEET LICHTP CUMMETPHH.

6. Ecim R — moBopoT Ha 72° BOKpYI HEKOTOPO#l TOYKH, TO BBIIOJIHEHO
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paBeHCTBO RoRoRoRoR = 1, a KOMIIO3UIIUSI MEHBIIETO YKCIIA IIPeOoGpa3OBaHMil
R e paBna 1. Ykaxute emg onHo npeoGpazoBanre R C TeM >Ke CBOWCTBOM.

7. HaiiimTe KOMIIO3MIIMIO OCEBOW CHMMETPHHM M IOBOPOTA C IICHTPOM, JIeXKa-
MM Ha OCH CUMMETpPHH (B TOM M JIpyroM mopsijike). (YKazaHue: HOBOPOT MOXHO
TIPE/ICTAaBATh KaK KOMIIO3MIMIO JIByX OCEBBIX CHMMETpHIA, IIPU 3TOM €CTh IIOJIC3HAs
cBoboz1a B BBIOOpPE OCEA. )

8. JlokaxkuTe, 9YTO KOMIO3MLIMS JIBYyX TIOBOPOTOB (BOOOIIE rOBOpPSI, HA pPa3HbIC
yIJlbl ¥ C Pa3sHBIMM LEHTPAMHU) €CTh IIOBOPOT MJM INEPEHOC. (YKa3aHue: NOBOPOT
€CTh KOMIIO3WIHS JIByX OCEBBIX CHMMCTpHIA).

9. Ilyctp S; — cUMMeTpHsI OTHOCHTEJIBHO TpsiMoit [, a T, — HapaJuIesIbHBbIiA
nepeHoc Ha Bektop v. (a) B kakom ciyuae Sjo T, = T, 0S5;? (6) B xakom ciyuae
npeoGpazoBanue Sy o T, sIBIsieTCs1 OCEBOI cMMMETpHEi?

Ecim BexTop v mapajuielieH npsiMoit [, To npeobpasoBanue Sjo Ty, = Ty, 05
Ha3bIBaCTCsl CKOMb3siWjell cummempuedi.

10. Wcmonp3ys npenpiymue 3a/1a4d, 3aMO0JHATE KIETKA «TabJAIbl YMHOXe-
HUsIY, YKa3aB Jylst KK/IOU KIICTKY, KaKhe IpeoOpa3oBaHUsl TaM MOTYT BCTPETHTb-
cst:

LIEHTpaJIbHas ocesast HEPEHOC | IOBOPOT
CUMMETpHUS | CHMMETpHS
LICHTpaJIbHasi CUMMETPHUSL ? ? ? ?
oCeBas CUMMETPHUS ? ? ? ?
TIEPEHOC ? ? ? ?
TIOBOPOT ? ? ? ?

11. (a) Ilpuaymaiite cnoco® pas3jelUTh pacCMOTPEHHBIE HaMH IIpeoOpaso-
BaHUS HA COXpaHsowjue opueHmayuio u obpawjaioujue OpueHmayuro TaKuM
o0pa3om, 4TOObI KOMIIO3MIIUSA ABYX IIPeOOPa30BaHMI OJJHOTO THIIA COXPAHSIIA OPH-
CHTAIMIO, 2 KOMIIO3UIMS /IBYX IpeobGpa3oBanuii pasHoro — obpamana. (6) [loka-
JKWUTE, 9TO TaKOe pas/ieJICHNE MOXKHO IMPOU3BECTH EIMHCTBEHHBIM 00pa3oM (ecim
TOJIBKO HE CUMTaTh BCE NpeoOpa3oBaHMs COXPaHSIOIMYI OPHEHTAIMIO) .

12. (a) Jokaxure, 4TO KOMIIO3MIMSI YETHIPEX LICHTPAJIbHBIX CHMMETPHIA C
uentpamu A, B, C, D sBnsietcs: napaiuielibHbIM niepeHocoM. (6) B kakom ciyuae
3Ta KOMIIO3ULIMSL SIBJISIETCSI TOXK/IECTBEHHBIM npeoOpasosanueM? (B) Kax BeBecTn
OTCIO[a, 9TO CEPEIMHBI CTOPOH JIOOOrO YETHIPEXYrOJIbHIKA 00pasyloT mapaiijie-
Jlorpamm?

13. (a) HdoxaxkuTe, 4TO KOMIO3UIIMS TSITA LIEHTPAJIbHBIX CUMMETPHIA SIBJISIETCSI
LICHTpaJibHOM cuMMeTpHeil. Kak mocTponTts €€ LEHTp, €ciM W3BECTHB! IICHTPHI
TISITH WCXOAHBIX cMMMeTpmii? (6) Kak BOCCTaHOBHUTE MSITHYTOJIBHUK, €CJIM OT HETO
OCTaJIACh TOJIBKO CEpPEIMHbI CTOPOH?

14. HaiinuTe KOMIO3UIMIO IICHTPAJIbHBIX CUMMETPHI OTHOCUTENIBHO BCEX BEp-
IIMH IPaBUJIBHOTO #1-YTOJIBHUKA (B3SITBIX B MOPsiIKE 00X0/la MHOTOYTOJIbHUKA) .
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15. Jokaxkute, 4To ecim purypa UMeEeT JBE OCH CUMMETPUM, KOTOPbIC HE
TIEPICH/IUKYJISIPHBI, TO OHa UMEET U TPETBIO OCh CUMMETPUH.

16. (a) HaiiniuTe KOMIO3MIMIO OCEBBIX CHMMETpPHII OTHOCHUTEINIBHO TPEX OuUC-
CEKTPHUC TpeyroJibHUKa. (YKazaHHUe: BIIMIIUTE B HETO OKpy»HOCTh.) (0) Kak Boc-
CTaHOBUThH TPEYTOJIBHUK, €CJI OT HETO OCTAJIACh TOJIBKO OMCCEKTPHCHI M O/lHA W3
BEpIINH?

17. JokaxkuTe, 4TO €CJId TP OCH CUMMETpUM (PUIYpbl HE HPOXOUST 4epe3
OJiHy TOUKYy, TO (PUI'ypa HE OrPaHHYECHA.

18. (a) Mycts A, B 1 C — npou3BoJIbHBIC TOYKH. J{OKaXXHUTE, UTO KOMIIO-
3UIMSI TOBOPOTOB Ha 120° (B OZIHY M Ty € CTOPOHY) OTHOCHTEJIBHO TOUek A, B
u C sBisieTcsl NapaJlJielIbHBIM TepeHocoM. (6) [pu KakoM pacIoJIOKEHHUH TOYCK
A, B n C 10T nmepeHoC sIBIISICTCSL TOXK/ICCTBCHHBIM IIpeoOpasoBanneM? (B) Ha
CTOpOHaX TPEYTOJIbHUKA BO BHEIIHIOIO CTOPOHY IOCTPOCHB! PaBHOCTOPOHHHUE TpE-
YTOJIbHUKY. JIOKaKHUTE, YTO UX LICHTPH! 00pa3yloT NPaBUIIBHBIN TPEYIOJIBHUK.

56. [IBmxeHust

Ilpeobpa3sosanue niockocmu — 3TO NPABUIIO, KOTOPOE JUIsl KaXK/I0M TOYKH
IUIOCKOCTH YKa3bIBaeT, Ky/Ja 3Ta TOYka nepexouut (obpa3 aroit Toukm). Ilpe-
o0paszoBaHue Ha3bIBACTCS 0BUIICEHUEM, €CIIM OHO COXPAHSIET PacCTOsIHMSI, TO €CTh
paccTostHAe MexX/y JIOObIMH JIByMsI TOUKaMH PaBHO PAacCTOSIHHIO MexXy UX oOpa-
3aMH.

1. TIpoBepbTe, uTO (a) BCe pacCMOTPEHHblE HaMU NpeoOpa3zoBaHMs (CHMMe-
TPUHM, TIOBOPOTHI, TIEPEHOCHI) SIBJISIOTCSI ABMKCHUSIME; (0) KOMIO3MIMS JIOOBIX
JIByX IBVOKCHWI SIBJISICTCSl JIBFDKCHUEM; (B) €CIIM TPHW TOUKM JIGKAT HA OJHOM
TIpSIMOH, TO M UX oOpa3bl IpH JBMXCHUHM JIeXaT HA OHOM IpsMOl; () eci TpA
TOUKM HE JIeXaT Ha OJIHOHM IpsMOIi, To M UX 06pa3sl IPH JBIKCHUM HE JIeXaT Ha
OJ/IHOM IIPsIMOA.

2. [IpoBeprbTe, YTO JBIKCHUE NEPEBOAUT (A) IPSIMYIO B IIPSIMYIO U (0) OKpyX-
HOCTh B OKpY>KHOCTh. (B wacTHOCTH, Ha/10 IpOBepUTh, 4TO 0Opa3 IpsSMON WiM
OKPY>KHOCTH — BCsl IIpsiMas WM OKPY>KHOCTb, a HE IIPOCTO €€ 4acTh.)

3. (a) MoxHO 11 1300pasuTh Ha KapTe y4acTOK IOBEPXHOCTH (CKaXkeM, 3eM-
HOTO) IIapa C TOYHBIM COOJIOZICHWEM MacliTaba (OTHOIIEHUE pacqTOSIHUM, M3Me-
PEHHBIX IO MOBEPXHOCTH IlIapa, M PacCTOSIHUI Ha KapTe JOJKHO OBITh MOCTOSH-
HBIM)? (6) TOT e BOIpOC ISl yYacTKa KOHYCA.

4. JIBr>XKCHHME OCTABJISIET HA MECTE TPH TOYKH, HE JICKALIUE HA OJHOMU IIPSIMOIA.
Jloka)kuTe, 9TO PTO — TOXKAECCTBEHHOE Ipeobpa3oBaHue (1106asi TOUKA OCTAETCs
Ha Mecrte). (YKa3zaHue: TeOMETPUYECKOE MECTO TOYEK, PaBHOYJAJIIEHHBIX OT JIBYX
JIAHHBIX — TIpsMasi.)

5. (a) /IBmxeHue ocTaBJIsIET HA MECTE JIBE pasHbIC TOYKH. JlOKaXXHUTe, 4TO 3TO
Jmbo oceBasi CHMMETpHS, MO0 TOXJECTBEHHOE NpeobpasoBanue. (0) JBmkeHue
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ocraBiisieT Ha MecTe Touky O. Jlokakute, 4To 3TO JMbGO OCEBasi CAMMETpHSI OTHO-
CHUTEJIBHO IpAMOH, Ipoxoasueil yepes Touky O, 6o moBopoT Bokpyr Touku O.

6. (a) JlokaxmTe, UTO JBMXXCHHE MOXXHO BOCCTAHOBHTh, 3Hasi OOpa3hl TPEX
TOUEK, HE JIeKalMX Ha O/HOM mpsiMoi. (0) Jlansl nBa Jryya. CKOJIBKO CYIECTBYET
JIBYDKEHUI, TIEPEBOJISIINX TIEPBbIN N3 HUX BO BTOpoi? (B) TOT ke BOIpOC JUIsl ZIBYX
JIaHHBIX OTpe3koB. (T) ToT ke BOHpOC JUIsl IBYX JIaHHBIX TPEYTOJIbHUKOB.

7. Hoxaxute, 4TO JI000OC /IBIDKCHUC SIBJISICTCS. KOMIO3MIMEH JIBYX WMJIM TPEX
OCEBBIX CUMMETPHIA.

8. (Ilponosokenune) Beisenure orciona meopemy Lllansi: Bcsikoe JBu>KeHME
ecTb Jub0 MOBOPOT, JIMOO MEPEHOC, JIMOO OCEBasi CUMMETPHS], JIMOO CKOJIb3sIast
CHMMETpHSI.

9. Jlanbl /iBa paBHBIX HemapajuiebHbX oTpeska AB u A'B’. Jlokaxure, 410
naiin€rca Touka C, s koropoii Tpeyrosisaukun ABC u A'B’C pashbl

10. /IBe MalmHbl €yT 1O JIByM HEPECEKAIOIMMCS IIPSIMBIM JIOPOTaM C OCTO-
SIHHOW CKOPOCTBIO. JIOKaXHTE, YTO MOXHO IIOCTaBUTh MUJIMIMOHEPA TaK, 4TOOBI
B 1000 MOMEHT OH OBLJl PaBHOYJAJIEH OT HHX.

11. Haiijute Bce ABMXKEHUSI, TIEPEBOJSIIIE OCh abCIEICC B OCh OPJIMHAT.

12. Cummetpueii ¢urypsl Ha3bIBacTCsl JIBIDKCHHE, TIPH KOTOpPOM 3Ta ¢urypa
nepexomut B ce6s1. (a) CKOJIBKO CHMMETpHIi (CUMTasi TOXKICCTBEHHOE Tpeobpaso-
BaHme) y kBajpaTa? (6) ... y OpaBHJIBHOTO n-yroJibHEKA? (B) Ykaxwure Gurypy,
MMEIOLYIO POBHO 5 CUMMETPHIA.

13. Ilycts ¢ — HekoTOpoe KoMIUIekcHoe umcyo. (a) IIpu xakux c¢ mpeobpa-
30BaHHE Z — CZ sgBisgeTcs aBmwkeHneM? (6) Yro 310 3a aBrKeHME?

14. Kak ¢ noMoIpio KOMIUIEKCHBIX YMCEJ 3a/aTh MOBOPOT Ha yroi a? (Yka-
3aHHUE: OTBET BKJIIOYACT B ceOs cos @ | sin a.)

15. 3anummre paBenctBo R *+HP = RAo R ucnosmsys KOMIIIEKCHBIE UNCIIa,
n BeIBeuTE OTCIofa popmydibl Juist cos(a + () u sin(a + ), Bbipaxaromme ux
Yyepe3 KOCHHYCHl M CHHYCHI YIJIOB & 1 [3.

16. [loxaxure, YTO COXPAHSIONIEE OPUEHTALMIO JIBMXKCHHE (KOMIIJICKCHOI)
wiockoctn 3anaércst opmysionnt z — az + b, a obGpawaoiee — GopmyJioii
z+— az + b. 3uech a, b — HEKOTOpblc KOMIUICKCHBIE 4MCIia, TpudeM |a| = 1.

17. llap moBepHyJIM BOKPYT BEPTHKAJIbHOM och Ha 90°, a 3aTeM BOKPYT TOpH-
30HTaJIbHOM ocH Ha 90°. PesynpTupyloliee IBIXECHHAE TAaKXKE SIBJISICTCSI IOBOPOTOM
BOKpPYT HEKOTOpo# ocu. Uto 370 32 ock? UYeMy paBeH yroi moBopota?

Ilpeobpa3sosanuem nodobus c xodpunmeHToM k HaspIBacTCs peobpasoBa-
HHeE, TIpY KOTOPOM BCE PacCTOSIHUSL YMHOXQIOTCSl Ha kK (B YacTHOCTH, IpeoGpaso-
BaHUs MOA00Us ¢ KO3(PHUIUEHTOM 1 — 3TO JBHKCHHUS).

18. (a) Haiipure obmyio ¢popMyiy st peoOpa3oBaHUi MO/I00KS, MCHOJb-
3ysl KOMILIEKCHbIe unciia. (0) JlokaxuTe, 9TO BCSIKOE TIpeoOpa3oBanue MoAo6us ¢
koaddunuenToM k # 1 UMeeT HEMOIBIKHYIO TOUKY.
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19. (a) Moxer jm JBI)KEHUE NEPEBO/IUTh HEKOTOPYIO (pUrypy (MHOXECTBO
TOUYeK) B €€ 9acTh, HE COBIAJIAIOINYIO cO Beeill purypoii? (0) Tot ke Bompoc 1uist
OTpaHMYCHHON (PUTYPHI.

57. MHoro4JieHbl

MHuoecounenom o1 nepemenHoll X HazpiBacTcsi popMalibHasi CyMMa BHJa dg +
+ayx + ax®+ ...+ agx*, rne a; — uncna (naswBaeMbie KoahPpuyuenma-
Mu MHOrowjicHa). Umcio k Ha3bIBAIOT CHIENEHbl0 MHOTOUYJICHA (CUMTAEM, UTO
ay # 0), ay — cmapwum xoagpuyuenmom, ay — c800600HbIM uneHom. Ile-
PEMHOXXAIOT MHOTOWICHBI, PacKpbiBasi CKOOKH ¥ TIPHBO/Isl TIOJIOOHBIE CJlaracMele.

1. Borumcimre (a) (1 + x4+ x2)3%; 6) 1 —x)(A + x + x>+ ... + x'%;
B) (1 —x)2(14+2x+3x%+ ... +11x'%9; (1) (1 + x)°.

MHOTOWIeH CYNTacTCsl paBHBIM HYJIIO, €CIIM BCe €ro Kod(QHIMEHTH PaBHbI
Hyio. HyJieBoii MHOTOUWIEH He UMEET CTENeHN (MHOT/Ia TOBOPST, UTO €0 CTEIICHb
paBHa —©).

2. JIokaXXuTe, YTO €CJIM IPOM3BEACHHUC [[ByX MHOTOWICHOB PaBHO HYJIO, TO
OJIMIH U3 HUX paBeH HyJio. ([pyruMu cioBamu, eciii 002 MHOTOUJICHA HEHYJIEBBIC,
BCE YJICHBI B TIPOM3BEIICHAM HE CMOTYT COKPaTHThHCS.)

3. (a) BepHo sm, 4TO eciii B IPOM3BEACHUM [IBYX MHOTOUJICHOB TOJIBKO OJIUH
HEHYJICBOM K03 (UIMEHT, TO W KaX[bIi W3 MHOrOWIcHOB TakoB? (6) Tot e
BOIIPOC [1J1s1 MHOTOWICHOB € He OoJice Y4eM JIByMsl HEHYJICBHIMU K03 pUIIMCHTaMH.

4. Tlycrs crenens MHorowieHa P(x) (o6o3nauaercst deg P, or ciosa degree)
paBHa p, crenenp MHorowiena (J(x) paBHa g. UTo MOXHO CKa3aTh IIPO CTEHCHH
TPOM3BE/ICHHUSI U CYMMBI DTHX MHOI'OYJICHOB?

5. (a) Kak naiitm crapmmit kos¢dunuent npomssenenuss P(x)Q(x), ecim
u3BeCTHB! crapume kodddunuentst MHorowienoB P(x) m Q(x)? (6) Tor xe
BOIIPOC TIPO CBOOO/HBINA WJICH.

6. Haiijute cymmy Beex koadduuuentos muorowiena (a) (x+1)%; (6) (x° —
—x _|_ 2)2002.

7. Y mHorowiena P(x) cymma kKo3(pUIIUEHTOB IIpU YETHBIX CTEIEHSIX paBHA
cymme K03((PUIMEHTOB HpH HEYETHBIX CTENeHsx; MHorowieH Q(x) obnaxaer
TEM K€ CBOMCTBOM. MOXHO JI1 YTBEPXKAATh, UTO 3TO CBOWCTBO BBHIIIOJHEHO W ISt
muorouwiieHoB P(x) + O(x) u P(x)Q(x)? A ecim npo kosdduuuentsr Q(x)
HUYETO HE M3BECTHO?

Ecim B Muorowien P(x) BMeCTO NMEpeMEHHON X MOJICTABUTh YHCIO d, T10-
JyunTcst uucio, obozHauaemoe P(a). Ecim P(a) = 0, TO umMciio @ Ha3bIBaioOT
KopHem MuorowiieHa P(x).

8. CkoJibko KopHeit umeer muorowien x° + 7x* + 6x — 15? Haitmre ero
KOPHH C TOYHOCTBIO 710 OJIHOM JIeCSATOM.

T'oBopsiT, uTo MHOTOWIeH A(X) denumcs Ha MHorowieH B(x), ecxm A(x) =
= B(x)C(x) nns nexkoroporo MHorowieHa C(x).
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9. (a) Jdemurcs sm muorowien x'% — 1 ma x2 — 12 (6) Tor e Bompoc aJjis
MHorowreHa x'%0 + 1.

10. Jenurcs ym Muorowied x'°° + 1 na muorounen x? + 1?

11. desmtest sm muorowieH x!'%° 4+ 1 ma x2 4+ x + 12

Kak u neiple yncia, MEHOTOWICHB MOXKHO JICJIATH € ocTaTkoM. IMeHHO, pa3-
denumb muozouneH P(x) mna mmuozounen D(x) ¢ ocmamkom o3HAYacT Haii-
TH Takue MHorowieHnl (J(x) (uacmnoe) m R(x) (ocmamok), uto P(x) =
= D(x)Q(x) + R(x) un crenenpb R (x) Mmenbme crenenn D(x) (mmm R (x) = 0;
B 3TOM ciydae P(x) nenwmrcs Ha D(x) 6e3 ocrarka).

12. JlokaxxuTe, YTO YaCTHOE M OCTaTOK CYNIECTBYIOT (yKa3aHWE: BCIIOMHHTE
WM TIPUIyMaiTe, KakK JICJIATh MHOTOYJICHBI YTOJIKOM) ¥ ONIPEACIICHBI OZIHO3HAYHO.

13. Vkaxwure uncia g u b, 1Jiss KOTOPHIX MHOTOWJICH ax2002 4 px1001 4 x4 1
neymtest Ha (a) x2 —1; (6) x% + 1.

14. Haiiyute ocratok ot aenenus (a) x° va x2 4+ 2; (6) (x2+ x + 1)1% na
X2+1; ) xPmaxt+x3+x2+x+ 1

15. Yemy paBeH ocTaTok OT JicjicHust MHOrowieHa P(x) va x — a (rne a —
HEKOTOPOE YHCII0)?

16. (Teopema Besy) Ilycrs a — xopens mMuorowiena P(x). Jlokaxure, uro
P(x) nesurcs Ha X — a.

17. Muorowien P(x) umeer kopuu a u b, npuuém a # b. Jlokaxure, 4T0
P(x) nesmrcs Ha (x — a)(x — b).

18. Jloxaxkute, 94TO MHOTOUWIEH CTCIEHH N MMEET He OoJiee 7 KOpPHEH.

19. Pasuoxure Ha MHOXumTesm: (a) x2 — 3x + 2; (6) x> — 2x% + 3x — 6;
(B) x* +1.

20. JIoKaXWTe, 4TO MHOTOUJICHB X° 43X +2 1 x° + 5x — 3 He UMeIOT 06X
KOPHEIA.

21. Haiigmre muorouien P(x) crenenn 4, just kotoporo P(5) =1,a P(1) =
= P(2)=P@3)=P4) =0.

22. Haiipure MHOIOUWICH, IPUHUMAIOIMI B 3a/laHHbIX (Pa3JIMYHBIX) TOUYKaX
X1, ..., X, 3aJJAaHHBIC 3HAYCHUL A1, ..., dy.

23. Jlokaxxure, 4TO Cpe/id MHOI'OWICHOB CTEIICHU MEHBIIE /1 CyLIECTBYET POB-
HO OfIMiH, Y/IOBJICTBOPSIIONIAM yCIIOBUSIM TIPEABIAYINCH 3a/1a4H.

3K3aMeH 3a 9 KJjacc

Ok3aMeH 32 9 kJacc ObUl YCTHBIM M NIPOBOJMIICS TO cliefylomei cxeme. Ka-
KB IMKOJIFHVIK B HavdaJle dK3aMEHa IOJIydall 4 3ajiaum M3 HEKOTOpOro Habopa.
JlioOylo 3azauy MOXKHO ObIIO pacckaszaTh (OAWH pa3), MOJIyYMB 3a €€ pElICHUE
IUIIOC WM MUHYC. B yoGoM cirydae 3ajiaua 3amMeHsulach Ha HOBYIO; TakuM o0pa-
30M, B TEUECHHE BCETO DK3aMEHA y IIKOJIFHUKA GBUIO 4 HEPENIEHHBIX 3a7IauM.

HekoTopsle n3 npeiaraBumxcs 3a/1a4 ObIIA B3SITHl M3 JIACTKOB 32 9 KJlacc M
BCTYNIUTEJIFHBIX cobecenioBanmii. Kpome Toro, npeasiaraymch cieyiolmmye 3a/1aqu.
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1. CouuoJiornyeckuii onpoc mnokaszai, 4ro 80% LIKOJILHUKOB 3HAIOT PYCCKUi
s3bIk U 40% 3HalOT aHrymiickuii. Kakas 4acTh IIKOJIbHUKOB HaBEpHSIKA 3HAET J/iBa
sI3bIKa?

2. B MeHIO ecTh 5 BapWaHTOB IepBOro Oimozia, 6 BapmaHTOB BTOpOro m 7
BapuaHTOB JiecepTa. CKOJIBKO cIOcOOO0B 3akazaTh oben w3 TpEx Oimon?

3. okaxure, uro CF = Cr—F,

4. Jloxaxwute, uro Cf = Cf_, + Ck-1.

5. Hokaxwute, uto CO + C} + ...+ Cr = 2"

6. Nokaxure, uro CY — C} + C2 — ...+ CI' (3naku uepeyiorcs) pasHo 0.

7. CKkoJIBKO MyTe MO JIMHMSIM KJICTYaTol GymMarm (BBEpX W BIPABO) BEAYT W3
touku (0,0) B Touky (k, [)? (Bnecw k, | — HeorpuuaTelibHbIE LEJIbIE YMCIIA. )

8. CkoJIbKO cymecTByeT 7-3HAYHBIX YHCEll, B 3aIIUCH KOTOPHIX y4acTBYeT IH-
Ppa 6?

9. CxoJIbKO BOCBMU3HAUHBIX UHCEJ] MOXKHO MOXKHO oOpa3oBaTh u3 nudp 1, 2,
3,4, 5, ecim B KaXx/IoM uncJie 1udpa 1 nospkHa cozepkathes 3 pasa, a OCTaJIbHBIE
1ucpsl O OiHOMY pasy?

10. CkoJibkuMH cTIOCOOaMH MOXHO PacCTaBUTh 8§ JiaJicli HA IaXMATHOW JIOCKE
Tak, 4TOOBI OHU JiepaJi 1oz 60eM Bce KJIETKH JJ0ckn? Bce jlajem onMHAKOBHIC.

11. Hdanst Toukn A(1,1), B(—1, —1), C(0,2). Haiinure KOOpAMHATHI TOYKH
nepeceyeHus1 Meaman Tpeyrosibhnka ABC.

12. Haiijure /1Ba KOMIJICKCHBIX YHCJIa, CyMMa M IPOU3BEICHUE KOTOPBIX paB-
HSUJIUCH OBI 2.

13. Brruncimre (1 +

14. Boruuciure %}:, TO €CTh HAWJWTE YUCIIO, TIPA YMHOXXEHUU KOTOPOTo Ha
1 — i monyywaercst 1 4 i.

15. UN306pasuTe Ha KOMIIJICKCHOM IIJIOCKOCTH BCE UHCJA Z, JJisi KOTOPBIX
z+z=1.

16. M3obpasute Ha KOMIUICKCHOM IUIOCKOCTH BCE YHCNA Z, JUIs KOTOPBIX
z-z=1.

i)lOl.

17. PaccmoTpum nmpeoOpa3oBaHKE IIOCKOCTH, NP KOTOPOM K KaX/I0M TOUKe
npubasnsiercs (1, 2). Haiiure o6pas npsamoit x + y = 0 (ero ypaBHeHue).

18. Urpa B opinsky 10 10 nmo6Gen 6blia mpepBaHa npu cu€re 5:7. B kakoit
IPOIIOPLMY YECTHO Pa3/eiuTh 1pus?

19. JlokaxuTe, 9YTO MHOXKECTBO BCEX IICHTPOB CHMMETPHH JII060# huUrypsl
HMEET IICHTP CHMMETPHH.

20. Tpu kakux 7 (M HA YTO) COKpaTMMa Jpodh 21+39

Tn+6"

21. Jlokaxwute, uto ecim a> + b? (unsa nensix a u b) nenurcs ma 21, TO
a? + b? nenmrcs na 441,

22. Bo CKOJIKO IPUMEPHO pa3 yBesmumtesi cymma 12422+ ...+ 1002, ecom
BCe e WICHBI 3aMCHUTH Ha Hocuenamit (100%)?
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23. YeTblpe CTOPOHBI YETBHIPEXYTOJIbHUKA HE JUIMHHee 1 kakjasi. Jlokaxure,
YTO €ro IUIOIA/AL HE NPEBOCXOIMT 1.

24. B psan nexaT n pa3indHbIX OycuHOK. Paspemaercs: (1) MOMEHSITh MecTa-
MH IIEPBYIO ¥ BTOpYIO ciieBa OycHHKH; (2) B35Th HEPBYIO OYCHHKY M IIOJIOXHTD
e€ Bcuiel 3a mociieHe. MOXKHO 7 32 HECKOJIBKO OIEpanuil MOJIydnTh Jioboe
pacrojiokeHue OyCHHOK?

25. UrpanbHyio KocTh OpocaioT mects pa3 nozpsii. Kakosa BeposiTHOCTB, 4TO
BBINA/ICT POBHO UETHIPE MIECTEPKM, €CJM CUMTaTh Bee 6% MCX010B paBHOBEPOST-
HBIMU?

26. Illects wenoBek (A, B, B, I', [I, E) cranoBdarcsi B ouepe/ib B CIIy4ailHOM
nopsiike. KakoBa BeposiTHOCTE, uTo B okaxercs B ouepenm mexay [ m E?

27. U3 mapos ¢ Homepamu 1,2,3,4, ... ,20 ciyvaitHO BRIGHpAIOT JBa 1Iapa.
KakoBa BepOSITHOCTh TOTO, YTO MCHBIIMII U3 IByX HOMEPOB HE NPEBOCXOAUT 77
28. U3 mapos ¢ HoMepamu 1,2,3,4, ..., 20 ciyuaifHO BEIOHpAIOT JBa IIapa.

KakoBa BeposiTHOCTD TOro, YTO OOJBIIMI M3 /IByX HOMEPOB HAIEJIO JICJIMTCS Ha
MEHBIIMI?

29. CkOJIBKO CyLIECTBYET LICJIBIX HEOTPHLATEIBHBIX YUCEN X, Y, Z, ISl KOTO-
pHX X =y + z 1 x < 1000?

30. Haiinute cyMMy BceX UYETBIPEX3HAYHBIX YHCEJ, COCTABJIICHHBIX M3 LU(p
1,2,3,4,5,6, B koTophIx Jiobas nudpa BcTpeyaeTcs: He OOJBIIE OHOTO pasa.

31. Haitmure Cyy; + C2py + - + C2B0.

32. Haiipure Gopmydty [uisi CyMMBI 11—2 + 21—3 + -+ m

33. Pemmre B nedbix uncnax ypasHenue 17x + 14y = 9. (Ykaxure o0uiyio
¢opmyJly Julsi €r0 pENICHHMNA. )

34. JTokaxwute, 9T0 NPOU3BEICHAE 7 TIOCJIE0BATENBHBIX LIEJIBIX YUCENl JCJIUT-
cst Ha 7!

35. Kakoii ocTaTok Jaér mpu JeneHny Ha 11?7

36. Tokaxwure, 910 (3 + v/2)%° + (3 — /2)2° — nenoe unciio u Haifigure ero
OCTaTOK IIpH JICJICHUM Ha 7.

37. Kakue HatypanbHble 4uciia oT 1 10 1000 mMeloT poBHO 5 pa3jIMYHBIX
(IIOJIOKUTENBHBIX) JICJIATEIICH?

38. [lokaxwure, 9To Ipeobpa3oBaHNe KOMIUICKCHOM MiIockocTd z — (14-2i)z
YBEJIMUMBAECT BCE PACCTOSIHUSI B O/{HO M TO € 4MCIIO pa3. B xakoe?

39. CkoJIBKO PEIICHHH B IEJIBIX YMCIIAX UMEET CUCTEMA X1 + X3+ . . . X190 = 24,
2<x <3,...,2< x; <3

40. HaiiuTe KOOp/MHATH TOYKH, B KOTOPYIO IEpeXoimT Touka (v/2,5) mpn
CHMMETPHH OTHOCUTEJIBHO NpSIMO# X + y = 7.

41. Jlokaxute, uTO JyIs BCEX JOCTATOUHO 6OJbmmMX 1 umcio v #a + 1 —+/n
mensie 0,001.

42. Haitmure dopmyaty aist cymmbr 1-2+2-22 4 ... 4 5. 2",

3100
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B TeueHme BTOpOTro roja JONOJIHATENBHBIX JINCTKOB CTajlo MEHBIIE; 3TO B
KaKO}-TO CTENICHH OOBACHSETCS HEOOXOIMMOCTBIO IJIAHOMEPHOTO M3yUYCHHS «Ma-
TEMAaTUYECKOIo aHaju3a». OTMETHM, YTO HEKOTOPBIC 33/ladd OCHOBHBIX JIACTKOB
BECbMA CJIOXKHBI (M ObUIM PEIICHBI JIMIIb HEMHOTMMH IIKOJIbHUKAMM); Mbl CO3HA-
TEJIBHO HE BBIACIHSIA WX («3BE3NI0UKOM» WM KaK-JIMOO €mE), CuMTasi, 94To 3TO
JIMIIb TIOMEIIAET TIPOLIECCY PEIICHUs. B KOHILIE I1aBbl IPUBEAEH CIMCOK TEM «KYp-
COBBIX paboT» (cM. Takxke IiaBy «/30paHHBIE KypcOBble pabOTbI») M MaTEpUAJIbl
sk3aMeHa 3a 10 kiacc.

58. BunommasbHble K03 PUIEHTHI

[lycTs naHO 71 pasiMuHBIX IpenMeToB. Ymclio crocoGoB BHIOpaTh k M3 HHX
(6e3 yuéra mopsiika) HasbIBacTCsl Yuciaom codemauuil uz n no k m obosnava-
ercsis CF (umraercs ap w3 su no xa»). Hanpumep, C? = 6 (w3 {a, b,c,d}
MoxHO BbiGpats {a, b}, {a, c}, {a,d}, {b, c}, {b,d} n{c,d}). EcrecrBenno
cuntath, yto C% = CI" = 1 (BRIGpaTh Beex WM HE BHIGPATh HUKOTO MOYHO
€JIMHCTBCHHBIM CIIOCOOOM) C,’l‘ =O0unpu k<Owu k> n.

0. BcromMmnTe MM BRIBEIUTE 3aHOBO hopmydry ans umcna CK.

1. Jokaxute, uTo (a) C,f = C,',"k; (0) C,f = C,f_l + C,’l‘:ll.

3anmimem 4ncia coueTanuii B Tabimuy («TpeyrosibHuK IMackaiis»):

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1

2. Te B >Toit Tabmane unciio CK? Kak copmynmmposats yTBepxkieRIs mpe-
JBIIYIINX 33/jad B TEPMUHAX JTOH TabimIp?

3. Jokaxwure, uro C0 + CL + ...+ CI =2".

4. JTokaxwure, uro C0 — C} + C2 — ... £ CI = 0.

5. (bunom HrloToHa) 3amojiHUTE MPONYCKU:

@ (a+bP=a>+__a’b+___ab®>+ b%;

©6) (a+b)*=a*+ a*b+ __ a’b>+ _ ab’ + b4

®B) (a+b)"=a"+  a" b+ a"kpk4+ ...+  ab" !4 p".

6. Noxaxwure, uto (a) CKCr , = CI'Ck_, [unorna >1o paBenctso nosesno
k—my. 1 k4l k=1
Beute CAC = G Cazptl; (8) Ci_ Cp ' Cofl = CAo{ Gt Cr .

7. Haiigmre xosddumment npu x*y!z™ B Brpaxenmn (x + y + z)™ mocye
PacKpBITUS CKOOOK U IPUBEJICHUS TIOJOOHBIX CJIaraeMBbIX.
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Jlaub! 11eJ1ble HEOTPULIATEIIbHBIC Ynciia k, m, n. Berunciure cyMMbl (OTBET HE
TIOJKEH COZIEpKaTh MHOTOTOYMIA)

8. CK+Ck . +...+Ck;

9. Ci +2C7 + ...+ kCk;

10. C0Cm + CiCm 1+ ...+ C"CY;

1. (CO*+ (CH + ...+ (CH;

12. COck - clcyt+ cick2— ... £ ckCl.
13. (a) B xakux crpokax TpeyroJibHuka Ilackaiia Bce uncna (kpome KpaiHux)
gyétHpIe? (0) ...Bce umcia (KpoMe KpailHWX) nensarcs Ha 3? (B) ...Bce 4Umcla

(kpoMe KpaliHWX) JIeNISITCS Ha HEKOTOpOE HPOCTOE YUCIio p?
14. ):LOKa)KI/ITe, qTo s JI1060F0 HPOCTOFO p BBIIIOJIHCHBI TaKHUEC CpaBHCHI/ISIZ
(@) (x +y)P =xP + yP(mod p); (6) (x +y+ 2)? =xP + yP + zP(mod p);

59. MHoXkecTBa

Mmuooicecmeo cumtaeTcsi 3a/laHHBIM, €CJIM W3BECTHO, KaKWE 3/IeMEHMbl MY
TprHaJUIeKaT. Ecim X siBisieTcst 3eMeHTOM MHOXKecTBa A, mumyT x € A. Yepes
{a, b, . ..} 0603HAYAIOT MHOXECTBO, COCTOSALIEE U3 DIEMEHTOB @, b, . . .; Hanpu-
Mep, MHOXECTBO {@} COCTOMT M3 CIMHCTBCHHOTO 3JIEMEHTA g (TaK e Kak W
MHOXCCTBO {@, a} — 9TO OZ(HO ¥ TO XE MHOXECTBO). BoobIe, 1Ba MHOXECTBA
pasHbl (IPE/ICTaBIISIIOT COOO0M O/IHO M TO YK€ MHOXKECTBO), €CIIM BCSIKMI DJICMEHT
MIEPBOTO SIBJISIETCS. DJIEMEHTOM BTOPOro M HAoGOpOT. MHOXECTBO A Ha3bIBaIOT
NOOMHOJICECBOM MHOXeCTBa B, ecim Besikmit syieMEHT A sIBJSIeTCS 3JIEMEH-
toM B. Ilycroe MHOXECTBO (HE COJEprKalliee DJIEMEHTOB) 0003HAYaeTCs: .

1. 3akonunTh (pasbi: (a) «MHOXECTBO A He SIBJISIETCS [10/IMHOXXECTBOM MHO-
xectBa B, ecim. . . »; (6) «MHoxecTtBa A u B He paBHBI, €CIIH. . . ».

2. CKOJIbKO DJIEMEHTOB B MHOXeCTBE {2 }?

3. JlokaxkuTe, 9TO y KOHEYHOTO MHOXXECTBA CTOJIBKO K€ MO/IMHOXECTB C UYET-
HBIM YKCJIOM DJIEMEHTOB, CKOJIBKO C HEUYETHBIM.

4. Kakoe MakCMMAJIbHOE YHCJIO MOJAMHOXECTB MHOectBa {1,2,3,...,10}
MOXXHO BBIOpaTh, ecim Tpebyercs, 4TOOB HH OJHO W3 HHUX HE OBUIO MOAMHOXE-
CTBOM JIpyroro?

5. JMokaxkure, 4yTO MOXXHO BBIINCATh BCE IIOJIMHOXKECTBA MHOXECTBA W3 N
2JIEMEHTOB B TAKOM TIOPSIZIKE, YTOOBI KaX/I0€ CIIC/YIOIIEE TOJIyYalioCh U3 Tpe/bl-
Iymero 100aBJICHAEM WIIM Y/IAJICHHEM OJ[HOTO DJIEMCHTA.

6. Nmeercs nabop m3 20 rupb, Kak/Jasi BECUT NEJIOC YMCIIO TPAMMOB, B CyM-
MapHBbIii BeC TMph MEHBIIE TOHHBL. JIOKaXXWTE, YTO MOXHO JIOCTHYh PaBHOBECHS,
TIOJIOXKVB YacTh T'Mph Ha OJ{HY YallKy BECOB, a YacTh HA JIPYTylo (He 00si3aTeJIBHO
HCIIOJIb30BaTh BCE TUPH).

Ilepeceuenue nByx MuoxXectB A m B obosnauaercss A N B u cocront m3
2JIEMEHTOB, NIPHHA/UICKAINX 000MM MHOXECTBaM; 00beduHeHUe JIByX MHOXKECTB
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A u B o6oznayaercss A U B u COCTOMT M3 DJICMEHTOB, IPHUHAJUICKAIINX XOTS
Obl o/tHOMY W3 HuX. Pasnocme A\ B cOCTOMT M3 3JIeMEHTOB, TIPHHA/JICKAIINX
A, HO He HpuHajeXamux B; cummempuueckas passocme A A B coctout u3
3JICMEHTOB, IPUHAJUICKAIMX POBHO OJHOMY M3 MHOXECTB A u B.

7. Hapucyiite maoxecrea AN B, AUB, A\Bu AAB,ecu Au B —
MHOXCCTBA TOYEK, JIGKAIMX BHYTPH (IICPECEKAIOINXCs) KPYIOB.

8. Kakue u3 pasencrs (a) AN(BUC) = (ANB)U(ANC); (6) AN(B\C) =
= (ANB)\C; (8) AU(B\C) = (AUB)\C; (r) AA(BAC) = (AAB)AC
BEPHBI JUIs JIIOOBIX TPEX MHOXecTB A, B, C? ([11s1 BepHOro paBeHCTBa HaJ/lo NPH-
BECTH JIOKA3aTEJIbCTBO TOTO, YTO €CJIM HEKOTOPBIA DJIEMEHT X JICKHUT B JICBOM
YacTy, TO OH JIOKUT ¥ B NIPaBO#i, 1 HaoO0pOoT. [lJiss HEBEPHOTO [JOCTATOYHO IIPH-
BECTH OJINH KOHTPIPAMEP.)

9. Hanmumre dopmydty, Beipaxamomyio A A B gepes onepanmu U, N, \.

10. MoxHo s Hammcath opMysty, KoTopas BeipaxxaeT A\ B uepes o6ben-
HEHWE W TiepecedycHue?

11. Ilonynnockocmvio Ha3bIBACTCS MHOXECTBO TOYEK
IUIOCKOCTH, JICXKAILMX 110 OJHY CTOPOHY OT HEKOTOPOM Hpsi-

MO# (B TOM uMCJIe U HAa CaMOH IpsiMoii). MoxxHO Jiu 1ipes-
CTaBHUTh KaXK/Iblii U3 MHOTOYT'OJIPHAKOB Ha PHUCYHKE B BHJC
TiepeceyeHns] HECKOJIBKUX TIOJIYIUIOCKOCTEi?

12. Kakoe MakCHMMaJlbHOE YHCJIO CTOPOH MOXKET OBITh B MHOTOYIOJIBHHKE,
SBJISIOINEMCS (a) TIepeceUeHNEM TpEyrojlbHUKa M KBasipaTa? (0) oOBEIMHEHHEM
TpeyroJibHUKa M KBasipaTa? (IOBOpsi 0 MHOTOYTOJIBHUKE, MBI IMEEM B BHIY €TO
BHYTPEHHOCTb. )

13. Tanel n MHOXECTB. 32 O/IMH INAr Pa3pellacTCs 3aMECHUTH JIOOBIC /1BA W3
HHUX Ha X CHMMETPHUYECKYyIO pa3HocTb. lllarm moBTOpSIOTCS, IIOKa HE OCTaHETCS
OZIHO MHOXECTBO. JIOKa)KHTE, 4TO OCTaBIIECECSi MHO)KECTBO HE 3aBHCHT OT TOTO,
KaK¥ie MMCHHO OIICPAlly BHIOJIHSIOTCS.

YucIio 3JIEMEHTOB B KOHEYHOM MHOXECTBE A 0003HAYAIOT 4epes |Al.

14. Kaxk naittu |A U B|, ecin mu3Bectusl |A|, |[B| u |AN B|?

15. Kakoe MakCHMAaJIbHOE 4YHCJIO ‘-ICTLIPEX:-).HCMCHTH])IX IIO/IMHOXXCCTB MOXHO
Bbl6paT]) B ICBATU3JIECMCHTHOM MHOXECTBE, €CJIM NIEPECCUCHUC JIIOOBIX JABYyX Bbl-
OpaHHBIX MOJIMHOXKECTB JIOJDKHO COJIEpXKaTh HE 6oJiee O{HOTO dJieMEeHTa?

16. YkaxuTe ceMb TPEXDJIEMEHTHBIX TTOJIMHOXKECTB B CEMHUAJIEMEHTHOM MHO-
JKECTBE, JIIOOBIEC /IBa U3 KOTOPHIX MMEIOT POBHO OJIMH OOIIMI 3JIEMEHT.

17. Hokaxute ¢hopmysny eKioueHUll U UCKIIOUeHUil Juisi TPEX MHOXKECTB:

JAUBUC|=|A|+|B|+|C|-|ANnB|-|ANC|—-|BNC|+|ANnBNC]|.

18. CdopmynupyiiTe U JOKaKATE AHAJIIOTMYHOE YTBEPXKICHHE IJIsi 1 MHO-
JKECTB.
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19. Jlerko BuzieTh, YTO JUisl JIIOOBIX KOHEYHBIX MHOXKECTB A U B BBIIOJIHSIETCS
dopmyna |[AA B| = |A|+|B|—2|ANB|. lpuaymaiite 1 OKQKATE aHAJIOTHIHYIO
dopmyay (a) mist |AA BA C|; (6) 1ist CHMMETPHYECKO# PasHOCTH 1 MHOXECTB.

20. Paccrosinne d (A, B) Mexjy JByMs KOHCYHBIMH MHOXecTBamu A u B
OIIpE/ICIIAM KaK 4uciio 3JieMeHTOB B A A B. Jlokaxure HepageHCmeo mpey20iib-
Huka: d(A, C) < d(A,B)+d(B, C).

21. JloxaXkuTe, UTO €CJIM PABEHCTBO JIByX BBIPAXXCHUIA, COJACPKALIMX MHOXKE-
crBa A, B, C, ..., BbIIOJHSETCS HE BCEI/@, TO MOXXHO HAWTH KOHTPUPUMEp, B
KOTOPOM MHOKECTBA COCTOSIT HE $oJiee 4eM M3 OJIHOTO DJIEMEHTA.

22. (ITponoikenne) [punymaiite cocob (anropuTm), KOTOPBIA 32 KOHEYHOE
YHCJIO MATrOB MPOBEPSIET, BCET/A JIM BHIMOJHECHO PABEHCTBO TAKOTO BHJA.

23. (ITponoJixenue) CKOJIBKO pa3jIMYHbIX BHIPRXKCHUN, COLCPAKALIUX IEPEMEH-
HBIC Aj,...,A, W OINcpaluM IEpeccucHus], OOBCINHCHUS M Pa3HOCTH, MOXHO
cocTaBuTh? (/IBa BHIpR)XCHMSI CUMTAIOTCSl PA3JIMUHBIMH, €CJIA OHM Pas3IMYaloTCs
XOTs1 OBl IPH OJIHOM Habope 3HayeHwit Ap, ..., A,.)

24. Jlotepeiinsii 6miet conepxut nudpsl oT 1 10 9. Vrpok A0JpKeH 3a4epk-
HYTh TpU W3 HUX. Bo Bpems Tmpaxka BeiOupaorcs 5 nudp m3 9. Urpok momyvaer
CTOJIBKO pyOuIeH, ckoJIbKO I(p coBHajio. CKOJIBKO N0JDKEH CTOUTh OMIIET, YTOOBI
urpa 6pu1a yectHoi? (KakoBo cpejiHee YmCIIO 2JIEMEHTOB B NIEpECCUCHAN TPEXDJIC-
MEHTHOT'O W IISTH3JIEMEHTHOTO TIOZIMHOXECTB JIEBATHAJIEMEHTHOTO MHOXKECTBA?)

60. CreneHHslie psijbl

Cmenennvim psidom ¢ xoddduiyeHTaMu
ag, ap, . . . HA3BIBAIOT (POPMAJILHYIO 3ANUCH dg
+ar1x+...+a,x"4. .. CTeneHHBIE PSIIBI MOXK-
HO CKJIa/IBIBaTh W YMHOXATh 110 OOBIYHBIM IIpa-
BUJIaM (pacKphiBasi CKOOKH M IPUBO/IsL IO100HbIC
cjiaracmbie). YacTHbIA Cilyyail CTEIIEHHOIO psi-
Jla — MHOTowIeH (y HETO Bce KO3((PUIMEHTHI,
Ha4YMHAsI C HEKOTOPOT'O, PaBHBI HYJIIO).

1. Hanuumre gopmydsl Ju1st ko3dduipienTa
npu x" B cymme A + B u mpoussesiennu A - B
CTCIICHHBIX PsioB A = ag + a1 X + a2x2 + ...
uB="by+bx+bx?+...

2. Boluncimre:

@A-x)Q4+x+...+x"+...);

©) Q4+x)A=x2+. . .+ (=D"x*"+..);

® A4+x+...+x"+..)0Q+x+...+
+x"+ ..

o A+x+...+x"+..)A=x+...+
+(=D"x" 4 .. ).
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3. Brruncimre

@ (1+x+5+ 5+ ) (x5 4+ 5+

n

n!

© (1-x+%5 -+ ) (T x+ 54+ 5+ );

@ (1-5+ AP ) (x= g+ Pt ),

4. (a) lns kakux psioB A Halyi€Tcss OOpaTHBIN, TO €CTh Tako# psii B, urto
AB =1 (rne 1 o6o3navaer psn 1+ 0x + 0x% + .. .)? (6) dokaxure, 9TO TaKoii
PSR €IMHCTBEH (ecym HaMJETCs).

5. (Ilponosnxenne) [ust xakux psinoB A m B maiinéres takoit psyy Z, 4ro
AZ = B?

6. Haiiaure obparHbie (eciy 3T0 BO3MOXKHO) JUIsl CJIe/yIOIMX psijioB: (a) A =
=1-2x;0) A=2—x; B) A=x+x% (1) A= 1+x+2x>2+. . .+ fnx"+...,
rae f, — uncna Oubonavun (fo = fi =1, fuy1 = fu + fn-1).

7. MosxHO Ji U3BJICYb KBaJ|PaTHBIA KOPEHb U3 psijia A (To ecTh HaiiTh psij B,
st kotoporo B-B = A), ecim (a) A =1+2x+3x2+. ..+ (n+1)x"+..;
@0 A=1-2x+3x>— ...+ (D"(n+Dx" +...; (B A =1+ x;
r) A=1+x+x2+...4+x"+...2 Ecxu na, To KaKoii psan B Hano B3sTh?
(Haitzute HECKOJIBKO TIepBbIx kK03 dunuenToB psjaa B u (ecim ynacres) obuiyio
dopmyiry.)

8. (Ilponoivkenue.) U3 kakux psiioB A MOXHO U3BJICUb KBA/(PaTHbIA KOpEHb?
(3aja4y MOXHO IOHMMATh JBOsIKO: Ko3(uuuments! psjoB A u B moryr Gbith
JEACTBUTEIIBHBIMA WJIA KOMIIJIEKCHBIMH. )

9. OGo3Haunm uepe3 B, bunomuansHblil psio

a(a—l)x2+..'+a(a—l)(a—2)...(a—n+1)x

n
5 l + ...

14+ ax+
(nmonyyarommiicsi, eciiu B o0bruHyIo ¢opMmydly 6mnoma Heiorona just (1 + x)¢
TIO/ICTaBATh HE OOS3aTENIBHO IEJIOE (¢ W TIPOJIOJDKHTH Psifi /10 GECKOHEYHOCTH).
Hoxaxwute, uto B, - Bg = By .
10. (a) Ipuaymaiite cioco6 Haxox/ieHus psina 1/ (x2+ px + q), obpatHOrO
K pagy (MHOrowieny) x? + px + g, UCIONB3ysl TOX/IECTBO

1 _a n b
X2+px+q x—-a x-—f°

(0) Ucnone3ys mpenbliylii MyHKT W 3ajiadqy Or, IpUIyMaiTe U JIOKAXUTE
sBHYIO (popMyay st uucen PuGoHAUYH.

11. Buner ¢ mectu3naunbiM HoMepoM (oT 000000 no 999 999) nazbiBacTCst
«CYACTIIMBBIMY», €CJI CyMMa TIEPBBIX TPEX HU(P HOMEpa paBHA CyMME IIOCIICIHHUX
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Tpex nudp. (a) Jlokakute, 9TO YACIIO CUACTIMBBIX OMIIETOB PABHO UHCIy OHJICTOB
¢ cymmoit udp 27 u paBHO KodhbUIMEnTy TIpH x27 B CTENEHHOM psi/IE

(1 _ X10)6

2 9\6 __
A+x+x"4+...4+x) —W.

(6) Beramcymre kodppunments psga 1/(1 — x)¢. (8) Belumcimre 4meno cyact-
JINBBIX OMJICTOB.

61. OTHOmeHHs U pyHKIMH

Iycts nanbl 1Ba MHOXecTBa A u B. VX npouseedeHuem HazbBacTCsi MHO-
)ectBo A X B, cocrosiee n3 ynopsdouennvix nap {a, b) nist Bcex a € A u
b € B. Hampumep, ecim A = {u,v,w}, a B = {2,3}, 1o A x B cocrour
u3 mectu sieMeHToB (u,2), (u,3), (v,2), (v,3), (w,2), (w,3). IlonmHOXKe-
CTBa MHOXecTBa A X B Ha3bIBalOTC OMHOWEHUAMU WA COOMBEMCMEUSIMU.
Hampumep, MOXHO pacCMOTPETh OTHOUICHHE . . . PEHIAJIL. . . », SIBJISIOIICECS IOJI-
MHOXecTBoM mnpomsBezichust [lkonbauku X 3ajaun. MuoxectBa A u B Moryr
COBIA/IaTh; HANPHMEpP, MOCIC TypHUpPAa B OJWH Kpyr (6e3 HUYBMX) omperelie-
HO OTHOUICHHE .. .BBIMTpAJl Yy...», SIBISIONIEECS TOJMHOXECTBOM MHOXECTBA
Urpoku x Urpoku.

1. [IBa/maTh MKOJIFHEKOB PEINAJiM 3a/la9d, IPY 3TOM KaXKIplii INKOJFHAUK pe-
IIFUT TPH 3a/la9d M Ka)Xk/asl 3a/laya pelicHa JBYMs MKoJbHUKaMA. CKOJIBKO OBLIO
3aj1au?

2. HeckoJIbkO MIaXMaTHCTOB yYaCTBOBAJIM B TYPHMPE B OIMH KPYyT (KaXk/blii
ChITpaJl C KaX/(bIM IO OIHOMY pa3y), NIPUYEM HUYBMX HE ObuIO. JIOKaXwuTe, 9TO
BEPHO OJJHO W3 JIBYX: JIMOO €CTh abCOJIIOTHBIN NMOGEMTENh (BBIMTPABIINiA y BCEX
OCTAJIbHBIX), JIIOO €CTh Takue Tpu maxmatucta A, B, B, uto A Bemrpan y b, b
Bbiurpail y B u B Bpmrpan y A.

3. Ontamuct roBoput: Goisiee 70% IKONBHMKOB yMHBIE (penmn 6osiece 70%
3ajaq). Ileccumuct BospaxkaeT: Gosiee 70% 3aja4 OKa3ajlICh CJIOKHBIMH (€CI
CUUTAaTh CJIOXKHOM 3ajjauy, KoTopylo 6oJiee 70% IMIKOJILHUKOB HE CMOIJIM PELIUTS).
MoryT y1 oHE OBITH 002 TIpaBbI?

4. (Ilpopospkenmne) 3aMeHUM Besjie B mpelplaylneit 3agaue 70% na x. Ilpu
KaKux X BO3MOXXHO, 4TO 00a IpaBbl?

5. Pabora Obuia mojiesicHa MOPOBHY Mexly paboTHmkamu B Opuraze. IMocie
NIEPBOTO JIHS TOJICYMTAIIM, CKOJIBKO YEJIOBEK BhIMOJIHMIO He MeHee 30% cBoeit
JIoJIM — TaKWX oKazanock 70% Bcex paboratommx. Korza cranm cumraTh TOJBKO
TeX, KTO BoIIOJHUI He MeHee 70% cBoeii n0JiM, Takux okazajock 30%. MoxxHO
J OBITh YBEPEHHBIM, UTO BBHIIIOJIHCHO HE MEHEE TPEeTU paboThI?

6. Ectb 7 onMHAKOBBHIX sI0JIOK, KOTOpble HYXXHO pa3pe3aTh Ha KyCKH M IIO-
poBHY pasgaTh 12 mkojbpHMKaM. Kakoe HamMeHbIlee YHMCIIO KYCKOB JUIsl 3TOTO
HY>XHO?
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Ortnowenue ' C A x B nHaspiBaeTcsi hyHKyueil, €Ciii KaXK/IOMY DJICMECHTY
MHOX€ECTBa A COOTBETCIBYET POBHO OJIUH 3JIEMEHT MHOXecTBa B. B aToM ciyuae
mmyT F: A — B, a sneMeHT b € B, COOTBETCTBYIOLIMIA BJIEMEHTY a € A,
o6o3navaot F(a).

Ecum ipyt 5TOM Ka)XkJIoOMy 3JIEMEHTY MHOXKeCTBa B COOTBETCTBYET POBHO OJMH
aiieMeHT MHOXeCTBa A, To pyHkumst F': A — B HazbiBaeTCsl 83aUMHO OOHO3HAY-
HbIM coomeemcmeuem Wi buexkyuei.

7. (a) Ckoubko cyliecTByeT pasimunbix ¢yskimit F: A — B, ecim B MHO-
KECTBO A BXOJAT @ DJIEMEHTOB, a B MEOXecTBO B — b snementoB? (6) CkonbKo
cpean o1ux GyHkumit oneknuit? (B) CKOJIBKO CyLIECTBYET CTPOIO BO3pPACTAIOLIMX
dynkumit F: {1,2,...,k} — {1,2,...,n}? (®ynkuus F cunraercs crporo
Bo3pacraiouieit, ecsm F(x) < F(y) npn x < y.)

8. Ha oxpyxnocTtn HapucoBano 100 cuaux Touek. ITocTpoiite Gueknmio Mexy
MHOXECTBOM BCEX 57-YTOJIbHMKOB C CHHUMH BEPIIMHAMH W MHOXECTBOM BCEX
43-yroJIbHUKOB C CHHMMH BEPLIMHAMHU.

9. Ha okpyxnoctu napucoBano 100 cunux TOYek M ojiHa KpacHas. (a) Yero
OoJIbINE: MIECTAYTOJIFHUKOB C O/HOM KPacHOW BEPINMHON W NSATHIO CHHAMH HJIH
MISITUYTOJIBHUKOB, BCE BEPIIMHBI KOTOPBIX cMHUE? (0) Yero GoJiblie: MHOTOYTOJIB-
HHUKOB, BCE BEPIIMHBI KOTOPBIX CHHHE, WA MHOTOYT'OJIbHHKOB, Y KOTOPBIX O/iHA
BEpIIMHA KpacHasl, a OCTaJIbHbIC CUHUE?

[MocTpoiiTe B3aMMHO OJJHO3HAYHOE COOTBETCTBHE MEXKLY

10. muoxecTBoM neubix uncen Z = {. .., —3,-2,-1,0,1,2,3, ...} u MHO-
»ecTBoM HarypaibHbix ncest N = {0,1,2,3,4,...};

11. 1ByMsi OTpe3skaMy PasHO# JUIMHBI (KaX/Iblii OTPE30K MBI PacCMaTpUBacM
KaK MHOXXECTBO JIOXKAIMX Ha HEM TOYEK, BKINOYasl €r0 KOHIIBI);

12. oTpe3KOM W MHTEPBAJIOM (OTPE3KOM 0e3 KOHIIOB);

13. uHTEpBAJIOM U IPSIMOIA;

14. TpeyrosIbHUKOM M KBaJpaToM (HE BKJIIOYAsl X BHYTPECHHOCTEH);

15. TpeyroJIbHUKOM M KBaJpaToM (BKJIIOYasi MX BHYTPEHHOCTH);

16. OeckOHEUHBIMH TIOCIICAOBAaTEIBHOCTAME IU(p 0, 1 1 GECKOHCYHBIMU TIO-
cieoBatesibHocTsiMu 1magp 0,1, 2, 3;

17. GeckoHEUHBIME TIOCIie/ioBaTeNbHOCTSIMEA AP O, 1 1 GECKOHEYHBIMU TIO-
cienosarensHocTsmMu nudp 0,1, 2.

18. Tlocrpoiire CTPOro BO3pacTaloOLIECe B3aUMHO OJIHO3HAYHOE COOTBETCTBHE
MEX/ly MHOXKECTBOM PallMOHAJIBHBIX YHCEJl M MHOXKECTBOM ITOJIOKUTEJIBHBIX pa-
LIMOHAJIBHBIX YHCEJI.

19. TlocrpoiiTe cTporo Bo3pacTaiolliee B3aWMHO OJIHO3HAYHOE COOTBETCTBHE
MEX/ly MHO)KECTBOM PallMOHAJIBHBIX YMCEJI M MHOXKECTBOM /ICCSITUYHO-PALIIOHAIIB-
HBIX YHCEJl (YHMCell, IPEACTaBUMBIX KOHCUHOM JECATHYHON IpOOHIO).

20. Iloxaxkute, YTO NMPOU3BOJIbHAS (PyHKLUS f: Z — 7 MOXeET ObITh IIpel-
CTaBJICHa B BHJIC CYMMBl TpEX Omekmmit f1, f>, f3: Z — Z (3TO 3HA4WUT, 4TO
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f(x) = fi(x) + f2(x) + f3(x) nns Beex x).

21. BepHO 511 aHATIOTMYHOE yTBEPXK/ICHUE ISl IBYX OMEKIIWiA?
62. PaBHOMOIIHOCTBH

MruoxectBa A 1 B Ha3bIBAIOTCS PAGHOMOWHbIMU (MMEIOUIUME OJIMHAKOBYIO
MOWHOCHIb), €CIIM CYIECTBYET B3aMMHO OJIHO3HAYHOE COOTBETCTBHE MEX]y A
n B.

1. (a) Bepuo Jim, uro eciu A pasuomomno B, a B pasnomomuo C, 10 A
pasaomomino C? (6) [aubl Ba MHOXecTBa A U B. Moxer Jin ObITh TakK, 4TO
A PaBHOMOIIIHO HEKOTOPOMY TIOJIMHOXKECTBY MHOXKeCTBa B, He coBmajamolemy ¢
B, u B TO e BpeMsi B paBHOMOIIHO HEKOTOPOMY NOJIMHOXKECTBY MHOXECTBA A,
HE coBmajaomemy ¢ A?

2. (a) IocTpoiiTe OMEKIMIO MEXTy MHOXKECTBOM BCEX IOAMHOXECTB MHO-
xecrBa {1,2,...,7n} U MHOXXECTBOM BCEX MOCJIEOBATEIBHOCTEH HYJICH U €/1H-
HyL juHbL 7. (0) IMocTpoiiTe GHMEKIMIO MEX/ly MHOXXECTBOM BCEX MOIMHOXXECTB
MHOXeCTBa N 1 MHOXECTBOM BCEX OECKOHEUHBIX ITOCJIC/IOBATEIILHOCTEH HYyJIeH 1
C/IMHUII.

3. PaccMOTpHUM MHOXECTBO 3. BCEX KOHEUHBIX M OECKOHEUHBIX NOCJIE0BATEb-
HOCTEH HyJIell M €[VHHUII, a TAKXKE MHOXECTBO () BCeX OECKOHEUHBIX MOCJIE/IOBA-
TeJbHOCTEN HyJel u equnuL. BynyT jm X u Q0 paBHOMOIIHBI?

MHosecTBO, paBHoMomHoe MHOoxecTBy N = {0,1,2, ...} (T.e. MHOXKeCTBY
HaTypaJIbHbIX YHCEJI), HA3bIBACTCS CYEMHBIM.

4. Jlokaxure, 4TO CJEAYyIOIIAE MHOXXECTBA CUETHBI: (a) LEJBIX YHCEN Z;
(6) paumonasbhbiX yncen Q (panMoHaNBHOE YUCIO — OTHOIICHUE JIBYX LIEJIBIX);
(B) KOHECYHBIX MOCJIENOBATEIBHOCTEN OYKB pyccKoro aycaBuTa.

5. JIokaxkuTe, 9TO OOBEAUHCHUE CUETHOTO YMCIIA CYETHBIX MHOXKECTB CUETHO.

6. Jlokakute, 4TO MHOXECTBO a/izebpauyeckux uucei (TO €CTh YUCEI, SBJIsI-
IOIUXCS] KOPHSIMU MHOTOYJICHOB C II€JIbIMU KO2(p(pHULIMEHTaMK) CUETHO.

7. JaHo CY€THOE MHOXKECTBO OCCKOHEUHBIX [ICCATUYHBIX Jpobeii (Kakziasi Ha-
YMHACTCS C HyJIs, a mociie 3ansaToi mayT mudpe 0,1, ..., 9). Ilocrpoiite Gec-
KOHCUHYIO JICCATUYHYIO /Ipo0b, KOTOpask HE BXOAUT B 3TO MHOXECTBO.

8. Jlokaxxute, 9T0O MHOXKECTBO BCEX GCCKOHCUHBIX MOCIIEC/IOBATECIBHOCTEH HY-
JICH M €IMHUI] HECUETHO.

9. [lokaxmure, 9TO JiI0O0E DECKOHEUHOE MHOXXECTBO COJICPXKHT CUETHOE MOJI-
MHOXECTBO.

10. [Tokaxwure, uto ecim A OeckoHeuHO, a B cuérno, 1o muoxecto AU B
PaBHOMOIIHO A.

11. [lokaxkuTe, 4TO J06OE MHOXECTBO HENEPECEKAIOIMXCS MHTEPBAJIOB Ha
npsiMoii He Gostee 4éM cu€THO (T. €. KOHeuHo mim cu€THo). (MuTepBan (a, b) co-
CTOWT W3 BCEX UHMCeJl, OOJIBIIMX ¢, HO MCHBIIMX b; mpeanosaraetes, urto a < b.)
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12. BeckoHeuHasi 1OCIIEA0BATCIIBHOCTh HYJICH M €/IMHMLL HA3bIBACTCS 8bIYU-
CnuMoil, ecliM CyllecTByeT mporpaMma (CkakeM, Ha TIackajle; CYMTaeM, 4To Tie-
PEMEHHBIE TUNa integer MOTYT NPHHUMATH JIIOOBIC II€JIbIC 3HAUCHHUS), KOTOpast
TeyaTacT 3Ty HOCIEAOBATEIBHOCTh. JIOKaXUTe, YTO CYIIECTBYIOT HEBBIUMCIIIMBIC
MOCJIC/IOBATEJIBHOCTH.

B nanpHelimeM Mbl mpuHEMaeM Ge3 /10Ka3aTEIIbCTBA, UTO JICHCTBUTEIILHBIC YH-
cJ1a 3a/1a10TCsl GECKOHCUHBIMHY JICCSITUYHBIMY (WJIM JIBOMYHBIMHA) JIPOGSIMH, IPUUEM
Ka)X/IOMy YHCJly COOTBETCTBYET OjiHa JIpo0h mMimM iBe (O/(HA C HYJISIMH HA KOHIIE,
Zipyrasi c JIcBSITKaMyl Ha KOHIIE).

13. Mokaxute, uro npsiMasi (TOYHEEe, MHOXECTBO BCEX TOYEK IIPSIMOI) paB-
HOMOIIIHA MHOXKECTBY BCEX OECKOHEUHBIX MOCIIEOBATEIIFHOCTEN HYJIeH 1 CINHNII.

MOIIHOCTE 3THX MHOXECTB HA3BIBAIOT MOWHOCHIbIO KOHMUHYYMA.

14. [lokaxure, 4TO IpsiMasi PaBHOMOILHA INIOCKOCTH. (YKa3aHUE: KaK COEU-
HUTH JIBe GECKOHEUHbIE TTOCIIEZI0BATENIFHOCTH HYJICH W €IMHUIL B OJHY?)

15. lokaxxute, 4TO OKPY>KHOCTb ¥ KPYI' PaBHOMOILHBI.

16. (a) JlokaxuTe, YTO CYIIECTBYET MPAHCYEHOEHMHOEe NEACTBUTEIILHOE Y-
cio (TO eCTh JEHCTBUTEIFHOE YNCIIO, HE sIBJIsIONmcecs anrebpandyecknm). (6) do-
Ka)XXWUTE, 9YTO MHOXXECTBO TPAHCIICH/ICHTHBIX YUCE]l IMEET MOIHOCTh KOHTUHYYMA.

17. JIaHO MHOXECTBO HENEPECEKAIOIMXCSl BOCBMEPOK Ha IJIOCKOCTU (BOCH-
MEpka — OOBEIMHCHNUE [[BYX OKPYXXHOCTEH, KacalomUXCsl BHCIIHAM 00pa3oM).
JIOKa)XXUTE, UTO 3TO MHOXKECTBO CUETHO.

18. BepHo 1M aHAJIOTUYHOE YTBEPXKICHUE JUIsl (PUTYP, TE€OMETPUYECKHU 110/100-
Heix (a) O6ykse N? (6) GykBe O? (B) Oykse T? (Bce jmHuu B OykBax HyJIeBOi
TOJIIMHBL. )

OGo3naunM yepe3 Z?(A) MHOXECTBO BCEX NMOJAMHOXKECTB MHOXecTBa A. Ha-
npuMep, ecii A COCTOHMT U3 M BIIEMEHTOB, TO | P (A)| = 2".

19. (Teopema Kanrtopa) [okaxure, uto MHOXecTBO Y (A) HU 1pH KakoM A
(1aXke TpU MyCTOM) HE PaBHOMOIIHO MHOXeCTBY A. (YkazaHue: coJaT-Iapuk-
Maxep, KOTOPOMY BBIILIO yKa3aHHWE OpUTh BCEX TEX COJIJAT, KTO He OpeeT cebsl,
HE CMOXET €T0 BBIIOJIHUTE. )

JBe Gurypsl Ha MUIOCKOCTH HA3BIBAIOTCS. HOGOOHbIMU, €CIIH CYIIECTBYET B3a-
FAMHO OJJHO3HAYHOE COOTBETCTBHE MEX/y WX TOUKAaMH, P KOTOPOM BCE paccTo-
SIHUSI M3MEHSIOTCS! B OJTHO U TO K€ YHCIIO pas.

20. Ha miockocru janbl kpyr A u kBajpar B. INokaxure, 4To MOXHO pas-
OUTh Kpyr Ha J[Be Hemepecekaroluecs: yactu A; u A, a KBajpaT — Ha JIBe
Hemepecekatoiuecs: yactu By u B, Takum obpasoMm, uto A; mono6uo By, a A,
noyiobuo B,. (Ykazanue. Vcmosnb3yiiTe KBajpaThl C KPYIJIBIMU JIBIPKAMEA U KPYTH
C KBaJIpaTHBRIMH JIBIPKAMH. )

21. [anbt 7Ba MHOXecTBa A W B. IlycTh f — B3aMMHO OJJHO3HAYHOE COOT-
BETCTBHE MEX1y A M HekoTophiM B’ C B, a g — B3aMHO OJIHO3HaYHOE COOT-
BeTcTBHE Mex/y B n nekotopeiv A’ C A. TlokakuTe, YTO MOXHO pasOuTh A Ha
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JIBE Hemepecekamomuecs yactu A; u Ay u pazdute B Ha /iBe Hemepecekarolume-
cs1 wact B; m B, Takum 0o6Gpa3oM, YTO f OCyIIECTBIISIET B3aMMHO OJIHO3HAYHOE
COOTBETCTBHE MeXny Ay m By, a g — mMexny B, n A,.

22. (Teopema Kantopa — Beprmreitna) Jlokaxxute, 9T0 eciii A paBHOMOIIHO
HEKOTOPOMY IOJIMHOXECTBY MHOXecTBa B, a B paBHOMOIIHO HEKOTOPOMY IOJI-
MHOXECTBY MHOXeCTBa A, TO MHOXecTBa A U B paBHOMOIIHBI.

23. JlokaxkuTe, 4TO JIIOOBIC /1B MHOXECTBA HA IJIOCKOCTH, CO/ICPXKaIle OT-
PE30K MJIM 1yT'y OKPY>KHOCTH, PaBHOMOLIHBI.

24. (a) KBajpar pa30ut Ha JiBa MHOXecTBa. J{okakuTe, 4yTO XOTsl Obl OJHO
13 HAX PaBHOMOIHO BceMy KBazipaty. (6) JlokakuTe aHAJIOTWYHOE YTBEPIXK/ICHHE
IUISl OTpE3Ka.

25. Wmeercst CeMEHCTBO MOIAMHOXECTB MHOXkectBa N. Moxer Jim 310 Ce-
MENCTBO GBITh HECUYETHBIM, €CJIM s JIIOOBIX 3JIeMeHTOB A M B 3TOTO CceMeiicTBa
(a) ANB xoneuno; (6) A C Buwm B C A; (8) AA B xoneuno?

63. AkcuoMa IOJIHOTHI

T'oBopsT, 4TO YKCIIO C sIBIISIETCS 8epXHell epaHuyeil (W 2paHbio) 1J1si MHO-
KECTBa A, eCJIM Bce YWCJIa M3 MHOXECTBa A He TpeBOCXOAsT ¢ (TO ecTh a < ¢
Juist BeceX @ u3 A). MHOXECTBO Ha3bIBACTCS OZPAHUYEHHbIM CEepXy, €CIIA OHO
HAMEET BEPXHIOIO TPaHMILY.

1. 3akonunte ¢passl: (a) ¢ He SBISACTCS BEpXHEH I'paHUIICH MHOXeCTBa A,
ecim. . . ; (0) MHOXXECTBO A HE OIPaHMYCHO CBEPXY, €CIIH . . .

2. OrpanuyeHo Ji MHOXKECTBO {ay, da, . . .}, ecum:

@ a, = 100" @) a1 = 1, apyq = a, + 1/n? (B) a, = n'®/2"?
(1) a, =2"/n'"? (@) a1 =1, api1 = an +1/(an)??

DJIEMEHT MHOXECTBA A, ABIISIOIUACS BEPXHEN I'paHMLICH Ui A, Ha3BIBAIOT
HAUOONLWIUM DIIEMEHTOM.

3. Besikoe M OrpaHMYEHHOE MHOXKECTBO MMEET HAMOOJIBIINIA 3J1EMEHT?

HanMenpInast 13 BepXHHUX T'paHWI] MHOXECTBa A, €CJIM OHa CYIIECTBYeT, Ha-
3BIBACTCSl MOUYHOL BepXHell 2paHbio 3TOT0 MHOXECTBA M 0603HaYaeTcs sup A (ot
cjoBa ‘supremum’).

4. [aiiTe ompe/clicHNC HAMMCHBIICTO DJIEMEHTAa W TOYHOW HYDKHEW TIpaHH.
(Tounast H¥KHsIsI rpaHb MHOXecCTBa A oGo3nauvaercst inf A or ciosa ‘infimum’.)

5. Boiuncisinte sup A, inf A, a Taxke HauOOJIBIIMA M HAMMEHBIIMA DJIEMEHT
MHOXecTBa A (ecim oHHM cymiecTByioT), ecd (a) A = {x +1/x |0 < x < 3};
@ A={x2—x+1|-1<x<1}; B A= {x/(x+1)| x> 1}.

6. CymecTByeT JI1 6ECKOHEYHOE OTPaHMYEHHOE MHOXECTBO, JII000€ IOJMHO-
JKECTBO KOTOpOoro (a) mMeeT HambGoNpummii dJjieMeHT; (0) mMeeT HAMOOJIBIINNA 1
HaVMCHBIIMMA >JIEMEHT?

Axcuoma mosHoTbl. [lycts L m R — 1Ba HENMyCTHIX MHOXXECTBA /CHCTBU-
TEJIBHBIX umces], npuuéM L Haxomutcst wieBee» R:ecim | € L u v € R, 10
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I < r. Torna cymectByer pasdensiioujee uucio ¢, pis xkoroporo I < ¢ < r
npuBcex | € L, r € R.

B naneneiiineM paspemaeTcsi MOJIB30BAThCSl aKCHMOMOH TOJIHOTHI 6e3 Jl0Ka3a-
TEJIBCTBA.

7. Jokaxute, 4TO J11060€ OrpaHMYCHHOE CBEPXY MHOXCECTBO JICUCTBUTEIJIBHBIX
YHUCCJI MMECT TOYHYIO BEPXHIOIO I'DaHb.

8. Jloxaxxute npuHyun 6l0NCEHHbIX OMmpe3Kos8: ecim jaHa (6ecKoHedHas)
TIOCJIE/IOBATEJIBHOCTE BJIOXKEHHBIX OTPE3KOB

[aOabO}D[alabl]j---j[anabn}D--'a

TO HAWJETCSA NACHCTBUTEIBHOE YUCIIO, NIPUHAJIEKAIIECE BCEM 3TUM OTPE3KaM.

9. BepeH I aHAJIOTWYHBINA (IIPHHLUI BJIOKCHHBIX MHTECPBAJIOB)?

10. (a) /TaHO MHOXECTBO OTPE3KOB (Ha MPSIMOIi), IPAYEM JIIOOBIC 7IBa OTpe3Ka
U3 3TOT0 MHOXKECTBAa MMEIOT o0IlIyi0 TOuKy. BepHo i, 4TO cymecTByeT TOUYKa,
TIpMHAJYIeKalasl BceM oTpeskaM? (6) BepHo s ananormynoe yTBepiK/I€HHUE ISt
TIPSIMOYTOJIBHUKOB Ha THIOCKOCTH, CTOPOHBI KOTOPHIX MapaJulCIIbHBI OCSIM KOOP/IH-
Hat? ([IpsIMOYroJIBHUK pacCMaTpHUBAaETCsl BMECTE C BHYTPEHHOCTHIO.) (B) . .. JJIs
TIPOU3BOJIBHBIX IPSIMOYTOJIBHUKOB Ha IIJIOCKOCTU?

11. (a) PaccmoTpuM Bce GECKOHEUHBIE TOCIJIENOBATEIBHOCTY HYJIEH M €IMHMUIL
C WIeKCcUKorpagpuueckuM» (Kak B CJIOBape) IOPSIIKOM: CPaBHUBAcM IIEPBBIE CJIEBA
paznmualommecs: 1ugpsl. Bepra nm s Hux akcroma noiHOTH? (6) Tot ke Bo-
TIPOC, €CJIM CYMTATh nocienoBarebaocTr x011111 . .. m x100000 . . . paBHBEIMU.

64. KontpoJssHas padora

1. Beruncimre cymMmmy
5 4
S 3kck.
k=0
2. Jlokaxwure, 94To
k
k __ r ~k—r
Cih = Z /.
r=0

3. CymectByioT Ju Takue Ko3(UIMEHTH a, b, IpH KOTOPBIX ClIeAyIolee
PaBEHCTBO CIIpaBeIMBO JUist Beex n > 3, k > 3

Ck=cCt i +aCt+Cl}+ i

4. Bouuciure kodddunment npu x¥ B (1 + x + x2 + -+ + x%)°.
5. Bounciiute koapuiiment npu x;xx3x4 B (1 4+ x3 + X + x3 + xg)8.
6. Haiijmre cymmy k03¢ UIMEHTOB MHOTOWJIEHA

20 y & 10 f &
(k+1)*x (-=D*x
2, 2,
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n k n
7. Cpapuure unena y ;o C, n 2",
8. Haitjure cymMMmy Beex ISITH3HAYHBIX YMCEJl, B KOTOPBbIE Kaxkzas u3 uucdp 1,
2, 3, 4, 5 BXOIUT POBHO OJUH pa3.

65. Cioxenue puryp

[lycrs paubl purypel F u G.
Hazosém nosycymmori stux ¢u-
TP MHOXECTBO CEpPEIUH OTpE3-
koB PO, tne P € F,O € G.
(O6o3naucnue: (F + G)/2.)

Ommmmare (F + G)/2, ecim:

1. onna u3 puryp — TOuKa;

2. F u G — otpesku;

3. Fu G — xpyry;

4. F u G — npsiMOyroJibHU-
KA CO CTOPOHaMH, IapaJlJicJIbHbI-
MH OCSIM KOOD/IMHAT;

5. F — rtpeyronsuuk, G —
€ro CTOpOHa;

6. F — orpezok, G — kpyr;

7. F u G — coBnajamoimme
TIOJIyOKPYHOCTH;

8. F u G — n1Be OKpY>XHOCTH;

9. F — tpeyronbnuk, G — kBazipaT (C BHYTPEHHOCTSIMH).

10. Ilycts F 1 G — jBa BBIIYKJIBIX MHOTOYI'OJIbHUKA (C BHYTPEHHOCTSIMU),
npuuéM croponbl F' He mapajuienbnbl cropoHam G. Ilokaxwurte, uro ux nouty-
CyMMa SIBJISIETCSI MHOTOYTOJIbHUKOM. CKOJIBKO CTOPOH y 3TOI'0 MHOI'OYI'OJIbHAKA?
KaKOBbl WX JUIMHBI M HAIIpaBJICHUS? YEMY PaBEH €0 IEepAMETpP?

11. (Ilponoskenue) Touka f OOXOAUT TpaHUIly MHOTOYIoOJIbHMKAa F IIpOTHB
9acoBO¥ CTPEJIKY; TOUKA g OOXOIHUT I'PaHHIy MHOroyroyibHEKa G IPOTHB YacoBOM
crpesiki. Kak 10J0kHO GbITh COIJIACOBAHO MEXJly cOOOM IBIDKECHUE TOUYEK [ U g,
4yro6bl UX NOJIyCyMMa 00Xojmiia rpanuily nostycymmst guryp F u G?

BMecTo mosiycyMMBl MOXXHO paccMaTpuBaTh CymMy AByX ﬂdryp. BriGepem

Hauasio koopiauHat O m Oynem ckiaaeiBate Bektopel OX u OY mus X € F,

Y € G, u otMeuaTh KOHIBI IIOJIyUYCHHBIX BEKTOPOB 0Z = OX + ov.
12. Iokaxwnre, 910 MONycyMMa ¢uryp mopobHa ux cymMMe (M BJBOE MCHBIIE,
B COOTBETCTBUM C Ha3BaHuWeM). Kak 3aBucut cymma ¢uryp ot BbiGopa Touku O?
13. IlokaxkuTe, 4TO CIEAYIOIME CBOMCTBA BBITYKJIOTO MHOTOYTOJIbHHMKA paB-
HOCHJIBHBL (1) OH MMeeT IIeHTp cuMMeTpud; (2) ero MOXKHO paspe3aTh Ha Iapail-
JiesiorpaMMBl; (3) OH €CTh CyMMa HECKOJIBKAX OTPE3KOB.
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14. [Tan BbIyKJIbI MHOTOYTOJIbHUK F' 1iomaau s u nepumerpa p. Hapucyiite
¢urypy F +eK, rne K — enunnunbiii kpyr. Halinure miomans 3Toi GUrypsl.
(YKa3aHue: IWIOMa/Ib Kpyra pajyca » paBHA T #2; OTBET SIBJSCTCS MHOTOYJIEHOM

oT €.)

66. IlorpemHocTu

1. Kax/10€ 13 MOJIOKUTENBHBIX uncel] @ U b m3Mennim He Gonee yem Ha 0,01,
Moruu 1 ux (a) cymma; (0) pa3sHOCTb; (B) IPOM3BE/ICHUE IIPU 3TOM U3MECHUTHCS
6osiee yem Ha 0,02?

2. Yuciio x m3MeHun He Oojiee yeM Ha 0,01. Moxer Jin 3HaueHue (a) sin x;
(6) cosx; (B) tgx m3meHmTbCsl Gosiee yeM Ha 0, 01? Gosiee wem Ha 1? (Yruml
HU3MEPSIIOTCSL B pajiiaHax.)

3. Cropony KBajipaTa W3MEPWIIH C OmmOKoil He Gojiee ueM B 1 cm. Beerna im
ZIOCTaTOYHO 9TOH MH(pOpManuy, 9To0bl ONPEEIIAT €ro IIOIA/b ¢ OommMbKoi He
6osiee 1 xB. M?

4. Inomanp kKBajipaTa m3Mepmin ¢ ommbKkoi He Gosiee uem 1 xB. cM. Beerna
JIM JIOCTATOYHO 3TON MH(OpManuu, 9To0Bl ONPEACIUTh UIMHY €r0 CTOPOHBI C
ommbkoi He Gosee 1 M? [lozpewnocmyio npuGimxEHHOM HOPMYJIbI HA3BIBAETCS
MOJyJIb Pa3HOCTH MEX]Y JIEBOW M IPaBO# YacCTsIMMU.

5. Jlokaxwure, uto 1pu |x| < 0,001 morpemnocts gopmyast (1+x)% ~ 143x
He Goupme 1% ot |x|.

6. ... morpemnocts ¢opmydsl 1/(1 + x) ~ 1 — x ne Gosbine 1% ot |x|.

7. ... norpemnocts gopmysibl 1/(1+ x) ~ 1 — x + x? ue Gosbuie 1% ot x2.

8. ... morpemnocts ¢opmyist /1 + x ~ 1+ x/2 ne Goubine 1% ot |x|.

9. (IIponomxenne) Iokaxute, urto mpu x > 100 morpemnocTs (opMyJibl
Vx+1—/x~1/(2y/x) ne Gonbie 1% OT BeJIMYMHBI PABO YACTH.

10. [okaxxute, 4To (a) MOTPEIIHOCTh NPHOIKEHHOM opMydsl sinx ~ 0
He TIpEeBOCXOANT |x|; (6) morpemHocTh NpUOIMKEHHON GopMyabl cos x ~ 1 He
TIPEBOCXOIUT X2,

11. Hokaxwure, uro sinx < x <tgx npu 0 < x < w/2.

12. dokaxure, uro npu |x| < 0,001 morpemnocts GopMylibl sin x & X He
npeBocxommT 1% ot |x|.

13. (TIponomxenne) Mokaxure, uro npu |x| < 0,001 nmorpemsocts gopmy-
Jbl cos x ~ 1 — x?/2 ne npesocxomur 1% or x2.

67. BeckoHeUyHO MaJibie

Iycrs f u g — nBe pynkunn. ToBopsit, uto f beckoneuno mana no cpas-
HEHUI0 C ¢ Npu X — d, €CIA JUIS BCSKOTO TOJIOXKHUTEILHOTO € HEPAaBEHCTBO
|f (x)| < €|g(x)| BBIIONHSAETCS BO BCEX TOUKAX, IOCTATOYHO GIM3KHX K d, TO €CTh
CymecTByeT Takoe 0 > 0 (BO3MOXHO, 3aBHCsIIee OT €), uto |f(x)| < €|g(x)|
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npu Bcex X U3 MHOXectBa (a — 0, a) U (a, a + d). (OOpatute BHMUMaHHE, 4TO
¢ynkuum f U g He 00sA3aTEIBHO OIPEECIICHB! B TOUKE d.)
dopMmaJibHast 3aIlUCh:

(Ve > 0) (30 > 0) ((Vx € (a—d,a)U(a,a+0)) |[f(x)] <elg(x)])

(3mech V umTaeTcs «ais M060roy, a 3 — «CymecTBYET»).

1. Pacemotpum Besmumnbt 1+ x2, x2, sinx, x, /|x|, xsin(1/x), sin(1/x)
Kak (PyHKLIMM apryMeHTa X. YKa>KUTe BCE aphl f, g 9TuX (PyHKLMIA, [Uisi KOTOPBIX
Jf GeckoHEYHO Majia 1o CpaBHEHHMIO ¢ g npu X — 0.

Ecim ¢ynkumst f GecKOHEUHO Majia IO CPaBHEHHUIO C g NPU X — a, OOBIYHO
manyT «f (x) = o(g(x)) mpu x — a» (umraetcs: «3d OT UKC €CTh O MAajioe
OT X€ OT WIKC TIPH WKC, CTPEMSIIIEMCS K a»), XOTSI 3TO M HE BIIOJIHE KOPPEKTHO:
nanpumep, x2 = o(x) m x> = o(x) npu x — O, HO He CJIE/YeT 3aKJI0YATh
OTCIOJIa, UTO x2 = x3

2. JlokaxkuTte, 4TO
1

—— =1+4+x+o0(x)
1—x
npu x — 0. (D10 o3Havaer, yro nozpewHocme opmyiist 1/(1 — x) =~ 1 + X,
To ecth pasHocTh 1/(1 — x) — (1 + x), GeckOHEYHO Majia IO CPaBHEHUIO C X TIPH
x —0.)
3. Idokaxure, uto 1/(1 — x) =14+ x + x2 + o(x?) mpu x — 0.
4. Haiiqure npubimkERabie (POPMYJIBI ¢ OMMOKOM o(x?) mus (a) 1/(2 — x);
6) 1/(1+x); (8) 1/(1 + x?) npu x — 0.
5. Moxnbepure nonxozsiue ko3dPUIUEHTH a, b, ¢ 1 IOKaXUTe, YTO

1—x
1+ x

=a+ bx+ cx? + o(x?)

mpu x — 0.

6. dokaxwure, uto /1 +x =1+ x/2 + o(x) npn x — 0.

7. Haiture npubimmkénnyio dopmyiy mis /1 + x ¢ ommbkoit o(x?).

8. okaxmure, uro (a) sinx = x + o(x) mpu x — 0; (0) tgx = x + o(x)
mpu x — 0; (B) cosx =1 — x2/2+ o(x?) npu x — 0.

9. (Ilponosxenue) Ilokaxkure, YTO B IpEbLIYILECH 3a/1a4€ MOXKHO 3aMCHUTh
o(x) Ha o(x2) B TIEPBBIX JBYX (popMylax U o(x?) ma o(x*) B TpeThell popmyiie.

10. Tpeanonaras W3BECTHBIM, 4TO UMeeTcst opMyaa 1g x = x + ax® + o(x?)
(mpu x — 0) 11t HEKOTOPOTO YMCIa g, HaijuTe 3To 4yucio. (YkaszaHue: 1g2x =
=21gx/(1 —1g%x).)

11. Jokaxkute npuOImKERHbIC (bOpMYJIbI, BepHBIC IIpH X — O (mozo6pas mpa-
BUJIbHBIC 3HaUcHUs a U b): (a) sin(7/3+x) = a+bx+o0(x); (0) cos(7w/3+x) =
=a+ bx+ o(x); () tg(w/3+ x) =a+ bx+ o(x).



88 3adauu 20022003 200a (10 xknacc)

12. IxosnpHuK Ha 3a4€Te Jia)l Takoe ompeeienue: [ = o(g), ecim HanuETCs
Takoe 0 > 0, uto mpu JoGom € > 0 HepaBeHCTBO |f(x)| < €|g(x)| BIMONHEHO
IpH BCEX X # @, IVIsl KOTOPBIX |X — a| < d. YUTo OH ompeesmil Ha caMoM Jiejie?

68. Apudmernka oCTaTKOB

IMycte m — nenoe monoxutenpHoe yncio. O6o3Haumm yepes Z/ mZ, MHO-
xectBo {0, 1, ..., m—1} yenvix uucen no Modymo m (OCTAaTKOB TIPH ACIICHAM
Ha m) ¥ BBEJIEM Ha HEM ONEpalliid CJIOKCHHUSI B YMHOXEHHUS: 9TOOBI CIIOXKUTH (IIe-
PEMHOXHUTD) [[Ba OCTAaTKa, WX HY)XHO CJIOXWUTH (IICPEMHOXXHUTH) M B3ATh OCTaTOK
TIpY JICJICHUA Ha m.

1. Kakum jném nenesm 6bu10 25 okTsiopst 1917 ropa? Uro mpomsonuio B 3T0T
JIEHB?

2. Ha kakoil JicHb HeZleIM TPHHAALIATOC YHCIIO IPHUXOAUTCS C HAaMOOJIBIICH
BeposiTHOCTBIO? (Ykazanue. Ecim HoMep rona nesmrest Ha 100, HO He JeJATCs Ha
400, To Takoi roj| HE CUATACTCS BHCOKOCHBIM. )

3. (a) CocraBbTe TaGJIMILIBI CIIOKEHHUSI U YMHOXEHUS! Uit MHOXKecTBa Z /77
7 BBIIMIINTE €r0 3JIEMEHTHI, SIBJISIONIACCS TIOJHBIMH KBAJ[paTaMU WM TOJIHBIMU
kyGamu. (6) Ta e 3ajava juist Z/87. (B) Ta ke 3anava jist Z/97.

4. Jlokaxwure, 4TO CYIIECTBYET OECKOHEYHO MHOIO HATypallbHBIX YHCEJI, HE
TIPE/ICTABAMBIX B BHJIC CyMMBbl TPEX KBaJIpaTOB HaTypaJIbHBIX UHCE]l.

5. (Ilponomxkenne) Tot ke Bompoc AJist TPEX KyOOB.

Tabymiy ymMHOXEHUSI HA a B Z/mZ ynoOHO 3anuChiBaTh B BHJE OPHCHTH-
poBanHOro rpada, riue BEpIIMHBI — DJJIEMEHTHl Z/m7Z, u Juisl KaxJI0oro X u3
BEpIIMHBEI X B BEPUIMHY @ - X BEICT CTpelika (OpHEHTHPOBaHHOE pebpo).

IMyctp nns wncna a € Z/mZ semonneno pasenctBo HOM(a, m) = 1. [Ho-
Ka)XHTE, 9TO

6. B KaX/1yIo BeplMHy rpaca yMHOXXCHHSI HA g BEJET POBHO O/IHA CTPEJIKa;

7. oT0T Tpad mpencTaBisieT cobol OOBEIMHEHNE IIVKIIOB;

8. Tpu MpocTOM M BCe LUKJIBI, KPOME OJJHOTO, MMEIOT O/INHAKOBYIO JUJIMHY;

9. cyluecTByeT ILieJloe MOJIOKHUTEIBHOE YUCIIO 1, Takoe, uTo a” = 1.

10. Kakue u3 npeapiaymux yTepxaenuit Bepubl, ecim HO(a, m) # 1?

By/ieM Ha3bIBaTh DJIEMEHT @ MHOXECTBa Z/ m 7 obpamumbim, €Ciii HaRIETCs
becZ/mZ: a-b =1. (B sToM ciiyuae dJeMEeHT b Ha3BIBAIOT OOpamMHbIM X a
U 0603Hava0T a !.)

11. JokaxxuTe, 4TO ONpE/eJICHAE OOpPaTHOTO 3JIEMEHTa KOPPEKTHO: HH IS
KaKOTO 3JIEMEHTa HE CYNIECTBYET /IBYX Pa3JIMYHBIX OOPaTHBIX.

12. Jlokaxkute, 4T0o OOPaTUMOCTh DJIEMEHTA a € 7/ mZ paBHOCHIIbHA TOMY,
uro HO/l(a, m) = 1. (B wactHOCTH, €Cii p — IIPOCTOE UUCIIO, TO B MHOXKECTBE
7./ pZ 1060# HEHYJICBOI BJIEMEHT OOpaTUM.)

CaoiicTBO ‘a mesmTes Ha b’ 3ammchBaiOT Takxke B Bune b | a (‘b nenwr a’).
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13. (Manas Tteopema ®epma) Ilycrs p — mpocroe umciio, p 1 a. Torna
p | (aP~! —1). (Yacto 310 yTBep*)nerne (hopMyJMpyIOT uHade: «/1us mo6oro
LIEJIOTO YHCNa a 9ACHo aP — a JEJATCS Ha p».)

Onpenenum ¢ynkyuio Jiinepa ¢ (n) Kak KOJIMYECTBO LEIIBIX TTOJIOKHUTEIIBHBIX
YHCeJ, MEHBIINX /1 ¥ B3aUMHO NPOCTHIX C 7.

14. (Teopema OSitnepa) Ilycts uucia a u n rtakosel, yro HOM(a, n) = 1.
Jokaxwute, uto n | (a?™ —1).

15. (a) Ilycts uucna m u n takoBbl, yro HOH(m, n) = 1. Jokaxure, 4TO
p(mn) = p(m)p(n). (0) Kax BeIuncINTL @(7), 3Has pa3jioKEHUE YUCIa 1 Ha
TIPOCTBIC MHOXUTEJN?

ITycts p — mpocroe uncio, ommyHoe OT 2 U 5. JIoKaXuTe, uTo

16. cymectByet umcio Buaa 11...111, kpatHoe p;

17. numHa mepuoja AecsiTH4HOM apo6u 1/p nesmt p — 1.

18. Ilycts p — mnpocroe uuciio, He paBHoe 2. [lokaxwure, uro B Z/pZ
(a) ypaBnenne x? = a mmeeT He GoJiee JBYX pemenuii; (6) ecTh poBHO 2 dJie-
MEHTa X, JUisl KOTOPBIX X = X !; (B) paspelaMocTh ypaBHenus x>+ ax+ b = 0
PaBHOCHJIbHA TOMY, 4TO @’ — 4b — TIOJIHBIA KBa/IpaT.

19. (Teopema Buibcona) [lokaxure, uro p | ((p — 1)! 4+ 1) Torna u Tosnsko
TOrZa, KOIrjga p — IIPOCTOE YHCIIO.

69. HenpepbiBHOCTD

@OyBKIMS [ HA3BIBACTCSL HENPEPbLIGHOL 8 MOYKe a, CCIIA OHa OIpEJICicHa B
touke a u f(x) = f(a) + o(1) mpu x — a.

1. ChopmynmpyiiTe onpe/icsicHUE HENPEPHIBHOCTU «B TCPMHUHAX €-0).

2. Iponomxkute: «pyHkims f paspviena (He SIBISICTCS] HENPEPHIBHOM) B TOY-
K€ a, eClH. . .»

3. Jlokaxure, uTo (PyHKIMs X — X2 HEMpepbiBHA BO BCEX TouKax a € R.

4. lokaxwure, uro yHKuwmst x — 1/x HenpepbiBHA BO Bcex Toukax a # 0.
HemnpepriBHa s oHa B Touke a = 0?

5. dokaxure, 4ro PyHKIMM X — Sin X U X +— COS X HEIPEPHIBHbI BO BCEX
Toukax a € R.

6. (a) Jokaxure, yto ecim f(x) = o(1) u g(x) = o(1) npu x — a, TO
f(x)+ g(x) = o(1) npu x — a. (6) Hokaxure, uro ecim f(x) = o(1) npu
X — a, a QyHKIMs g OrpaHMUYCHA B HEKOTOPOI OKPECTHOCTHM TOUKH a (TO €CTh
Haiiyrest Takue € > 0 m C, uro |g(x)| < C npu Beex x € (a — €, a + €)), 10
f(x)g(x) = o(1) mpn x — a. (B) dokaxure, uro eciu ¢pyHKIMs / HENpPEpHIBHA
B TOYKE ¢, TO OHAa OIPaHUYECHA B HEKOTOPOH OKPECTHOCTH TOUKH d.

7. JlokaxkuTe, 9TO ecii (PYHKIMHA [ ¥ g HENPEPHIBHBI B TOUKE @, TO X CyMMa
x — f(x) + g(x) n npomsBezieane x — f(x)g(x) HEUpPEephIBHBI B TOUKE 4.
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8. Jlokaxure, yro ecim (yHKUUsi [ HeHnpepbiBHA B TOUYKE d, a QYHKIUS g
HelpepblBHA B Touke f(a), To mx kommosunusa X — g(f(x)) HempepsBHa B
TOYKE 4.

9. B kakmx Toukax HempepbBHBI (yHKnmH (a) x — x" (tne n € Z);
(0) x — /x; (B) x — 1g x?

10. Iocrpoiite ¢ynkumo f: R — R, koTopass pa3pblBHa BO BCEX LIEJIBIX
TOUYKaX ¥ HENpEphIBHA BO BCEX OCTAJIBHBIX.

11. Paccmorpum ¢hynryuro /[upuxiie, KoTopasi paBHa HYJIIO B PAllMOHAJIBHBIX
TOUYKAX W €[IMHHIEC B MPPALIMOHAJIBHBIX. B kakwWx Toukax HenpepniBHA 3Ta (PyHK-
nus?

12. Tlocrpoitte dynkumio f: R — R, xoTopasi HenpepbiBHA BO BCEX LIEJIBIX
TOUKAaX M Pa3’pblBHA BO BCEX OCTAJIbHBIX.

13. (a) CymecTByeT 1 (pyHKIMsI, KOTOpas HEMpEPhIBHA BO BCEX TOUKaX, Kpo-
me Touek 1,1/2,1/3,1/4,... n nynsa? (6) CymectByeT i (PyHKIUS, KOTOpast
Obuia OBl HETIpEphIBHA BO BceX TouKax, kpome 1,1/2,1/3,1/4, ... (B ToM 9ncie
HETIpephIBHA B HyJIe)?

14. Cymecrtsyer Jin (pyHKLMS, KOTOPas pa3pbIBHA BO BCEX PALIMOHAJILHBIX TOY-
KaxX ¥ HeTlpepblBHAa BO BCEX OCTAJIBHBIX?

15. CymectByeT J (pyHKLUS, KOTOpasi pa3pblBHA BO BCEX MPPALlAOHAJIBHBIX
TOYKaX W HENPEPhIBHA BO BCEX OCTAJIBHBIX?

70. KoHTpoJibHasi pa0d0oTa [0 MAaTEPUHAJLY MEPBOIC IMOJIYTroAus

1. Beumcymre cymmy Y= (—1)% CF npu mo6eix m u n.

2. s mo6bix ym 1péx MHOXecTB A, B, C Bepno pasenctBo AU (BN C) =
=(AUB)N(BUCQOC)?

3. [IpuBeuTe NpUMEP ISITU3JIEMEHTHOIO MHOXECTBA A, TaKOI'O YTO KaXK/(blii
DJIEMEHT MHOXECTBa A sABIISIETCS MOJMHOXECTBOM MHOXECTBa A.

4. Hazosém QQ-otpeskoM [a, blg mMEOXecTBO [a, b] N Q. Bepro ym, uTo niist
JII00O0# TOCIIE/IOBATEIIBHOCTH BJIOKEHHBIX (Q-OTPE3KOB CyIIECTBYET YMCIIO, MPU-
HaJyIe)Kalee BCEM DTHM OTpe3Kam?

5. Jlanbl yeTblpe yTBEPXKICHUSL:

e f(x) = o(x) mpu x — 2;

e f(x) = o(x?) mpu x — 2;

o f(x) =o0(x? —4) upu x — 2;

o f(x) = o(sin(1/x)) npn x — 2.

JlJis KaXJIoil Taphl YTBEPXK/CHUIA BBISICHUTE, PABHOCWJIBHBI JIA OHM, M CCJIH
HET, TO KaKoe M3 HUX CHIIbHEE (€CJIM KaKoe-TO CHIIbHEE, TO HaJIo PUBECTH PAMEp
(yHKIMH, JIJIs1 KOTOPOi OHO HE BBIMOJIHEHO, a JIPYro€ BBIIOJIHEHO).

6. Jloxaxmwure, uto sin x — sina = o(1) npn x — a (a — n060e YnCIO).

7. (Ilponoskenue) Jlokaxure, 4ro sinx —sina = (x —a)cosa + o(x — a).
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8. IlkoJyibHMK Ha 3a4€TE Jlajl TAaKOE ONPEJICIICHUE HENPEPhIBHOCTY (PYHKLIAU
f(x) B Touke a:

(Fe >0) (V6 >0) (Vx €(a—0d,a+0) |f(x)—fa)| <e).

«HenpepbiBHa» JI1 TIpM TaKkOM ONPE/CIICHUM B KaKMX-JIMOO TOYKaX (PyHKLs
x + x2? dynxnms x +— sin(x2)? Kakoe CBONUCTBO (byHKIIMM OTIMCAHO DTUM OTIpE-
neJeHueM?

9. Jlna ypasuenus 4x? + 5y? = z? paiijuTe pemcHHE B NEJBIX YHCIAX,
yZOBIICTBOpSIIOIIEe YCioBusM |x|, |y], |z] > 1000, HOI(x, y, z) = 1.

10. UssectHo, ut0 a4 = 1, a,4+1 = a, + 1/a,,. OrpaHuyeHo i1 MHOXECTBO

{an/V2n}?

71. Ilpocteie yncIa

2

Besne B 5ToM JicTouke OykBa p 0003HAYaeT IIPOCTOE YHCIIO.

1. JIokaxxuTe, 4TO MHOXKECTBO IIPOCTBIX YHMCE]l GECKOHEYHO.

2. (TMpoposnkenme) Ta >ke 3ajaua Juist MpocThiXx umces: Bupa (a) 3k + 2;
(0) 4k + 3; (B) 6k + 5.

3. JlokakuTe, 4TO CYLIECTBYET OCCKOHEYHO MHOTO HPOCTBIX 4MCEN ¢, st
KOTOpBIX 4ucio 2q + 1 — cocraBHOE.

Yncno a Ha3BIBACTCsl K8AOPAMUYHbLIM 8bI4ENnOM NO MOOYNI0 M, €CIA OHO
SIBJISICTCSI TOYHBIM KBAZIpaTOM B Z/mZ. B mpoTHBHOM ciydac OHO HA3BIBACTCs
K8aopamuuHbIM HegbIuemom.

4. CKoJIBKO KBa/[paTHYHBIX BBIYETOB B MHOXeECTBE Z/pZ?

Ilpn HO(a, m) = 1 onpenenmm cumeon Jlexcanopa (%) TaK:

( a ) 1, €Ciim a — KBaI[paTPI‘IHLIﬁ BBIYCT IIO MOAYJIIO m,

m —1, ccim a — KBaZ[paTH'IHLIﬁ HCBBIYCT IIO MOAYJIIO M.

[Tpu HO(a, m) # 1 nosuoxum (%) =0.

5. Jokaxxute, 9TO JJIs JHOOBIX d, b BBINOJIIHEHO PaBEHCTBO (%) = (%) (1%).

6. JIoKaXxuTe PaBEHCTBO z’k’;zj(%) =0.

7. CkoJibko pemichuii B Z/ pZ umeet ypasuenue x> + y2 = 12

8. (a) JoxaxkuTe, 4TO MHOTOWIEH CTENECHU 7 C KO3(PEPUIMEHTaMU U3 MHO-
xecrBa Z/pZ umeer He Gosiee n KOpHEH B 3ToM MHOXkectBe. (6) Iycrs p # 2.
Jlokaxxure, 410 (;‘—,) = a»Y/?(mod p).

9. JTokaxwure, uto ecim a’> + b?> = 0(mod p) u p umeer Bua 4k + 3, 10
a = 0(mod p) u b = 0(mod p). B wacrHocTn, unciio Buia a’ + 1 me Moxer
MMETh TIPOCTHIX JieJnTeNelt Busia 4k + 3.

10. JokakuTe, YTO MHOXKECTBO TIPOCTHIX uncel Buja 4k + 1 GeckoHEUHO.

11. (Ilponomkenme) Ta ke 3a/1a9a /uist POCTHIX ynced Buaa 3k + 1.
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72. Tlocie0BaTEJIBHOCTH U IIpe/eJIbl

ToBopsiT, 4TO NOCJIE/IOBATEIILHOCTD Xg, X1, - . . CXOOUMCSI K HY/i0, €CIN JUlsi
qmoboro € > 0 Bce wieHBl NOCIEAOBATEIFHOCTH, HaYMHAsi ¢ HEKOTOPOTO, IO
MOJIyJIIO HE TIPEBOCXOJAT €.

1. (a) 3axonuure ¢pasy: «[lociue0BaTENBHOCTE Xg, X1, . . . CXOMUTCS K UM-
ciry a (TOBOpAT TaKkXe cmpeMumcs K a WIM umeem npeden a), €Cid s
JOOO0TO TIOJIOKUTEIBHOTO € . ..». (0) 3anmmmre 5TO ONpe/CIICHAE CHMBOJIAYC-
ckn: (Ve > 0) ... (B) 3akonunure ¢pazy: «IlocienoBaTesbHOCTE Xg, X7, . . . HE
CXO/IUTCSI K YHACILYy d, €CJIA . . .», HE UCIOJIB3Ys CIIOBO CHEY.

2. MoxeT J TOCJIEAOBATCIFHOCTh HE MMETh Iperesa? MMETh /(Ba Pa3HbIX
npegesia? MoXeT JIM CXOZsIasicsl MOCJIeI0BaTEIbHOCTh HE OBITh OrpaHUYCHHON?
OTpaHMYEHHAs TIOCIIE/IOBATEIILHOCTh HE OBITh CXOSIIEHCS?

ToBopsiT, 4TO YMCIIO @ SIBJISIETCSI MpedenbHOU MOUKOL TI0CIIE/I0BATEIIBHOCTH
Xo, X1, - - ., €CIIM [y1s1 Jio6oro € > 0 mHTEpBaN (a — €, a + €) COIEPXKUT OECKo-
HEYHO MHOI'0 UJIEHOB IOCJIEJ0BATEIILHOCTH.

3. MoxeT Jm Tpejiell TOCJIE0BaTeJIbHOCT! He OBITh €€ Mpe/IesIbHOM TOUKO#?
TIpe/icIIbHAs TOUKA He OBITh Tpe/ieJIoM? eIMHCTBEHHAS MpE/icIIbHAsI TOUKA HE OhITh
nipezesiom? CylecTBYET JIH MOCIE0OBATEIBHOCTD, Y KOTOPOIi JIF060¢ UHCIIO SIBIISI-
€TCsl TIPE/ICIIbHOM TOYKOH?

4. Cxondrest u (K KakoMy-JIu0o mpe/ielly) CIeyIOIHe I0CJICA0BATCIIbHOCTH:
(@) x, =sinn; (6) x, =1g(1/n) (n>0); (B) x, = (sinn)/n (n> 0)?

5. JlokaxwuTe, 94TO CJICAYIOIMIIE TOCICAOBATEIFHOCTH CXO/ATCS K HYJIO:

(@) x, = n/2"; (6) x, = n'%/2"; (B) x, =vVn+1—/n.

6. Haiiiute mpezeiisl MOCIIEI0BAaTEIILHOCTEH:

@) X, = V2 (n>1); 6) x, = Yn (n>1); B) X, = Vn?+2n —n.

7. Haiijute npeziell NOCIE0BAaTENILHOCTH X, = Sin ((2 + \/5)"7r).

8. TIpu KaKuxX @ CXOIUTCS HOCIIENOBATENBHOCTD X, = {na} (purypusie cko6-
K# 0003HavaloT JIpoOHYIO YacTh)?

9. JIOKa)XWTE, YTO €CIIM IOCIIENOBATEILHOCTH ag, dy, ... W by, by, ... cxo-
narcs K A m B, To mocnenoBaTensuocta dg + by, ay + by, ... maghy, a1 by, . . .
cxonsrest K A+ B u AB. Chopmyupyitte U I0KQXKUTE aHAJIOTUYHOE YTBEPK/Ie-
HHE O TpeJielaX Pa3sHOCTH M YaCTHOTO JIBYX CXOJSINUXCS HOCJIEN0BaTEILHOCTEN.

10. Jdokaxwute, uro (Bciogy onpeneii€HHas) QyHKIUs f HepepbiBHA B TOUKE
a €CJIM ¥ TOJIbKO €CJIM JIJIsl KaXK/I0¥ TOCJIC/0BATEIILHOCTH dg, Ay, . . -, CXOJSILICACS
K a, nocienoBaTelbHOCTh f(ao), f(a1), . .. cxomutes k f(a).

11. [JoxaxkuTe, 4TO BCsIKasi MOHOTOHHAsl OTPaHUUYCHHAS TIOCJICAOBATCIIBHOCTD
umeeT Tpesiell. (Yka3aHue: UCTIOJIb3YyATe aKCUOMY IIOJIHOTEI. )

12. JlokaxkuTe, 4TO OrpaHMYCHHAs IOCIIEAOBATEIBHOCTD UMeeT (a) Ipe/eiib-
HyIO TOUKy (yKa3aHHE: €CJI OTPE30K COJCPKHUT OECKOHEYHO MHOTO UJICHOB II0-
CJIEJIOBATEJIBHOCTH, TO OJIHA W3 €r0 MOJIOBHH TakK)ke 00JIaJlaeT 3TUM CBOMCTBOM);

3adauu 2002 - 2003 200a (10 knacc) 93

(6) cxonsyIocs: HOANOCIEAOBATEIBHOCTD (BHIOPOCHB 9aCTh WICHOB, MOXKHO CJie-
JIaTh TIOCJICAIOBATEIILHOCTD CXOJISIICHCS ).

13. Honoxkmm a, = (1+ )" w b, =14+ 1/11+1/214 ... +1/nl. Jo-
Ka)XUTE, UTO TOCJIE/IOBATEIIBHOCTH dg, d1, ... W by, by, ... cxopsrcsi, npuaeM
K OJJHOMy M TOMY € Ipe/iesly (YUCIy e, OCHOBAaHMIO HATypaJIbHBIX Jiorapudg-
MOB).

14. UssectHo, 9toO |ait1 —ai| < 1/ 27, JIokaxuTe, YTO MOCIIE0BATEIBHOCTD
ap, Ay, . . . CXOOUTCH.

15. Joxaxwure, uTo Haiaércst umncio a > 0, mpm KOTOpOM JpoOHBIE 4acTu

BCex umcel a, a2, a’, . .. upunaauexar orpesky [1/3,2/3].

73. CpoiicTBa HenpepbIBHbIX (PYyHKIHIt

1. ®dynknus [ onpenesiena Ha orpeske [0, 1], npuuém f(0) < 0 u f(1) > 0.
Jlokaxxure, 4to HadjyTcsi Takue wucna a, b € [0,1], uro |a — b| < 0,001,
f(a) <0m f(b)>0.

2. Oyukius f: [0,1] — R nenpepsiua, npuuém f(0) < 0, a f(1) > 0.
JHoxkaxwure, yro Hain€res uncio a € [0, 1], nus xotoporo f(a) = 0.

3. Jlokaxkute, 9TO Bo3pacTaomast pyHKIWsI, olpe/icsi€HHast Ha oTpeske [a, b],
HETpepbiBHA Ha 3TOM OTpe3Ke TOT/la M TOJIBKO TOT/la, KOTJ|a OHa NMPHHMMAET BCE
3HaueHus m3 oTpeska [f(a), f(b)].

4. Jloxaxwute, 4To (pyHKIIUS, ONIPE/CIIEHHAs U HENPEpPhIBHASI HAa OTPE3KE, OTpa-
HUYCHa (BCe 3HAUCHUS (PYHKIMM HE MPEBOCXOMAST IO MOJYJIO HEKOTOPOIo 4mciia
C). (Yxazanue: ecsim QyHKLMSI HE OIPAaHMYEHA HA OTPE3KE, TO OHA HE OIpaHMYCHA
HA OJ/IHOW U3 €ro INOJIOBUH.)

5. BepHo Jin aHAJIOTMYHOE YTBEPXKZCHHUE /Ul MHTEpBaJia?

6. (a) Joxaxwure, 4TO ONpe/icsICHHAs 1 HENpPEPhIBHASL HAa OTpe3ke (PyHKnums
JlocTUraeT MUHUMyMa M MakcumyMa: eci f @ [a, b] — R nenpepbiBHa Ha [a, b],
To HainyTess takue m, M € [a, b], uto f(m) < f(x) < f(M) nns Beex
x € [a, b]. (6) okaxute, 4TO MHOXECTBO 3HAYCHHUI HETIPEPBHIBHOM HA OTpE3KE
¢yHKIMM eCTh OTPE3OK.

7. KakoBo MoXeT OBITh MHOXXCCTBO 3HAUCHWI HEMPEPHIBHOM HA WHTEpBaJc
pynxnmn?

8. JlokaxxuTe, 9TO JII00OKM MHOTOYJICH HEYECTHOM CTEIICHU UMEET JICHCTBATEIIb-
HBIA KOPEHb.

9. Jlokaxwure, 4TO M3 JIOOOTO MOJIOKHUTEIIFHOTO YMCIIa MOXKHO M3BJICYh KOPEHB
CTENeHu 7 (TAe n — TIeJioe TOJICKUTEIBHOE HCIIO).

10. Mycrts ynknms f HempepbIBHO oTOOpaXkaeT orpe3ok [0, 1] B cebs. [o-
Ka)XUTe, YTO f MMEeT HEMO/BIKHYIO TOUKY, TO €CTh CyIIECTBYET TaKas TOUKa X,
gyro f(x) = X.
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11. Paccmorpum dyuknmio f(x) = 4x(1 — x). Haiijure umcso peiieHuit
(a) ypaBuenns f(x) = x; (0) ypaBHenus f(f(x)) = x; (B) cUCTEMBI ypaBHCHMIA

4x(1 — x) =y,
4y(1 —y) =z,
4z(1 — z) = x.

12. [lokaxure, uro Jobast Bospacraomas pynkuust f: R — R nenpepbsiBHa
XOTs1 Obl B OJJHOI TOUKE.

13. (ITponoskenne) Jlokaxkure, 4TO MHOXKECTBO TOYEK pa3pblBa BO3pacTralo-
el (PyHKIMU KOHEYHO MJIM CYETHO.

14. (Ilponosmxenne) Jlokakute, 4TO JUIsl BCSIKOTO KOHEUHOTO WIIM CYETHOTO
muoxectBa M C R MOXHO HailTu Bo3pacTaiollyio (PyHKIMIO, KOTOpasi pa3phiBHA
BO BCEX TOYKaX MHOKecTBa M W HENpepbiBHA BO BCEX OCTAJIBHBIX.

74. KoMIuleKkcHbIe YHcJia U TeCMeTpUYeCKue NpecOpa3oBaHus

Modynem |z| xoMmieKkcHOro 4uciia z = a + bi HasblBacTCsl pacCTOSIHHE OT
Toukn (a, b) no myns, to ectb vV a? + b?; apsymenmom argz sToro uymcna —
YIoJl MEX/ly OChIO a0CLIUCC M HAIIPaBJICHUEM Ha Z U3 Havyajla KoopauHatr (orpeje-
JIEHHBIA C TOYHOCTHIO JI0 27: HANpUMep, —7 /2 1 37 /2 SBISIOTCS apryMCHTaMu
uyncia —i; apryMeHT uncia 0 He onpezeneH).

1. (Hamomunanme) (a) JlokaxuTe, 4TO |Z|2 = z-z. (0) Kak cBs3annl Mo-
AyJad W aprymeHtsl uymcen z u z? (B) Jokaxwre, uro |z - w| = |z| - |[w], a
Z-W =7Z-w. (1) Uemy paBHbI JIc/CTBUTEIIEHAS ¥ MHMMAs YaCTH KOMILJIEKCHOIO
uncia ¢ MojyJieM » M aprymeHToM @? (A) KakoB reomerpuueckuii cMbICII yMHO-
’keHUst Ha 2? (e) ...yMHOXeHus Ha i? () ...yMHOXCHHS Ha coOs ¢ + i sin ¢?
(3) ...npeoGpaszoBanusi z +— —z? (H) ...npeobpazoBanusi z — z? (k) Joka-
JKUTE, YTO apTyMEHT IIPOM3BE/ICHUS JIBYX KOMILJICKCHBIX YHCE]l PaBEeH CyMME HX
aprymenToB. (1) UYeMy paBeH apryMeHT 4aCTHOTO /IByX KOMIUIEKCHBIX YMCEJ1?

2. Touka z 0OXOMUT OKPYXHOCTB pagdyca 1 ¢ IIEHTPOM B Hadajic KOOpIMHAT
TIPOTHB YacoBoi cTpesiku. Hapucyiite TpackTopuio Toukn (a) 2z—1; (6) Z; (B) z2;
(r)1/z; (m) z+1/z.

3. (a) Kax /10JpKkHa JIBUTAThCSl TOYKA Z, 4TOOBI TOUKa z> 06oIuIa €/INHUYHYIO
OKpY>KHOCTb TIPOTHB YacoBo#l crpesku? (6) TOT ke BOTPOC YISl Z3 BMECTO Z2.

4. Hapucyiite Toukw z, JUIs KOTOphIX (a) argz = m/3; (6) arg(z+1) = /3.

5. YkaxxuTe Bce KOMIUIEKCHBIE YHCJIA Z, Uil KOTOPBIX OTHOmeHne z/(z — 1)
SBJIsICTCS (A) BEIIECTBEHHBIM; (0) YACTO MHHMBIM YHCJIOM.

6. Hapucyitre Touku z, juist kotopeix (a) Z = 1/z; (6) arg(z(z+1)) = w/3.

7. JokaxwuTe, 4TO JUIsl JIIOOBIX KOMILJICKCHBIX YHCENl z M1 W 4uciia z, 1/Z, w,
1/W nexkaT Ha OJJHON OKPY>XHOCTH.
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8. (a) Mokaxurte, 4TO pa3iiMYHbIC KOMIUIEKCHBIE UHCIIA Z1, Zp, Z3 JIEXKAT HA
OJIHOM TIPSIMOIi TOT/Ia M TOJIBKO TOT/a, KOTJ[a MX MpPOCHOe OMHOUeHUe

o — 3

Z2 — 23

BeleCTBEHHO. (0) JlokaxkmTe, 4TO pa3jinuHBC KOMIUJICKCHBIC UWCIA Zy, Zp, Z3,
Z4 JIeXKaT Ha OJHON NIPSIMON MJIM OKPY>XKHOCTH TOT/[a M TOJIBKO TOT/a, KOTJa MX
060iiHoe omHoWeHue

i I ]

Zn — Z3 ' Zn — Zy
BEIICCTBEHHO.

Hueepcueii OTHOCHTEIIFHO OKPYXXHOCTH pajidyca » ¢ neHTpoM B Touke O Ha-
3BIBACTCsI IPEOOPa3OBAHKE INIOCKOCTH, IPH KOTOPOM TOUKa X NEPEXOIUT B TOUKY
X' nywa OX, nna kotopoit OX - OX’ = r2. (O6pa3 Touku O He OTpENENEN.)

9. Ilycts Touka O coBmaziaeT ¢ HayajioM koopauHat. Kak 3ammcath mpeobpa-
30BaHMEC MHBEPCHHM B KOOP/AMHATAX? C MOMOIUIBIO KOMIUIEKCHBIX 4HCEI?

10. Tokaxxute, YTO IpU MHBEPCUH JII00asi OKPY>KHOCTh WJIU TIPsIMasi IEPEXO/IAT
B OKPY>XHOCTh WJIM IPsIMyIO (BO3MOXHO, 6€3 OJJHON TOYKH).

11. (a) Hoxaxwure, uto npu npeobpazoBannu z — (z — a)/(z — b) mobas
OKPY>KHOCTb WJIH TIpSIMasi IEPEXO/INT B OKPY KHOCTB FUIH TIPSIMYIo (BO3MOXHO, 0€3
ojHol Toukm). (0) [lokaxmure, 9yTo mpoobpa3 J000# OKPY>XHOCTH I MPSMOI
IIPH 3TOM IpeoOpa3oBaHUM €CTh OKPY>KHOCTh YUIM TIpsiMasi (BO3MOXKHO, 6€3 071HOM
TOYKH) .

12. (ITponoswkenne) JlokaxxuTe, YTO JUIsl JIOOHIX Touek A 1 B m uncia A # 1
MHOXeCTBO TOueK X, Jiisi KOTOpbIX oTHOleHue paccrostanit AX : BX paBho A,
SIBJISIETCS] OKPY KHOCTBIO.

13. Jlokaxkmure, 4TO Yroj MeXJy JBYMsi NPSIMBIMHA WA OKPYXHOCTSIMH HE
MU3MEHSIETCSl TIPM WHBEPCHN.

14. (a) Haiinure OpobHO-uHeliHoe npeobpa3oBaHue, TO €CTh mpeobpaso-
Banue Buna z — (az + b)/(cz + d), nepesosinee BEPXHIOI IIOJIYILUIOCKOCTh
{z | Imz > 0} B efMHMYHBIA KPYr (MHOXECTBO KOMILICKCHBIX UHCEJ, MOYJIb
KOTOPBIX MEHBIIE €NHUIIBI).

(6) Haiiymre npoGHO-NMHENHOE MpeoGpa3oBaHUe, MEPEBOASIICE CAMHUIHBIN
Kpyr B ce0s1, HO HE OCTaBJISIIOIIEE HA MECTE €ro ICHTP.

15. Kaxyio cTOpoHy 7-yroJlbHUKa TIPOAOJDKAJIM Ha €€ JUIMHY (32 BEpLIMHY,
KOTOpasl BCTpeyaeTcsl MepBoil IpH 00Xojic NpOTHB YacoBoil crpesiku). [Ipu sTom
TIOJIYYMJICS! TIPABMJIBHEIA /1-YTOJIBHUK. JIOKaXWTE, YTO MCXOHBI MHOTOYTOJIBHIK
TOXE OBl PAaBMIIBHBII.

16. (a) Ha enuHMYHON OKPY>XHOCTH B3SITHI TOUKHU @, b, ¢, d. Jlokaxure, 4TO
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TOYKAa X IepeccucHust NpsMblx ab u cd Moxer ObITh HaiijieHa 1o dopmylie

7_(a—l—b)—(c—i—al)
B ab — cd '

(6) Ha emmHWYHOM OKPY>XKHOCTH JIaHBl TOYKM a W b; X — TOuUKa TiepeccyeHHUs
KACaTEJIbHBIX K OKPY>KHOCTH, HIPOBEAEHHBIX B @ U b. Jlokaxute, 4TO

1
— 4 —
a

17. (Teopema Ilackansa) Touku nepecedeHus: IPOLOJIKEHAN IIPOTUBOIIOJIONK-
HBIX CTOPOH LIECTHYTOJIbHAKA, BOMCAHHOTO B OKPY>KHOCTB, JIeKaT Ha OZIHOM IIps-
MOIA.

18. (Teopema bpuanmona) [IpsMele, coenuHsiomme MPpOTUBOIOJIOXKHBIE BEP-
IIMHBI WIECTAYTOJIbHAKA, OMMCAHHOTO OKOJIO OKPY>KHOCTH, IIEPECEKAIOTCsI B OIHOM
TOYKE.

75. CucreMbl JIMHEHHBIX YpaBHEHHIH

1. Wcnone3ys ciiokeHue, BRIYUTaHUE, YMHOXXEHIE, PaBEHCTBA M1 HEPABEHCTBA,
a TaKkKe «M» W (MJIM», 3aNMIIATE YCJIoBUsl Ha kodddunmento a, b, ¢, d, npn
KOTOPBIX CHACTEMa

ax + by =0,
cx+dy=0
uMeeT HenyJleBoe (orimuHoe oT (0, 0)) pelenue.
2. (Ilponoskenne) 3anuiunTe ycyioBUsi Ha KOO (PULUCHTbI CUCTEMBI YpaBHE-
HUM
ax + by = e,

ex+dy=f
Ipy KOTOPbIX OHAa (a) He mMmeeT pemcHus; (0) MMEET POBHO OJIHO PEIICHHE;

(B) mMeeT BECKOHEYHO MHOTO PEIICHHIA.
3. PaccMoTpuM cuCTEMY ypaBHEHMIA

ayx+ by +cz=0,
ax+ by +cz=0,
a3x + by +c3z=0

1 TOYKH O(Oa Oa 0)7 A(ala a, a3)a B(bla b2a b3); C(Cly Ca, C3)7 A/(ala bl; Cl)a
B/(aZa b27 CZ), C/(a?n b37 CB)-
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(a) Hokaxwure, 4TO CHCTEMa MMEET HEHYJICBOE PCIICHUE, €CIIA U TOJIBKO €CIIU
BEKTOPBL m, ﬁ, ‘OC sexar B ofiHO# TIocKocTH. (YKa3zaHHe: ecin (x,y,z) —
pemenue cuctemer, 10 X OA + yOB + zOC = 0.)

(6) Jdokaxmute, 4TO CACTEMa UMEET HECHYJICBOC PEIICHUE, ECIIM M TOJBKO €CIIN
Bektopel OA’, OB’, OC’ nexar B onHoil TockocTh. (YKasaHHE: €l V —
BEKTOp € KoopauHatamu (X, y, z), 10 a1 X + byy + c1z = (OA’,v).)

IMycts nana cucreMa u3 m ypaBHEHWIA C 71 HCM3BECTHBIMU

anxi+ apxy + ...+ ainxn = by,
b2a

anx1+ apnxy+ ...+ anxn

aAm1X1 + Am2X2 + ...+ AmnXn = bm.

Bynem HasbiBaTh 371eMeHmMapHbIMU Npeodpa3’0eaHusiMu STOA CACTEMBl ypaBHe-
HUH cJIeAyIolne NpeoOpa3oBaHus:

(1) mepecTaBuThL i-0€ U j-0¢ ypaBHEHUs (U1 HEKOTOPHIX 1 < i,j < m);

(2) npubaBuUTH K i-My ypaBHEHHIO j-0€, yMHO)KCHHOE Ha IIPOM3BOJIBHOE YHCIIO
A (quist Hekotopbix 1 < i # j < m; 1Ipu 3TOM j-0€ ypaBHEHHE HE MEHSIETCS).

4. J[lokaxxute, 4TO 3JIEMEHTAPHOE NPEeOoOpa3OBaHyE IIEPEBOJUT CHCTEMY YpaB-
HCHMIA B PaBHOCWIBHYIO €i CHCTEMY.

5. Jlokakute, 9TO C HOMOIIBIO TIOCIICZI0BATEIIFHOCTH 3JIEMEHTApHBIX TIpeobpa-
30BaHMI MOXKHO IIPHBECTH CHCTEMY K «TPEYTOJIBHOMY BHJY», T. €. JIOOUTHCS, UTO-
0bl B K2)X/IOM yYpaBHCHUH, Ha4MHAsl CO BTOPOro, ObUIO OOJIbllic HaYaJIbHBIX HYJIC-
BBIX KOO(P(PUIMEHTOB, YEM B NIPEABIAYILEM.

6. BeiBeziuTe M3 NpepIAYyILICH 3a/1a4u, YTO BCSKasi CUCTEMA C HYJICBOW IpaBoi
YacThIO, T/IC YPAaBHCHUI MCHBIIE, YEM HEU3BECTHBIX, UMEET HEHYJICBOE PELICHUE.

7. (AnbprepnatuBa ®penronsma) IlycTs ¢ukcrpoBaHB! JieBble 4aCTU CHCTEMBI

N ypaBHEHUWiA C #1 HEW3BECTHBIMU. JIOKaXKUTE, YTO BEPHO OJIHO U3 JBYX:
— IpH JIOOBIX NPaBbIX YacTsX CHCTEMAa MMEET €MHCTBCHHOE pelIeHHE (B 4YacT-
HOCTH, IIPY HYJIEBBIX IIPABBIX YACTSX CUCTEMA UMEET TOJIBKO HYJICBOE PCIICHHUE);
— IIPA HEKOTOPHIX MIPABBIX YacTsAX CUCTEMa HE MMEET PEIICHU, a IPH HEKOTOPBIX
Ipyrux (B TOM YHCJIC TIPH HYJIEBBIX) MMEET OECKOHEYHO MHOTO PELICHHMA.

8. B rpannunbix 471 — 4 KJETOYKax KBajpaTa n X n paccraBiicHbl yuciia. Jlo-
Ka)KUTE, 9TO BCETJ]a MOXKHO C/IMHCTBCHHBIM O00pa3oM paccTaBUTh BO BHYTPCHHHX
KJIETKAaX 3TOr0 KBaJpara YuClia TaK, YTOObl KXX/0E YMCIIO BO BHYTPEHHEN KJIETKE
OBUIO PaBHO CpeHEMY apU(PMETHYECKOMY YHCEJl B UYETHIPEX COCEIHMX KJIETKAX
(cneBa, cnpaBa, CBEpXY, CHU3Y).

76. HatypasbHble JiorapugpMbl: Te3UChl BBOJHOH JIEKIUH

1. Jlenp xak aBurateins mporpecca. Kak ymMHOXaTh, [eJHMTh U OCOGEHHO W3-
BJIEKaTh KBaJ/IpaTHBIA KOpeHb GbicTpee?
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Turynsupiit suer kuuru xona Henepa o sorapugmax

2. YacTUUHBIA OTBET: COCTAaBUM TabJHMILy

1 2 4 8 16 ... 2
01 2 3 4 ... i
(IItucens, 1554). Ho kak GBITh C HECTCHCHSIMA JBOWKH?
3. Beibepem unciio, 6umskoe k equnnne (Henep, 1614, Bpurre, Biopru, 1620).

Hampumep, 1,0001, xak biopru (y Henepa Gbu10 0,9999999).

11,0001 1,00020001 1,000300030001 ... 1,0001°
0 1 2 3 i

Y1006CTBO BBIYMCIICHUSI: KaXK/Iblii Pa3 IIPUOABIISETCS OJ(HA JIECATUTBICAYHAS OT TO-
ro, uto yXe ectb. (Illar = Tekymee 3Hauenue,/10000.)

4. CKoJIbKO HY>KHO IIaroB, YTOOBI JIOMTH B BEPXHEM psily 10 JBOWKH? [3aBe-
noMo noctatouHo 10000, MOCKOJIBKY KaKIbIii pa3 IpHOaBJISICTCS KaK MUHAMYM
0,001.] B HIXKHEM psifly TOSIBISIIOTCS GOJIBIINE YMCIIA, TIO3TOMY HOJEJIAM BCE Ha
10000.

1 1,0001 1,00020001 1,000300030001 ... 1,0001°
0 0,000l  0,0002 0,0003 .. /10000

5. Ipotus 1 B HmXHel cTpoke B BepxHeit cromt (1,0001)1%°0 10 ectn

(14 1/n)" mpu n = 10000. [Korma-to mel nokaseBamm, 9to (1 + 1/n)" cxo-
JWTCSI ¥ Ha3bIBaJld TpeJied] e.]

6. Teomerpuueckast uarepnperanms. Pa3obseMm miomane 1oz, runepbosoi Ha
KpHBBIE IIPSIMOYTOJIBHIKM TOUYKaMU ¢ abcuuccamu 1, o, a?, ..., e a = 1,0001.
Kaxnpiii mmeer miomans Mexay 1/10001 u 1/10000. CnenctBue: miomans 10
1,0001'990° yenpme 1, a go 1,0001'°°" — Gonpme.
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7. Ecym guepe3 e 0603HaYUTh TO YKCIIO, /IO KOTOPOT'o ILIOINA/(b PaBHA CAMHUILIE,
0o (1 4+1/n)" < e < (1+1/n)"t!. Caencrsue: obe MocienoBaTELHOCTH
CXOJAITCS K €, TIOCKOJIBKY Pa3HOCTh MeHbINe 1/7 oT e.

8. Hazaj x mpakTtmke: JorapmdpMmuecKasi JIMHEWKa, TaGuHIBI JIOrapudMoB,
«yZnBOeHHE XM3HU acTpoHoMOB» (Jlamnac). «[IpuBenieHme k Buay, yAoOHOMY Jist

JiorapuMuUpOBaHUSH .
9. CiioxeHME CKOPOCTEH B TEOPUM OTHOCHTEJIBHOCTH!
@ u+v
udv =
1+ uv

[CkopoCTH HM3MEpSIOTCS B JIOJIIX CKOPOCTH CBETa, TaK YTO U, V, U D V JIeKAT B
uatepBasie (—1,1).] Ilocrpoiite Tabnmiy [Jis1 GBICTPOTO CIIOXKEHWSI CKOPOCTEH B
TEOpUM OTHOCHUTEJILHOCTH, aHAJIOTWUHYIO Tabimie JiorapudMoB (omepanusi § B
BEpXHE CTPOKE JI0JDKHA COOTBETCTBOBAThH CIIOKCHUIO B HUXKHEN CTPOKE).

77. HatypasbHble JiorapugmMbl

PaccmoTpuM ¢urypy, OrpaHHYCHHYIO OCBIO a0-
A cnuce, runepbosiol y = 1/Xx W BEepTUKAJBHBIMU TIPSI-
MBIMH X = a u x = b (cumraeMm, uto a < b). E&
wioma b o6o3uaunm S(a, b). (Hayunoe na3zBanue: un-
Terpai oT a a0 b dynknum x — 1/x; obGo3naycHue:
Id %

1. Kak m3menutcs miomane 3Toi (purypsl, ecim
(ipu Tex xe a u b) 3amenuts rpaguk y = 1/x Ha
rpaduk y = 2/x?

2. dokaxwure, uro S(1,2) = S(2,4).

3. Hokaxwure, uyro S(1,9) = 25(1, 3).

4. Tokaxxurte, 4TO €CJIM pa3pesarh JIMCTOK C rpadukoM y = 1/Xx BepTUKalb-
HBIMU TIPSIMBIMH, aGCIIACCHI KOTOPBIX 00pa3yIoT FeOMETPUYECKYIO IPOTPECCHIO, TO
o0JacTh MexJly TpadMKOM M OChIO abCIUCC TOZIENIUTCS HA PaBHBIE MO ILIOIA/I
YacTHu.

5. Hokaxwure, uto S(a, b) 3aBUCUT TOJIBKO OT OTHOIICHUS b/ @, a He OT caMux
3HaueHuit a m b, tak uro S(a, b) = S(1, b/a).

Besmumny S(1, X) Ha3pIBAIOT HAMYpPANbHLIM 102apumMom duciia X u 00o-
3HavaoT In x. ([loka yTo oHa ompexesieHa mpu x > 1).

6. Toxaxxute, uto mpu a, b > 1 BeimoJsHeHo paBeHcTBo: In(ab) = Ina+1n b.

7. Moxkaxwure, uro nipu a, b > 1 u a < b BeiosHEHO paBeHcTBO: In(b/a) =
=Inb—Ina.

8. Kak HyxHO ompenennts Inx mpm 0 < x < 1, 4To6Bl paBeHCTBa JBYX
TPEBIIYINMX 337124 OBUIM BBHITOJIHEHBI TIPU JIIOOBIX MOJIOXKUTEIBHBIX @ U b?

9. Jlokaxurte, 4TO ln(\/E) = (Ina)/2 (1Ipu MOJIOKUTEIBHOM a).
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10. Haiigmre dopmyany as In(/a).

11. Touka aBmXeTCs IO ocH abcuuce, ylalsisach OT Havajla KOOPAMHAT, IpH-
9EM CKOpOCTH €€ NMPONOPIMOHAJIEHA PACCTOSIHUIO /10 Havyajia KoopauHaT. B MoMeHT
t = 0 xoopauHaTa TOukM paBHa 1 M ckopocTs e paBHa 1. Jlokaxkure, 94TO KOOP-
JIMHATa TOYKM CTaHET PaBHOM A K MOMEHTy BpeMeHu In A.

12. MmBl [BUraeM TOYKy IO OCH a0CIUCC TIPOTUB CHJIBI, KOTOpasi yObIBacT
OOpaTHO NPONOPIMOHAJIEHO PACCTOSIHUIO /10 HayaJla KOOP/MHAT, ¥ HA PAaCCTOSIHUM
r paBHa —1/r. Hafitm paGoTy, KOTOpyIO HaJ0 COBEpIIMTH, YTOOB! YBCIIMUYHTH
KoopamHaty ot A 50 B.

13. JlokaxwuTte, 4TO %H <In (1 + %) < %

14. Jloxkaxwure, uro In (1 4+ 1)" < 1.

15. [Jokaxwute, uto In (1 + %)nﬂ > 1.

16. Joxaxwute, uro yHKNHS X — In x HEpephIBHA.

17. Jokaxwure, 4To Ipu Jiio60M (pUKCHpOBaHHOM a > 0 MMeeT MecTo IpH-
6ix€nnas gopmyia In(a + h) =lna + % + o(h) npn h — 0.

18. [dokaxwute, uto Ine = 1, rae e onpenensiercs: kak npenen (1 + 1/n)"
Tpu 1 — .

19. Jlokaxkute, 9T0 In e* = X mpH NENBIX ¥ HE TOJBKO NENBIX X (M HOTOMY
YHCJIO e HE 3ps IMCHYETCSl OCHOBAHMEM HATYPAJIbHBIX JIOTApu(MOB).

20. JIokaxkuTe, 9TO IOCJECIOBATEIBHOCTD

1+1+1+ +l 1
—+—-+4+...+——Inn
2 3 n

MOHOTOHHA ¥ OIrpaHHAYCHA.

78. IlpousBoanas

[ycts dyHKums f onpezesicHa B HEKOTOPOM OKPECTHOCTH TOUKHM a. Yucio A
Ha3BIBAIOT NPOU3800HOU (PyHKIMH [ B TOUKE @, €CIA

fx)=f(a)+A-(x—a)+ o(x—a)

Ipu X — a.

1. Copmyampyiite 5TO ONpPEACIICHAE «HA €-0-SI3BIKEY: YMCIIO A HA3BIBACTCSI
npousBojHO# (pyHKuMM [ B TOuke A, ecim Jyis Besikoro € > 0. ..

2. Mycrts f(x) = x2 u a = 1. (a) Haiiyure 3HaucHme npousBojHoi. (0) Ha-
pucyiite rpaduku st f(x) u f(a) + A - (x — a) U NoKaxuTe Ha rpajduxe
(HOTPEIIHOCTBY O(X — a).

3. JloKa)XuTe, YTO NPOM3BO/(HAs ONPE/EIICHA OHO3HAUHO: JIBA PasHBIX YMCIIA
HE MOTYT OBITh NPOM3BOIHBIME OIHOH M TOi k¢ (PyHKLMM B OJHOH M TOH e
TOUKE.
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[IpomsBoanas ¢ynkuum f B Touke a obosznavaercs f'(a). @yHKuMs, UMEIO-
Iasi IPOM3BO/IHYIO, Ha3bIBacTCs Oubgpepenyupyemoii (B COOTBETCTBYIOMIEH TOU-
ke). @ynkumst a — f’(a), onpenenéHnas B Tex Toukax, rae [ mmddepeHuupy-
€Ma, HasbIBacTCsl MPOU3BOOHOU (pyHKYuUeil.

4. (a) [oxaxmute, 4To Besikas auddepeHnupyeMasi B TOUke a (PyHKLUS He-
npephiBHA B 310M Touke. (6) INpuBenure npumep dynkumn f : R — R, koropas
HETIPEPHIBHA BO BCEX TOUKAX, HO HE BCIOAY auddepeHuupyema.

5. Ilpom3BojHYyI0 Ha3bIBAaIOT TaKXXE «OTHOIICHHEM OECKOHEYHO MaJIoro NpH-
pamicHusl (PYHKIMM K OCCKOHEYHO MAJIOMy IIDHPAINCHHUIO apIyMEHTa», (CKOPO-
CTBIO M3MCHEHUS (DYHKIHM», (yTJIOBBIM KO3(P(MHULIMECHTOM KacaTesIbHON K rpadpuky
¢ynknumy. OOBSCHATE CMBICH ATHX HA3BaHMUI.

6. Jokaxxute, YTO ecii NPOM3BOJHAS (PYHKIMH [ B TOUKE d IOJIOXKHTEIIbHA,
TO HaWaETcs Takoe € > 0, uTo BCe 3HaucHUsl (PyHKIMM Ha MHTEpBANE (a, a + €)
6ouiblie f(a), a Bce 3HayeHusi pyHKIMM Ha MHTEpBase (a — €, a) mensiie f(a).

7. (Ilpunuun ®epma) «B TOUKE JIOKAJIBHOIO MAKCUMYyMa WM MUHMMYMa IIpO-
U3BO/IHAsl paBHa HyJio». [laiiTe TouHylo (bOpMYJIIPOBKY 3TOTO yTBEPXKCHUS U
JIOKaXKUTE €ro.

8. BepHo 1m o6paTHOE yTBEpXK/ICHAE (€CIIM IPOM3BO/IHAS B TOYKE PaBHA HYJIO,
TO B TOHM TOYKE MMEETCs JIOKAJIbHbIi MUHIMYM HJI MakCHMyM)?

9. I'paduk pynkumm f n3o6paxen Ha pucyHke. (a) B
KaKuX Toukax dTa Qynkums quddepennmpyema? (6) Ha-  £(x),
pucyiiTe npuMepHslii rpaguk nponssoanoi. (B) ITokaxu-

Te Ha PUCYHKE, B KaKUX TOYKax IPOM3BOAHAs Oojpme 1. —
(r) I'ne npousBo/Hasi pyHKIIMS BO3pACTaET U Iyie yObIBa-
er?

=<V

10. Hapucyiite npumepnblii rpaguk ¢QyHxumu g,
IPOM3BOJHAsE KOTOPOi paBHa (pyHKumM f W3 Hpenbiiy-
mei 3a/1aun.

11. Haiiymre npousBojnyio ¢yHkuuu f B Touke a, ecim f(x) = x" (rme
n — NeJIoe TOJIOKHUTEIIBHOE YUCIIO).

12. ...ecimm f(x) =1/x.

13. ...eam f(x) = /x.

14. .. .ecim f(x) = sin x.

15. Haityute MakcuMalbHOE 3HaueHuE x2(4 — X) npu x € [0, 4].

16. Ussecrno, uro dynkuus [ muddepenuupyema B Touke a u f'(a) > 0.
MoxHO Ji1 yTBepXKzaTh, 4TO (PYHKIMS f BO3pacTacT Ha HEKOTOPOM HMHTECPBAJIE,
cozieprKaleM TOuKy a?

17. MoseT 1 HeTIpepbIBHAsI Ha Bceli npsiMoil pyHKIMs He ObITh nupdepen-
LpyeMoil HU B OJ{HOH Touke?
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79. CucTeMbl JIHHEHHBIX ypaBHeHHid (BapuaHT 1)*

1. Ha otpeske [0, 1] orMeueHo He-
CKOJIKO TOYEK, BKJIIOYash €ro KOH-
IIbl, IPAYEM KaXK/lasi OTMEUCHHAsl TOY-
Ka (KpoMe KOHIIOB OTpe3Ka) HaXOIWT-
Cs POBHO IOCEPEIVHE MEX]Y JBYMS
JPYTHMH OTMCYCHHBIMH TOUYKaMu. [1o-
Ka)XHTE, YTO KOOPJMHATHI BCEX OTME-
YEHHBIX TOYEK PallMOHAJIBHBI.

2. (ITpomoskenme) Kak Besuku
MOT'YT OBITh 3HAMCHATEJIN 3THX PaIlo-
HAJNBHBIX yncen? MoryT Ji OHH, CKa-
xeM, ObITh Gostbie 101°°°  ecym Touek
Bcero 10?

3. Ha mjiockocTd OTMEUYEHBI He-
CKOJIPKO CHHUIX W 3€JIEHBIX TOYEK, TIPH-
yéM KaXKJlas CHHSASA TOYKa SIBJISCT-
Csl CEPE/IMHON OTPE3KA, COCIMHSIOINX
KaKHE-TO JIBE M3 OTMEUECHHBIX TOUEK
(mmoboro nBera). JlokaxuTe, 9TO €C-
JI BCe 3€JIEHBIC TOYKH JIOKAT BHYTPH
HEKOTOPOT'O BBIIYKJIOTO MHOTOYTOJIb-
HUKA, TO U BCE CHHME TOYKH TaM Jie-
*kart. (Takum oGpa3oM, ecii HaTSHYTh
PE3MHKY Ha TBO3/IM, BOUTHIE B 3€JIE-
HBIX TOUKaX, TO BCE CHHHE TOUKH Oy-
YT BHYTpH.)

4. Jlokaxxute, 4yTO €CJIM KOOp/IMHA-
Tl (00€: abcnucca MW OpHATa) BCEX
3eJIEHBIX TOYEK PpallMOHAJIBHBL, TO H
KOOP/IMHATHI BCEX CHHMX TOYEK paly-
OHAJIBHBI.

5. IlponojpkuM CTOPOHBL IISITH-
yrosbauka ABCDE Ha paccTosiHus,
paBHBIC WX UIMHaM: cTopoHy AB 3a
Touky B no toukn B’, cropony BC
3a Touky C mo toukm C’,..., cTO-
pony EA 3a touky A 50 touku A’

4:)TOT CIOXET UMEET MHOI'C MHTEPECHBIX BapUAaHTOB Pa3sBUTHUS. MBI M3rOTOBIIINA HECKOJIBKO PasHBIX
JIMCTKOB 1 Bbl/IaBaJli Pa3HbIM IIKOJIBHUKAM Pa3HbIC JINCTKU (B cnyqaﬁHOM nopﬂzu(e).
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Joxkaxmwure, uro nmo Toukam A', B', C', D', E' MO)XHO OHO3HAYHO BOCCTaHOBHTB
VCXO/IHBINA TISTHYTOJIbHYK.

6. (ITponoskenne) dokaxure, uro ecim A'B'C’'D'E’ — npaBuibHBIA 11s1-
THYTOJIBHUK, TO W MCXO/HBIA MSTHYTOJIHUK OblI NPaBUIIbHBIM.

7. (Ilponoskenne) JIoka>KuTe aHAJIOTUYHBIE YTBEPKICHUS 1Sl 11-yTOJIbHUKOB
[IPY [IPOM3BOJIBHOM H.

80. Cucrempl JIMHEHHBIX ypaBHEHUIH (BapuaHT 2)

1. Nmeercs Habop u3 2n 4 1 rupb C LelbIMUA (MIOJIOKUTEJILHBIMA) BECAMH.
Ecim BBRIGpOCHTH J1I00YI0 THPIO, TO OCTaBIIMECS THPA MOXHO Pas/elIUTh Ha J(BE
KydY¥ll PaBHOTO Beca Mo # Tmupb. JlokaXkuTe, 9TO BCE TMpH PaBHOTO BEca.

2. (Ilponospxenue) JIokaxure 3TO K€ yTBEPXKICHUE JUIsl TUPb IIPOU3BOJIBHOTO
(He obs;3aTeNIBHO IIEJIOro) Beca.

3. Nmeetcst nabop m3 2n + 1 rups. Ecnu BEIGpocHTh 100YI0 THPIO, TO OCTaB-
IIMECs] TUPA MOXKHO Pas/iciIUTh HA JIBE€ Ky4YW PaBHOTO Beca (HE 00s3aTEIBHO C
PaBHBIM YHUCIJIOM TUph). JloKa)kuTe, 4TO BCE TWPU PaBHOIO Beca.

4. TIpo na6op w3 nk + 1 4uces U3BECTHO, YTO €CJIU BHIOPOCUTH U3 HETO JIIOOO0E
YUCJIO, TO OCTABIIMECS MOXHO pa30UTh Ha 1 HaGOPOB MO K YMCEJl C OIMHAKOBBIMU
cymMMamu. J{okaxkute, 94TO Bee 4mclia B Habope paBHBI.

5. (Ilpomomxenne) Pemmre 3Ty ke 3a/1aqy, eciii 7 HaGOPOB C OJIMHAKOBHIMA
CyMMaMU MOTYT COJEP>KaTh PasHOE KOJIMYECTBO YHCEII.

81. Cucrempl JIMHEHHBIX ypaBHEHUH (BapuaHT 3)

1. B xBajpaTHO! Tabimie n X 7 3aNHACAHBl YUCIIA, MPUUEM KaXkIOE UHCIIO,
cTosilliee BHYTPH TaOJIUNBI, PaBHO CPEJHEMY apU(PMETHYECKOMY UYETBIPEX CBOHX
coceqieii. JIokakuTe, 9TO €CIIM BCE YMCa y Kpasi Tabumnsl (ux 4n — 4) HEOTpH-
LIaTeJIbHBl, TO W BCE YMCJIA B TabJMIC HEOTPULIATEIIHHBI.

2. (I[Iponomxenne) JIokaXnTe, UTO €CIIM BCE YHCIA y Kpas TabJHIbI PaBHEI
HyJIIO, TO U BCe YHCJia B TabJIAIlE PaBHBI HYJIIO.

3. (Ilponoswkenue) Jlokaxute, 9TO €ClM BCE YKMCIIAa y Kpasi TabJMLBI paluo-
HaJIbHBI, TO ¥ BCE YHUCJIa B TaOJIUIEC PallMOHAJIBHBIL.

4. (ITponmoskenue) Jlokaxurte, 4TO il IPOU3BOJIBHBIX 4YUCENl y Kpasi Ta-
GJIMIIBI CYIECTBYET CIMHCTBEHHOE 3AIIOJIHCHUE BHYTPEHHEH YacTH TaGJMLbl, IPH
KOTOPOM Ka)X/I0€ YHCJIO PaBHO CPEHEMY apU(PMETHYECKOMY UYETHIPEX COCENCH.

5. (3akonbl Kupxroda) Ilycts umeercs aJieKTpuYecKas IIellb U3 COIPOTHUBJIE-
HUA — rpad, BEepIIMHBl KOTOPOIO SIBISIIOTCS KOHTaKTaMH, a pEOpa COIpPOTHBIIE-
nusimu. (IIpenmosnaraercs, uto rpad cBsI3eH, TO €CTh U3 JIIOOON €ro BEpIIMHBI
MO>XXHO TIpoiiTi 110 pébpam B JioOyIo /ipyryio.) K 1Bym ero sepumnam mnpucoeu-
HWIM MCTOYHMK HANpPSDKCHUS; ofHa mMeeT moTeHiman 0, npyras — U. Cuwnras
MOTEHIIUAJIBI BCEX OCTAJIBHBIX BEPIIMH HEM3BECTHBIMH, COCTaBbTE ypaBHEHUS, HC-
XOJI51 U3 YCJIOBHI «CyMMa BceX TOKOB, BTEKAIOIMX B BEPIIMHY, paBHa HYIIO» (U1t
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BCEX BEPLIMH, KPOME BBIJICJICHHBIX [BYyX). JIOKauTe, 4TO 3Ta CHUCIEMa HMeET
€/IMHCTBEHHOE PEIICHUE.

6. JlokaxuTe, 4TO 3TO PElIECHHE COOTBETCTBYET MHHHMMYMY BBLICIISEMON B
COIPOTHBJIEHUSX SHepruu. ([lJist JoObIX 3HAYEHUI MEPEMECHHBIX ONPE/EIIUM Bbl-
nensiemyio suepruio kak cymmy (Up — Up)? /Ry, 1o Bcem mapam BepiuH, /1€
Ui n U, — norennuaiibl B BEepIIMHAX Napbl, a Ry — CONPOTUBIICHHE MEXy
HHUMU. )

7. Onpeziesmre CTPOro MOHSATHE (CONPOTHBIICHHAEC MEX/Y ABYMs BEPIIHAMID
U JIOKaXMTE, YTO TO CONPOTUBJICHUE HE YMEHBIUWTCS, €CJIH YBEJIUYUTH COIIPO-
THBJICHHE OJHOTO U3 pE0ep rpacda, OCTaBUB OCTaJIbHBIC HCM3MECHHBIMHU.

82. Cucrembl JIMHEHHBIX ypaBHEHUI (BapHaHT 4)

1. IBoe mrpatotr B urpy. Tabnmna 2 X 2 3amojiHeHa 3BE3/|09KaMH. 3a OJMH XOJ
MOJKHO 3aMEHUTH OJIHY W3 3BE3/l0uek Ha umciio. Korja Best Tabimua okasblBaeTCst
3aTI0JIHCHA, €€ MHTEPHPETHPYIOT Kak Habop KO3(b(PHUIMECHTOB CUCTEMBI OJHOPO-
HBIX JINHCHHBIX ypaBHEHMA. Ecim cucreMa mMeeT HETpHBHAJIBHOC PELICHHE, TO
BBIIPBIBACT NIEPBBI, MHAYE BBHIATPHIBACT BTOPOH. KTO MMeeT BRIMIPBILIHYIO CTpa-
Termo?

2. Tot xe Bompoc aJisg Tabumiml 3 X 3.

3. Tort ke Bompoc /Jis1 TabJIMLIBl IPOU3BOJIBHOTO HEUETHOTO pa3Mepa.

4. Tot e BOIPOC /Jis TAGJHUIBI IPOU3BOJIBHOTO YETHOTO pa3zMepa.

5. Tot xe Borpoc /st TaGJIMLIBI IIPOU3BOJIBHOTO pasMepa U HUTPHl, B KOTOPOH
TIEPBBIA CTPEMUTCSI, YTOOBI HETPABHAJIBHOTO PEIICHUSI HE OBLIO.

83. Cucremsl JIMHEHHBIX YpaBHEHUN (BapHaHT 5)

1. Tabimna w3 JlecATH CTPOK M OAAMHHA/IATU CTOJIOIOB 3allOJIHEHA IICJIBIMU
uynciaMu. J{okakKuTe, 4TO MOXHO TaK BBIUEPKHYTh HEKOTOpPHIE (HE BCE) CTOJIOIIDI,
9TOOBI CyMMa 9mcesl B KaXKJ0# CTpoOKe crayia Gl YETHOM.

2. MmeeTcst HECKOJIBKO JIaMIIOUYEK, KOTOPhIE MOTYT OBITh BKJIIOYCHBI M BbI-
KJIFOUCHBI, U HECKOJIbKO BbIKJIIOUaTeJicii. KaXk/iplii BBIKJIIOUATEIIb OTBCUACT 32 HE-
KOTOpYIO TPYIITy JIaMIIOYEK: NPH M3MEHEHHH €T0 MOJIOXKEHHSI BCE JIAMIIOYKH DTOM
TPYyNIBl MCHSIIOT COCTOSIHUE (BBIKJIIOUCHHBIC BKIIIOYAIOTCsl W HaoOopoT). Halinute
YHCJIO BO3MOXKHBIX KOMOWHAIIMIA JIAMIIOUCK, €CJIA OHH O0pa3yloT MPSIMOYTOJIBHAK
m X 1, a m -+ n BBIKIIIOYATEJIEH COOTBETCTBYIOT M CTPOKaM M n CTOJOIAM 3TOro
TIpSIMOYTOJIBHUKA.

3. (Ilpomoskenne) JTokaXknuTe, YTO UACIIO BO3MOXKHBIX KOMOMHAIU# JIAMIIOUECK
(pm JI060M paclpe/ieJICHUH JIaMIIOUEK 110 BHIKJIIOUATEJISIM) €CTh CTEIICHb JIBOM-
KH.

4. B HEKOTOpPBIX KJIETKaX HPSMOYTOJIBHON TaOJIMIIBI 3allCaHbl 3BE3/I0YKH; B
OCTaJIbHBIC HaJI0 MOCTaBUTh unclia +1 Tak, 4TOOB! B KaXkK/I0i CTPOKE U B KaXKJOM
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cronbne (rae ecTh 4mciia) HPOW3BEACHHWE PaBHsUIOCH 1. JIOKaXkuTe, YTO YHCIIO
TaKUX PacCTAaHOBOK €CTh CTEIECHb J{BOMKH.

84. Ilpapuia qudPpepeHnpoBaHUS

1. Iycrs dynkuuu f U g onpeleseHbl B OKPECTHOCTU TOUKM a U judde-
peHIMpYeMBbI B Touke a. (a) Jokaxwute, uro dynkuus [ +g: x — f(x) + g(x)
mddepennupyemMa B Touke a (1 HaiinuTe nmpoumsBojHylo). (0) Tot ke Bompoc
Juist yukoua Sf — 7g + 11.

2. (TlpaBuso Jleitbnuna) Ilycte dyHkimu [ U g ONpeNesicHBl B OKPeCT-
HOCTM TOukM a ¥ juddepeHnypyeMbl B Touke a. Jlokaxure, 4To (QyHKIMS
h — npomseenenne ynkumi f(x) u g(x) — muddepeHuupyemMa B TOYKE a
u h'(a) = f'(a)g(a) + f(a)g'(a).

3. (IlpomsBonnas «cnoxHoit ¢yHkimmy) Ilycts dyHknms [ onpexelicHa B
OKPECTHOCTU TOYKU a U JuddepeHuupyeMa B 3TOW TOUke, a (PyHKLUSI g OIpe-
JeijieHa B okpectHoctr Toukn f(a) m juddepenunpyema B touke f(a). IMoka-
KUTE, YTO MX KoMmmosuims — ynknmst h: x — g(f(x)) — (a) onpexeycHa B
OKpECTHOCTU TOUKM a; (0) muddepeHnrpyeMa B TOUKE @, NPUYEM BBIIOJIHEHO
paBenctBo K'(a) = g'(f(a)) - f'(a) (B 1paBoii YacTH CTOUT NPOU3BEACHUE IIPO-
u3Bo/HON (pyHKIMK g B Touke f(a) u nmpomsBojiHOM dyHKImu [ B TOUKe a; obe
STH TIPOHU3BO/IHBIC CYINECTBYIOT IO YCJIOBHIO).

4. Tlycrp ¢dynkums f onpejieicHa B OKPECTHOCTH TOYKM d, quddepeHimpye-
Mma B Touke a u f(a) # 0. [lokaxure, uro Ppyukuus g: x — 1/f(x) oupenesiena
B OKPECTHOCTU TOYKM @, W Hailjure e€ NpOoM3BOAHYIO. (YKa3zaHHE: MOXHO BOC-
TIOJIB30BAThCSl MPE/BIAYIIEH 3a/1a4eii, a MOXXHO M HE TIOJIL30BAThCSI. )

5. CopmysupyiiTe u JOKaKUTE TaKoe NMpaBUio JuddepeHIMPOBaHUS YacT-
Horo (4€TkKo ykaszaB Bce mpeamodiokenus): ecim h(x) = f(x)/g(x), o

g f'(x) — fx)g'(x)
g% (x)

K (x) =

(3aTIOMHUTL MOXHO TaK: B 3HAMEHATEJIC TIMINETCS g2, B YACIMTENIE CHAYAJIA ¢, A
TIOTOM BCE OCTAJIBHOE).

6. Ilokaxwure, uro mpaBmwiia AudGEpEeHINPOBAHAS IPOU3BEJCHUS W YaCTHOTO
corsacoBaubl: Juddepenumpoanne dynkumit f(x) n (f(x)/g(x)) - g(x) nHe
TIPUBO/IUT K JIByM Pa3HBIM pE3yJIbTaTaM.

Haiimure f/(a) (quist mpomsBosibHOM TOUKM a), eciim f(Xx) paBHO:

7. (2x + 1)® (uByms crmocoGamu: pacKphIB CKOGKH ¥ C TIOMOIIBIO (DOPMYJIbI
TIPOM3BO/IHON CJIOXKHOM (PYHKIIUM);

8. xsin(x);
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11. sin’ x;

12. cos? x (moueMy B JIByX IOCJIEJIHUX 3a/]a4aX OTBETHl OTIMYAIOTCS 3HAKOM?);

13. sin(x?);

14. sin(cos x).

15. IposepeTe, uTo NpH AUdPepeHINPOBAaHAN O0CUX 9acTell TPUTOHOMETPH-
YECKOT'0 TOX/IECTBA sin 2x = 2sin X cOS X MOJIy4aeTCsi OZJHO U TO K€ (KaK U JIOJDK-
HO OBITB).

16. Ta e 3amaua Juis TOX/ECTBa sin 3x = 3sin x — 4sin® x.

17. (a) Ipeanonaras, yro pynkums arcsin puddepeHuupyemMa Bo BeeX TOU-
kax untepBasa (—1, 1), naiiure e€ npousBojHyo. (YKazaHHe: UCHOJIb3YHTE TO-
’)K1ecTBo sin(arcsin x) = x.) (0) Ta ke 3apava Juist pynkuum arccos. (B) Ta xe
3a/avya Ui (pyHKIUM arclg.

85. ®opmyna Kpamepa

Onpe/:[eJmTeneM MaTpuupl 11 X n

a1 iz ... Qin

ay Qazp as
A= , , n

(227 DI An,.n

Ha3bIBaCTCsl 3HAKOIICPEMECHHAsl CyMMa

detA = Z €(0)a1,61)A2,60(2) - - - An,o(n)»
o

I7ie CyMMUPOBaHHE TPOMCXO/IUT MO BCEM MEPECTAaHOBKaM ¢ umces 1,2, ..., n, a
€(o) — 3Hak nepecraHoBku o (1, ecym mepecraHoBka uéTHasi, 1 —1 MHAYeE).

1. (a) Hammmmre siBHyI0 bopmysty (6e3 3HaKa CyMMBI) ISl OTIPENCIMTEIIS
matpunl 2 X 2 u 3 X 3. (6) OnpejeJutelib SIBISETCS MHOTOUWJIEHOM OT 72 Ie-
peMeHHBIX (3s1eMeHTOB Matpumilsl). KakoBa crenens 31oro muorowiena? CkoJIbKO
B HEM wieHOB? CKOJIBKO WIEHOB cojepxar (ckaxem) ap1? (8) Bce anementsi
MaTpullbl paBHbl exuHule. Uemy paBen e€ ompenesmrtens? (r) Kak msmenurcs
OIIpE/ICIINTEIb, €CIIM yIABOUTh BCE DJIEMEHTHl MaTpHIBI? (A) . ..€CIH W3MCHHTH
3HAK BCEX DJIEMEHTOB € mepBoil cTpoku? (e) Kakoe MuHmMMabHOE YHCIIO HEHY-
JIEBBIX DJIEMEHTOB /IOJDKHO OBITh B MATpPHILC C HEHYJICBBIM OIpE/CImTENIEM?

2. (IloBeneHme mpm sJEeMEHTAapHBIX IpeoOpaszoBaHusx) (a) Kak msmenurca
OIIpEe/ICIINTENIF MATPHUIbl, €CJIM INEPEeCTaBUTh /IBE CTPOKM (WM [iBa CTOJIONA)?
(6) Kax u3menurcs onpelesMreiib MAaTPULbl, €CJIM BCE DJIEMCHTBI OJHOW U3 €€
CTPOK YMHOXHTh Ha OIHO M TO ke umciio A? (B) [lokaxwTe, UTO €CIl y Ma-
TPUIIBI €CTh JIBE OJIMHAKOBBIE CTPOKHU, TO €€ OIpe/esIUTels paBeH HyJo. (r) Kak
WU3MEHUTCS ONpPE/CIUTEIh MaTPHUIIbl, €CJI K OJIHOU €€ CTpOKe NMpUOaBUTh APYIYIO
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(KaK 5TO JieJIaeTCs NPH PEIICHUM CHCTEM JIMHEHHBIX ypaBHEeHMA)? (a) Kak m3me-
HUTCS OIpE/ICJINTENIb MAaTPHIBl, €CJIM CUMMETPUYHO OTPa3UTh €€ OTHOCUTEIBHO
cpenHel JuHUM WK auaroHaym? (e) Jlokaxute, 94TO ONpeNCIUTENh 8epXHempe-
yeonvHoii Matpuubl (a;; = 0 1pu i > j) paBeH NPOU3BEICHUIO JMAr OHAJIbHBIX
3JIEMEHTOB.

3. Haiijure 1 pa3iioKuTe HA JIMHEHHbIC MHOXUTEJIU (C KOMIUIEKCHBIMU KO3(-

a b c
a
(punenTaMu) oNpeNeIUTENN MaTPHIL ( b a> u | b c a|.Kak morio 6b
c a b

BBITJISZICTh AHAJIOTHYHOE PaslIOKEHUE JUIsi MaTPUIB! GobIIero pasMepa?

4. B dopmysie s OIpenelnTelis MAaTPHIB! KaK/10€ NPOM3BE/ICHAE BKIIOYa-
er B ce0s POBHO OJMH JIEMEHT IEepBOro crojibua. CrpynmupoBaB cllaracMelc U
BBIHECSI 3TH DJIEMEHTHI 32 CKOOKHU, MOJIyunM (PopMyIly

detA=ai1- (A1) +azn- (A1) +.. .,

rje yepes A;; obo3HaueHa cyMMa Koad@uuueHToB 1pu a;,. Haiinure dopmy-
ny must A; ;. (YkasaHme: ¢ TOYHOCTBIO JI0 3HaKa DTO ONPENCIHUTEIH HEKOTOPHIX
MaTpuI; YTOOBI TOHSATh, KaKUX, pACCMOTPHTE ciiydail MaTpmil 2 X 2 u 3 X 3.)

5. TlycTte nana cucrema w3 1 JIMHEHHBIX YPABHEHWIA C 71 HEW3BECTHBIMU. 3a-
nveM Ko>(PEULIUCHTH JIEBBIX YacTell ypaBHEHHMI B MaTpully 7 X n. Jlokaxwure,
YTO OINpE/ICJIUTEIb STOH MATpHIBI HE PaBEH HYJIO TOTZA M TOJBKO TOTJa, KOTJa
CHCTEMA JINHCHHBIX ypaBHEHHI MMEET POBHO OJHO PEIICHHE IIPH JIIOOBIX HPaBBIX
YacTsX.

6. (Oopmyuia Kpamepa) Ilycrs Marpuna A cucTeMbl ypaBHECHUN MMEET HEHY-
JICBOI1 OIpeieNIuTEeNb, a MaTpula A; MOJIyyaeTcs U3 A 3aMEHO# i-ro crojibla Ha
cronbel U3 MpaBbIX yacTeil. JlokaxkuTe, 9yTo Habop

det A; det A, det A,
detA’ detA’ "7 detA

SABJISICTCSA (GIII/IHCTBCHHI)IM) pemeHHeM CUCTCMBI.
86. MHoOrouiIeHsl 1 KOMILJIEKCHBIE YHCJIA

OcHogHast meopema anzebpbl YTBEPXK/ACT, YTO BCSKUA MHOTOWICH C KOM-
TIJIEKCHBIMU K03 PULIMEHTaMH (KPOME KOHCTaHT) MMEET XOTs Obl OJIMH KOMILJIEKC-
HBIA KOPECHB.

1. Jlokaxurte, 4TO BCSKMII MHOTOWIEH C KOMIUJIEKCHBIMHM Kod(pPuuueHTaMu
pa3Jiaracrcsl Ha JIMHEWHBIE MHOXUTEIM (C KOMILIEKCHBIMA KO3(@MULIMEHTAMMN) .

2. PasnokuTe Ha JIMHEHHBIC MHOXHUTEIN MHOTOUJICHHI (a) X3 — 1; (0) x4 — 1;
(B) x> —1; (r) x%—1.
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3. Jlokaxute, 4TO BCSIKUII MHOTOUJIEH C JICHCTBUTEJILHBIMU K02 PULIUCHTaMKI
pasjlaraeTcsl Ha JIMHEHHbBIC W KBaJPaTUYHBIC MHOXKUTEJM C JICHCTBUTEILHBIMUA KO-
a¢ppunuentamu. Haiiure Takoe pasjiokeHUE Il MHOTOUWJICHOB M3 MpeEZbLIyINei
3a/1a49H.

4. BpiBe/iuTe W3 MpeAbIylIEH 3a/laud, YTO BCSIKUI MHOTOWIEH HEYETHOM cTe-
TIEHU C JCHCTBUTEIILHBIMUA KO3(P(MUIIMEHTAMU UMEET JICHCTBUTEIILHBIA KOPEHD.

5. Jlokaxwute, uro mMuorowien x* + x3 4+ x? + x + 1 me neimrcs Hu Ha
KaKOll MHOTOUJICH C PallMOHAJIEHBIMU K03(h(puIieHTaMu (HE CUMTast CiIydasi, KOr/a
JIEJITEIIh WIIA YaCTHOE — KOHCTAHTA).

6. Jlokaxxure, 4TO pasJIoXKEHUE MHOTOWIIEHA C KOMILIEKCHBIMU KO3(pdunuen-
TaMU HA JIMHCHHbIC MHOXHTEJIM €IMHCTBCHHO C TOYHOCTBIO /IO HOPsi/JIKA MHOXU-
TeJICH W YHCJIOBBIX KO3(P(PULUMEHTOB 1P HUX.

7. CpopmympyiiTe u JJIoOKaXXuTe TeopeMy Buera [jisi MHOTOUJIEHOB TpeThei
U 4eTBEPTON CTENEeHN (aHAJIOTMYHYIO TEOpEME O CyMMe U NpPOM3BE/ICHUM KOpHEH
KBa/IpaTHOTO TPEXWJICHA).

8. Cocranisist mporpaMMy, XuTpblil JIEHSI IpOBEpslJl PaBEHCTBO TPEYrOJIbHUKOB
co cropoHamu a, b, c u d, e, f ¢ moOMoOMIBIO yCIIOBUS

(a+b+c=d+e+f)and (ab+ac+ bc = de+df +ef) and (abc = def).

[paB ym on?

9. Haiijure MHOrOWICH HAaUMCEHBIIECH CTENECHU C JCHCTBUTEIIbHBIMU KO03ddu-
LIMEHTaMH, UMEIOIMI KOpEeHb V2 + V3i.

10. HaiijmTe MHOTOUJIEH HAUMEHBILIEH CTENEHU C IEeJIbIMU KO3 PuimeHTamMu,
HMEIOIINI KOpEHb \/E + \/5 i.

11. Vpasrenue x* + px + g = 0 UMeeT TPU KOMILICKCHBIX KOPHS Z, Zp H
z3. Haitymre (BBIpasute yepes p u q) senmunny (z; — 2)%(z — z3)%(z1 — 23)2.
(Ona nazbiBaeTcsi OUCKPUMUHAHMOM KyOM4ecKoro ypasueHusi.) Uro ciiyvaercs
C ypaBHEHMEM, KOT/Ia IUCKPIMHMHAHT O0palnaeTcs B HyJb?

12. Ha KOMIUICKCHOM IUIOCKOCTH HApHCOBaH IPaBMJIbHBIA k-yrosipHuK. [lo-
K)KUTE, YTO 3HAYCHUE JIOOOro MHOrowieHa P cremeHu MeHbiie kK B LEHTpE
k-yroJipHUKa PaBHO CpeIHEMY apu(PMETHYECKOMY 3HAYeHUI MHOrowieHa P B Bep-
mmHax k-yrojbHuka. BepHo sim 310, ecyim crenedb P Gosiblie mim paBHa k?

13. PaccMOTpHM 3HaUeHMS] HEKOTOPOTO MHOTOWICHa P B TOYKaXx HEKOTOPOTO
kpyra C. Jlokaxute, uro P nocturaer HamOOJBIIETO O MOAYJIIO 3HAYCHWS B
HEKOTOpPOI TOUKE I'paHMYHOM OKpy>kHocTH Kpyra C.

14. (a) IlpexncraBpTe MHOTrOWJIEH 4+ B3+ 224241 xak 22P(z + 1/2),
rae P — muorousnien ¢ uesibivu ko3 dunuenramu. (6) KakoBbl KOpHM MHOIO-

uwjieHa P? (B) Boluuciiure cos % H COS 2?”
15. (Ilponoskenue) (a) Jlokakure, 4TO YUCIIa COS %, — Ccos 27", cos 37” SIBJISI-

I0TCsl KOPHSIMH MHOTOWIEHA € PAlMOHAIBHEIME Koo dunmentamu. (6) Berunciure
cos 7 — cos 27" ~+ cos 37” (B) Bbrumcimmre cos 7 cos 27" cos 37”
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16. Ucnonpsys dopmysy s cymmsl 1 4z + ... + zK | waiiaure dopmyay
s 14 cos o +cos2a + .. . + cos ko

17. (Ilponomxenne) Haiimre opmynsl nis cymm z +2z2+ 323 +. ..+ kz
mcosa + 2cos2a + ... + kcos ka.

18. Haiiaure mpepen (1 + i/n)" npm n — oco. (Ilpenen —
TOYKa, PAacCTOSIHHUE /10 KOTOPO! CTPEMHTCS K HYJIO.) '

19. IlokaxxuTe, 4TO JIOMAaHYIO Ha PICYHKE MOXKHO HEOT paHHUCH-
HO TIPO/I0JIXATh TaK, YTOOBI €€ BepIIMHBI ObIIN B y3J1aX KJIETYATOM
Oymaru, yriibl IIpH BCeX BepIMHAX ObUIM PaBHBI, a JUIMHBI CTOPOH /
00pa3oBBIBaJId T€OMETPHYECKYIO PO PECCHIO.

20. (a) MoxHo 1M HalTH Takoe HaTypaibHoe n > 0, 4TO
z" =1, ecim z = (3 + 4i)/5? (6) JlokaxXute, YTO OTHOIICHUE
arctg( %) /T AppanuoHAJBHO.

k

3x3ameH 3a 10 kiacc

Ox3aMeH 3a 10 kyacc ObUI YCTHBIM. B oTJiume OT HpelblIyIlero 3K3aMeHa,
CYIIECTBEHHAS 9acTh B 3TOT pa3 OblIa TeopeTUUEcKoii. B Havyalie 3K3aMeHa MKOJTb-
HUK TI0JTy4aJi GUJIeT, B KOTOPBIA BXOJIWIIN BXOWJIN TPHU BOIIPOCA MO 00S3aTEIIBHBIM
JmcTkaM (peasibHO ATO GBUIM HEGOJIBINNE YaCTH BOMPOCOB M3 NMPHUBOANMOTO HH-
)K€ CIMCKa) M OJIMH BOIIPOC IO TeMaM JIeKImil (cM. ruiaBy «[lomyJisipHbIe JIeKnun
10 MaTEMaTHWKE») YUIM JIONOJIHUTEIBFHOMY JIUCTKY (3TOT BOIPOC BBIOMpAJICS W3
CITVICKa, COCTaBJICHHOTO INKOJIbHUKOM). [lociie oTBeTa Ha BONPOC NIKOJIBHUK TIO-
JIy4aJl Tak)Ke HECKOJIBKO 3a]a4 (Ha YCMOTPEHHE MPEIO/ABaTEIs); IPAMEPHI 3214
TIPUBEIICHB HIDKE. BoJiee CIIOXKHBIC 3a/1a9M OTMEYCHBI 3BE3/[0UKOMA.

BOHpOCBI o 00A3aTeJIbHBIM JINCTKAM

1. bunomuasnbubie k03(PGUIMEHTH (YUCiIO IoAMHOXECTB). DopmyJia ¢ ¢ak-
topuasnamu. Tpeyrompauk ITackans (pexyppentnas ¢opmyna ma CK; eg xom-
OuHaTOpHOE NOKa3arenbcTBO). bmaom Hrlotoma. Cymma GMHOMMATBHBIX KO-
(pUITEHTOB ¢ O/IMHAKOBBIMU 3HAKaMH U C YEPE/IOBAHUEM 3HAKOB (KOMOMHATOpPHOE
JIOKa3aTeJIbCTBO; BbIBOJ M3 OuHoma HeioToHa).

2. IlepecranoBku. IlpousBenenue (komnosunus) nepecraHoBok. IIpejncrasiie-
HHE TICPECTAHOBKM B BH/C NPOM3BE/ICHUS HENEPECEKAIOIMXCs NUKIOB. YETHOCTD
NepecTaHOBKU. YETHOCTh KOMIO3ULIMK. YETHBIX M HEUETHBIX NIEPECTaHOBOK O/IHA-
koBoe unciio. [IpencTaBiieHne NepecTaHOBKY B BU/IE IPOU3BECHNS TPaHCIO3UIINIA;
B BHJIC TIPOM3BE/ICHUS TPAHCIO3UIMI COCE/IHUX DJIEMEHTOB.

3. MHoxecTBa. O0BeIMHEHAE, TIEPECEUCHNE, PA3HOCTh, CHMMETpHYECKasl pa3-
HOCTh. ACCONMAaTHBHOCTh CHMMETPHYECKO# pa3HoCTH. DopMyJia BKIIIOYECHHS — AC-
KJIIOYCHHS.
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4. Oyukiyu. Bueknuu. PaBHomomnocts. Buekimu mexay Z u N, Z un Q.
PaBHOMOIIHOCTE OTpe3ka M MHTEpBaJla, OTpe3Ka U MpsIMO, TPEyroJIbHUKA U KBa-
Jparta.

5. Cuérnple MHOXecTBa. CUE€THOCTE OOBEMHEHNSI CUETHOrO UHMCIA CUETHBIX
MHOXecTB. CUETHOCT MHOXKECTBa alireOpamdeckux uncell. Hecu€THOCTE MHOXE-
CTBa Bcex OECKOHEUHBIX JIBOMYHBIX IOCIie/ioBaTesibHOCTEN. HecuéTHoCcTh MHOXE-
CTBa BCEX TOMHOXECTB CUETHOTO MHOXKECTBA.

6. [pencranenne ynces Ha uaTepBaie (0, 1) ¢ moMoIbI0 GECKOHCYHBIX /IBO-
WYHBIX /1pobeil (C MCIOJIb30BAHMEM aKCHOMBI IOJIHOTH). PaBHOMOIMHOCTE MHTEp-
Baja (0,1) m MHOXeCTBa BceX OCCKOHEUHBIX JIBOMYHBIX INOCIIC/IOBAaTEIILHOCTEM.
PaBHOMOIHOCTS TIPSIMOiA M IJIOCKOCTH.

7. Teopema Kantopa (MHOXECTBO BCeX MOJMHOXKECTB MHOXeCTBa X HE paB-
HOMOIIIHO HHMKaKoMy HoJMHOXecTBy MHOXectBa X ). Teopema Kanropa —Beph-
IITEHHA.

8. Akcnoma NOJIHOTH! (CYLIECTBOBAaHME paszeiisioliero yuciia). Tounast Bepx-
Hsisl TpaHb, €€ CyIIECTBOBAHMUE /ISl OTPaHMYEHHOrO0 MHOXecTBa. [IpmHnumm Bio-
JKEHHBIX OTPE3KOB (BBIBOJ{ U3 aKCUOMBI HIOJIHOTBIL). JI0Ka3aTesIbCTBO aKCUOMBI 110J1-
HOTHI 151 GECKOHEUHBIX JIBOMYHBIX MOCJIE/I0BATEJILHOCTEN CO CIIOBAPHBIM (JICKCH-
Korpau4ecKkuM) HOPSIAKOM.

9. IlpuGimxennas dopMyiia A3t ﬁ € TOYHOCTBIO 0(x) mpu x — 0. CMblcn
3amach o(x). [pubmmxénnas gopmyna ang /1 + X ¢ TOUHOCTBIO O(X) TpH
x — 0. Tpubnmxkénnsie GopMyJIbl IS sin X, €OS X, 1g X ¢ TOUHOCThIO 0(X2) Tpn
x — 0. INpubmmxEnnble opMyJIBI AJIs Sin X, cOs X U 18 X ¢ TOYHOCTBIO O(X — a)
Ipu X — Q.

10. HenpepoBuble (pynkumn. HenpepblBHOCTh (pyHKIIMM X" OpU LENBIX 7.
HenpepeiBHOCTE TpuroHoMeTpuueckux (yHKIMi (sin x, cos x, tg x). Orpanuyen-
HOCTh (PYHKIIMY B OKPECTHOCTH TOYKM HETPEPHIBHOCTH.

11. HenpepplBHOCTh CyMMBl M Pa3HOCTU HENPEPhIBHbIX (yHKUuMi. Henpepbis-
HOCTh NIPOM3BE/ICHNUSI HEMPEPBIBHBIX (DyHKIWMA. HenpepbBHOCTE 9acTHOTO HeTpe-
pBIBHBIX (pyHKIMI. HenpepblBHOCTh KOMIIO3MIIMYM HENPEPHIBHBIX (PyHKIWA. [Ipn-
MEpbl BCIO/ly ONPE/ACIIEHHBIX (DYHKIWI, HENPEPHIBHBIX JIMINb B HENEJBIX TOYKaX,
JIMIIb B NIEJIBIX TOYKAaX, BCIO/Yy Pas’phIBHBIX, Pa3phIBHBIX JIAIIb B PaldiOHAJIbHbBIX
TOYKAX.

12. Teopema 0 IPOMEXKYTOYHOM 3HAUCHUM. PaBHOCHIIBHOCTH YTBEPXK/ICHUSI
3TOW TEOPEMbI ¥ HEIIPEPHIBHOCTH /15l MOHOTOHHO!U (DYHKIIUH.

13. OrpannuycHHOCTb HENPEPHIBHOH (pyHKLMM Ha orpeske. PyHKLWs, HEmpe-
PBIBHAsI HAa OTPE3KE, JOCTHIaeT HA HEM MAKCIMyMa Y MHHHMYMa.

14. Tpenen mocnenoBatesbHOCTH. OTpaHMYEHHOCTh CXOZSIIECHCS MOCIHE/NO-
BaTesibHOCTH. CylllecTBOBaHME IIpeficjla OTPaHUYECHHON MOHOTOHHOM MOCIIeIoBa-
TeJbHOCTH. [Ipeies1 CyMMBI, pa3sHOCTH, IIPOM3BECHNS M YaCTHOTO J[BYX IOCIIEIO-
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BaTCJIbHOCTEM.

15. IlpenenpHble TOYKH. DKBUBAJICHTHOE OIpE/ICJICHUAE TIPECIIBHONR TOUKH KakK
mpeziesia MoAnocieoBaTebHOCTH. CyIeCTBOBAaHUE NIPEACIBHON TOYKHA U CXOJs-
LIEHCs TOAIOCIIEN0BATEIBHOCTH ISl OTPAaHUYCHHON IOCIIEI0BATEIIBHOCTH.

16. OxBHUBaJCHTHOE OIPE/ICIICHUE HENMPEPBIBHOCTU C HMOMOIIBIO CXOJSIIHXCS
TIOCJIEIOBATEIILHOCTE.

17. TlocnenoBaTeNbHOCTA X, = (1 + %)" Uy, = & + % +...+ # Cyuie-
CTBOBAaHME U COBIIAJICHUE IIPE/EIIOB.

18. Ilensie umcna. Teopema o jeneHum ¢ ocTaTkoM. HamGonbmmit oOmmit
neymress. Anroput™ EBkimyia Haxox/IeHHsT HANOOJIBIIEro OOLIETO JACIATEILS.

19. Ilpocroit nenurens NpOU3BENCHUS SIBISETCS NEIUTEIIEM OJHOTO U3 CO-
MHOXMUTEJIEH. OCHOBHasI TeopeMa apuU(PMETHKH.

20. Peuenue ypaBHeHHs ax + by = ¢ B Leybix ynciiax. Kpurepnii cymectBo-
BaHM4 PEIICHUs, obmas bopMyna isl PeIleHUA.

21. ApndMeTnKa OCTaTKOB: ONpEZCJICHAE M CBOWCTBAa OIEpalluii HaJ OCTaT-
Kamu. OOpaTHMOCTE OCTaTKOB, B3aHMHO IIPOCTBIX C MojyJieM. Manag TeopeMa
®cpma. Teopema Sitepa. Qopmyna s ¢pynkuum Diisiepa. Teopema Buiibcona.

22. Ilpoctele yncia. BeCKOHEUHOCTE MHOXKECTBA IPOCTBIX uncell. beckoneu-
HOCTh MHOXKECTBA TIPOCTHIX umcel Bujia 4k + 3 m Buya 6k + 5.

23. KBajipaTnunble BBIYETHl M HEBBIYETHI IO IPOCTOMY MOJAYJIIO, UX KOJIHMYE-
ctBo. CuMmBoun Jlexxansipa. 3akoH yMHOXEHHS ISl cUMBoJia Jlexxanyipa. TeopeMa:
(%) = a»V/2(mod p). Bce HEUETHBIC TIPOCTHIE JIETIATEIH CYMMBI JIBYX B3auM-
HO TIPOCTBIX KBAJ[paToB MMeIOT BUJ 4k + 1.

24. Kommiekcuble ymcna. CJlOXKCHHE M YMHOXXCHHC KOMIUIEKCHBIX YHCEll,
uxX cBoiicTBa. HeHylleBoe KOMIUIEKCHOE YHCIIO MMEET €JMHCTBEHHOE OOpaTHOE.
Comnpspkénnoe umciio. ColpspKeHHE CyMMBlI M TIpomM3BeficHUs. [eomeTprueckumit
CMBICJI TIpHOaBJICHUs] KOMIUIEKCHOTO 4HucJla (CIBHT), CONpPSDKEHUS (CHMMETpHS),
YMHOXXCHHSI Ha KOMIUIEKCHOE YHCJIO (IIOBOPOTHAsi TOMOTETHS).

25. Monynb 1 apryMeHT KOMILIEKCHOTO 4rcia. MozyJib 1 apTyMeHT Ipou3Be-
JICHUS1 U 9aCTHOTO. JIBOMHOE OTHOILCHUE YETHIPEX KOMILICKCHBIX yncell. CBOMCTBO
«JIeXKaTh HA OJIHOW IPSIMOM MJIM OKPY>KHOCTH» U J/IBOMHOE oTHolicHue. HBepcus
n obpaleHne KOMIUICKCHBIX yncell. IToBe/ieHue IBOMHOIO OTHOIICHYSI IPU MHBEP-
CHH.

26. [IpoGuo-nmHeiinble peobpazoBanusi. Kommosnnus AByx ApoGHO-JIMHEH-
HBIX IpeoGpa3oBaHmii €CTh IpoOHO-JIMHEIHOE NpeobpazoBanne. CoxpaHCHHUE JBOI-
HOTO OTHOIICHUS TPH JPOGHO-JIMHEIHOM NpeoOpa3oBaHUN.

27. OnpejelieHne HaTypasbHOTo Jiorapudma Juis X > 1 Kak «iomanm» noj
rpa¢ukoM ¢yskipm y = 1/x. OnpenerneHme HaTypalbHOro Jorapudma s
0 < x < 1. HempepsBHOCTD Jorapudma. PopMyJibl AJist JiorapudMa HOpoms3-

i 1

BelleHusl | Jiorapugma vactHoro. HepasenctBa 7 < In (1 + ;) < % (ipn
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x ¢ [—1,0]). IpubmmxEnnas dopmyina jyuist In(a + h) ¢ Tounoctsio o(h) mnpu
h — 0. CpoiicTBO HaTypaJibHOro Jiorapudma Ine =1 (rae e = ,11120 1+ HHm.

28. OmnpeiesnieHue IPOU3BO/IHON U €€ TeoMeTpruYecKuii cmbicil. HenpeppiBHOCTB
g depeHIUpyeMoit (PyHKIMN.

29. Ilpurnun ®epma.

30. ®opmyuibl 15 TIPOM3BOJHON CyMMBI, Pa3HOCTH, NPOU3BEICHNUS ¥ YACTHOTO
IByx ¢yHKImi. dopMyiia 1Jisi IPOU3BOAHOM CIIOKHON (PYHKIIUH.

31. Cucrema OJHOPOZIHBIX JINHCHHBIX ypPaBHEHWIA, T/i¢ HEM3BECTHBIX OOJIBIIE,
YeM ypaBHEHUI, UMeeT HEeHYJleBoe penieHue. CucTeMbl JIMHEMHBIX YPaBHEHUH, rie
YHCJIO HEM3BECTHBIX PAaBHO YKCIly ypaBHEHU. AjnbrepHaTtuBa Pperoipma: TaKas
cucTeMa JIMO0 MMEET €IMHCTBEHHOE PELICHUE TpH JIOOBIX MpaBbIX YacTAX, JIMOO
TIpU HEKOTOPBIX MPaBBIX YACTSX MMEET OECKOHEUHO MHOTO PELICHHUI, a IPU NIPOYNX
HE MMEET PECUICHUIA.

32. MHorounensl. Crenenp MHorowieHa. IlpomsBenicHuE HEHYJIEBBIX MHOTO-
WICHOB HE PaBHO HYJIIO. Teopema O JIeJICHMM MHOTOWIECHOB C OCTaTKOM. Teopema
Besy. Muorousen crenenn #n (¢ koaddunuentamu B R, C, Z/ pZ, . . .) nmeeT He
GoJiee n KOpHE#. [1J1sl IPOM3BOJIEHOTO BHIOOpa 3HAYCHMH B 11 TOYKAX CYIIECTBYET
€/IMHCTBCHHBI MHOTOYJICH CTENICHN HE BhIlIE #1 — 1, IPUHAMAIONIAH B 3TUX TOYKaX
3a/]aHHbIC 3HAUCHUSI.

33. OcHoBHasi Teopema anreOpbl (6e3 Jl0ka3aTenbCcTBa). PasjioxkeHnue MHOro-
ieHa ¢ KOMIUIEKCHBIMHA Ko2(pHIieHTaMy Ha JIMHEHHBIE MHOXWUTENH. Pasioxke-
HHE MHOTOYJICHA C JICHCTBUTEJIBHBIMA KOd(pUIIIEHTaMy Ha JIMHEWHbIC U KBaJpa-
TUYHBIC MHOXUTENN. MHOTOUJICH HEUETHOM CTETICHNU C JICHCTBUTEIILHBIMEA KO3 (-
(punmeHTaMu MMeeT NCHCTBUTEIIBHBINA KOPEHb.

34. Teopema Bueta (BbipakeHue KO3(P(PUIMEHTOB MHOTOUJICHA YEPE3 €0 KOp-
HH).

IIpumeps! 3aga4

1.* okaxmute, uTo M06asi IEpeCTaHOBKA DJIEMECHTOB IIPSIMOYTOJIBHOM MaTpH-
LIkl €CTh KOMIIO3ULIAS TPEX IIEPECTAHOBOK: TIEpBasi M TPEThsl BHYTPH CTPOK, BTOpas
BHYTPHU CTOJIOLIOB.

2.* CymecTByeT JI MHOTOUJICH OT JIBYX IIEPEMEHHBIX, KOTOPBI BCIOAY TIOJIO-
JKHUTEJICH, HO TOYHAsl HIDKHSIS TPaHb €0 3HAYCHHI paBHA HYJIO?

3. Hokaxwure, yro ecim @ + b+ ¢ > 0n a — b+ ¢ < 0, To KBa/PATHBIA
Tpéxunien ax? + bx + ¢ uMeeT (JICHCTBUTEILABII) KOPEHD.

4.* Jlokaxxute, 4To Jilo60e MOHOTOHHOE B3aHMHO OJ{HO3HAYHOE COOTBETCTBHE
MEXJIy /IByMsl OTPE3KaMH HENPEPHIBHO (B 00€¢ CTOPOHBI).

5. JlokakuTe, 4TO €CIIM JjBE HENpEphIBHbIC (DYHKIIMM OINpECNICHBl Ha Beei
TIPSAMOM M COBIAJIAIOT BO BCEX PAllMOHAJIBHBIX TOYKAX, TO OHM COBIIA/IAIOT BCIOY.
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6.* UssecrHo, uto GyHKIMs f ONpE/ICIiCHA W HEMPEPhIBHA HA BCCH IPAMOI,
npu 3toM f(x+y) = f(x)+f(y). [Jokaxkure, 4To 3Ta (PYHKIHS €CTh YMHOXEHUE
Ha KOHCTaHTY.

7. MoxHo Jim roonpeieniuth QyHKimio [ (X) B TOYKE a Tak, YTOObl OHA CTaa
HenpepbBHOH, ecm f(x) = (V/x — Va)/(x — a)?

8. Moxno i jioonpenesnts Gynknmio f(x) B HyJie TaK, 4To0Obl OHA CTaja
HEnpephIBHO#M, ecym f(x) = sin 3x/ sin 5x?

9. I'paxanmn momén B cOepkacCy ILIATUTH 332 KBapTUPY, HO BMECTO 3TO-
I0 HOJIOXKWIJ JIeHbI'M Ha CY€T ¢ 5% rozioBbiX. MOXHO Ji yTBEp>K/JaTh, YTO €TI0
nonr (BKJIIOYas MEHIO B 1% MCXOAHON CyMMBI 32 KaXK/Iblii JICHb IPOCPOYKH) OyeT
0-MaJIbIM OT CyMMBI Ha CU€Te NpH CTPEMJICHHM BPEMEHM K GECKOHEUHOCTH?

10. Ykaxute kodddunmentsl a, b, ¢, Jis1 KOTOPbIX = a+ bx +
+ cx? + o(x?) mpu x — 0.

11. Pasnoxmure mo creneHsiM x (C TOYHOCTBIO O(X)) PacCTOSIHUE OT TOYKHU
(0,2) mo Toukm (0, x).

1
1-2x+x?

12. Pazjioxkute 10 creneHsM X (C TOUHOCTBIO O(X)) PacCTOSHUE OT TOYKH
(—1,1) no toukm (0, x).

13. Pazjioxure 1o creneHsiM X (C TOUHOCTBIO 0(X)) [UIMHY JIOMaHOH, coe/u-
usomen touku (—1,1), (0,x) n (2,2).

14. Pazjioxure 1o creneHsiM X (C TOUHOCTBIO 0(X)) [UIMHY JIOMaHOH, coe/u-
usomen touku (—1,1), (0,x) n (1,2).

15.* TpeyroibHUK MMeeT CTOpoHB! d, b, c. CTOPOHY ¢ Y/UIMHHWIA Ha X;
nycrts S(X) — mJowaas IMOJIyYMBIIerocst Tpeyrosibhuka. Pasnoxure S(x) mo
CTENCHSIM X C TOYHOCTBIO O(X). B kxakom ciyuae ko3dpduumenT npu x pasen 0?

16. HaiinnTe npenen mociejoBaTeIbHOCTH, 3a/IaHHON COOTHOINCHUEM Xy 41 =
= /3x, (xp > 0 nano).

17. Cxopnsmasics IOCIENOBATEIBHOCTh MMEET OECKOHCYHO MHOIO IOJIOXKH-
TEJIBHBIX U OECKOHEYHO MHOTO OTpHLIATENIbHBIX WieHOB. Haiinute e€ mpezedr.

18. Moxet i cxojisiasicsi MOCJEeN0BaTeNIbHOCTh NIEPECTaTh ObITh CXOJISIICH-
Csl, €CJIA W3MCHATHh KOHECYHOE YHCIIO €€ YJICHOB?

19. Moxer Jn cxoismascs I0CJIEI0BATEIILHOCTh CTaTh CXOAMIIEHCs K Jpy-
roMy IIpeJieily, €CJIA U3MEHUTh BCE €€ WICHBl C HEYETHBIMU HOMEpaMu?

20. Moxert Jm cxozsiasicsi HOCJeI0BaTEIbHOCTh UMETh pacxosiuyiocs (T. €.
HE CXOZSIIYIOCS) TOJTIOCIIC/IOBAaTEIIBHOCTR?

21.* MoXeT Ji CXOsImascs MOCJIE0BaTEIbHOCTh HE MMETh HU HaUOOJIBINETO,
HU HAMMCHBILIECTO YJICHOB?

22. Bce 4iieHBI IOCTIEI0BATEIBHOCTH TOJIOXKHUTEIBHBI, TIPA STOM CyMMa JIto00-
ro ux yucja He npeocxout 1. JTokaxure, 4To €€ mpezedl CylmecTByeT U paBeH 0.

23.* Haitnute mpeJiedl MOCIIE/IOBaTeIIBHOCTA a, = (1 4+ 1/ n2)n.
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24. Haiijute mipejiedl NOCIE0BAaTEIIbHOCTH, 3a/JaHHOA COOTHOILCHUEM Xy 41 =
=3+ X, ecim xp > 0.

25.* JlokaXXuTe, UYTO TOCJIC/IOBATCIIBHOCTD, 3aJlaHHasl YCJIOBUSIMA Xo = 1 M
Xn41 = (Xn + 3/%,)/2, cxonurcs.

26.* CymiecTByeT JiMl OCJICAOBATEIHOCTD, MPEACIIBHBIMA TOYKaMU KOTOPO
SBJISIIOTCS unchia Buja 1/n, n € 7 (1 T0J1bKO OHM)?

27.* Haiijaure npeed nocienoBaresbnoctu v/ n? + n? — n.

28.* Hait/re npejiesi 10CIE0BaTENLHOCTH V/ 13 + 1 — n.

29. PasGeiiTe OTpe30OK Ha CYETHOE YHCIIO PABHOMOIIHBIX APYT JPYyry 4acTei.

30. Cyé€THO JI1 MHOXKECTBO GECKOHEUHBIX TIOCJICI0BATEIILHOCTEN HYJIEH U e/li-
HUII, B KOTOPBIX YHCJIO HYJICH KOHEYHO?

31. Kak noonpenennts (PyHKIMIO X Ctg X 10 HENMPEPHIBHOM B HyJE?

32.* (Jlemma laycca) B mpowmsBenicHUM JIByX MHOTOWICHOB C IICJIBIMA KO3(-
(purnenTaMu Bce K03 PUIMEHTH! JENITCs Ha MpocToe unucno p. Jlokaxure, 94To
Bce KO3((PHULUCHTBI OJHOTO U3 UCXOIHBIX MHOTOUJICHOB TOXE JECIATCS HA P.

33.* MHorowieH ¢ 1esibiMA KOd(PUIIMEHTAMU PaBeH €[MHMIIC B TPEX pas-
JINYHBIX LIEJBIX TOYKax. JIOKaXXWUTe, YTO OH HE MMEET LIEJIbIX KOPHEH.

34. Bouncsmare cymmy 1+ i + i2 4+ i% + ...+ 1%

35. Boruncimte (v/3 + i)3°.

36. I'e HaxoZMTCS TOYKA IIEPECEYCHHsI MEMAH TPEyroJIbHWKA, BEPIIMHAMHA
KOTOPOTO SIBJISIIOTCSI TOYKA U, V I W KOMILJIGKCHO# IIJIOCKOCTH?

37. Ilpu xakux a u b npeobpasoBanue z — az + b siBiseTcs: NIOBOPOTOM Ha
45° Bokpyr Toukn 1 =1+ 0i?

38.* Haiijmre BCe KOpHM ypaBHEHHsi z50 = 1 (B OTBETE MOTYT OCTAThCS KBa-
JipaTHBIE KOPHH, HO HE JIOJDKHO OBITh CHHYCOB M KOCHHYCOB).

39. Ilpu kakux a u b npeoGpasoBanue z — az + b sBiSETCS MOBOPOTOM?
TIEPEHOCOM? OCEBO# CHMMETpHEH?

40. Ilpu kakux a u b npeobGpasoBaHue z — aZ + b sBiseTCsS OCEBOI CUM-
MeTpHei?

41. JlokaxuTe, 4TO TPEYroJIbHUK C BepiinHamMu 0, 1, z mofno6eH TpeyTroJIbHUKY
¢ Bepumnamu 0,1,1/z.

42. JTlokaxwute, 4TO TPEYroJIbHUK ¢ BepliuHaMu 0, z, w 07100€H TpeyroJbHU-
Ky ¢ BepuumHamu 0,1/2z,1/w.

43. KoHnp! rUmoTeHy3sl paBHOOEPEHHOTO INPSIMOYTOJIBHOTO TPEYrOJIbHHUKA
— Touk# 14 i 1 4+42i. YKaxXuTe TOUKH, B KOTOPbIX MOKET HaXO/IUTHCSI BEPLIMHA
TIPSIMOTO YIJIa 3TOTO TPEYTOJIbHUKA.

.~ V4 — o
44. Hapucyiite Bce KOMIUICKCHBIC YHCIIA Z, JUIsl KOTOPBIX arg ;25 = 60°.
45.* Pemmrte ypaBHeHme (x + iy)5 = (x — iy) (x,y — JIcHCTBUTEJIbHbIC
YucIia).

46. UssectHo, uto z + 1/z = 2cos 1°. Haitmure z%° + 1/2%0.

Tembl KypcoBbIX padoT

Bo BTOpOM TOJIyroiuy mapajuleJbHO C PEIICHUEM JIMCTKOB KaX/IbI IIKOJIB-
HUK JI0JDKEH OBLI BHIOpaTh cebe 3a/1auy (M3 HEKOTOPOTO CIIMCKA 3a/1a4 Ha HCClle-
JIOBaHNE, BKJIOYABIIETO 33/1a4M Pa3sHON CIIOXKHOCTH, PEIlICHUs] HE BCEX U3 KOTO-
PbIX OBLIM HOJHOCTBIO M3BECTHHI NPENO/IaBaTeNsIM) M B T€UEHUE NOJIYTOZMS TIOT
«HAy4YHBIM PYKOBOZICTBOM» OJ{HOT'O M3 IIpPENOJiaBaTelicii IPOJBUHYTHCS B PEIICHAU
2TO# 3a/1aun ([OIMYCKANNCh M KOJUICKTUBHBIC PabOTHI MIKOJIBHUKOB). B riase «U3-
OpaHHBIC KypCOBBIC PabOTHl» IPHUBCICHBI HECKOJIBKO TEKCTOB, IOJIyYMBIINXCS B
pe3yJibTaTe, 37IeCh e MBI MIPUBO/IUM CITUCOK TEM, BHIOpAHHBIX IIKOJBHUKaMH (C
YKa3aHUEM PYKOBOJMTEJIEH).

1. (Llemnble npo6u) Haiijure pasjoxkeHue B LEMHYIO ApOOb Uit \/N pu
N = 2,3...,41. EcTb 11 3aKOHOMEPHOCTU B 3TUX pasjioxeHusx? IlomprTaii-
Tech NpeJcKa3aTh KaKue-HUOY/(b CBOMCTBA pa3iIoXKCHUSsI V'N B o6meM clyvae u
JIOKa3aTh MX. JIOKaXWTE UTO Pa3JIoKCHHE X B ILCMHYIO Apo0b NEPHOJMYHO €C-
JI1 U TOJIBKO €ClIM X — KBa/IpaTU4Hasi MPPaliOHAJIbHOCTh (YKMCIIO BHJIA “+c‘/$,
a,b, c € 7). [A. Anexcanypos, A. Munacsin (pyk. W. Brlorun)]

2. (HenpeprBHO m3rnbaempiii MEOTOrpaHHNK) [Ipumep HEXECTKOTO (HEBHIMY-
KJIOT0) MHOI'OI'paHHMKa (HY>KHO M3rOTOBUTh Mojeiib). [[I. Anekcanjpos, A. Mu-
HacsiH (pyk. A. Illens)]

3. (lemnast npo6p 1uist yncna e) JIoKaXnuTe paBeHCTBO

1+1+1+1+1+1+ =1+ !
1M 2 3 4 5 6 "7 - 1

2+
1+

1+
4+
1+
1+

1
6+ ...

[JI. AnTonenko (pyk. B. lonenko)]

4. (Yucio e) Jokaxure, 4T0 CyMMa paja o + 5 + % + ... + 4 4 ...
UppaloHaJIbHA; HE SIBJISIETCS KOPHEM KBaJIpaTHOTO YpaBHEHMSI C IEJIBIMH KO3(-
(punmentamu; TpancueHzieHTHa. [B. Boponkuna (pyk. A. PomameHko)]

5. (Ilpocteie uncna) JlokaxkuTe, 4To /sl JiIoOOro HAaTypaJIbHOTO YHCIa h B
apudMeTHYeCcKol porpeccnu ay = kn+1 HainETcs GECKOHEYHO MHOTO MPOCTBIX

gucen. [A. Bypsk (pyk. B. [lonenko)]
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6. (Camonevaraomasicst nporpamma) Hammmmre nporpammy na [lackane, ko-
Topasi IeyaTaeT COOCTBEHHBIN TEKCT B 0OpaTHOM mopsizike. MiMeeTcs B Bujy, 4TO
MOXHO M3TOTOBHUTEH exe-(pailyl, KOTOpPBI OyZeT HevaTaTh MCXOAHBIN KOX, Jlaxke
€CJIM caM UCXOIHbIN Kox Oyner yaanéH. [JI. Bakynenko (pyk. A. Pomamenko)]

7. (Ilpotokou Slo) Y Ammcel u Bo6a ects o rurabaittHomy ¢haitsry. OHE XOTST
TIPOBEPUTH, O/IMHAKOBBI JIM MX (pailnbl. Irpokam paspemaercsi nepechliaTh Apyr
Apyry mHpopmanumio 1o kanaity ceszu (mo tesnedony). Kak nposepurs njaeHTny-
HOCTb (haiiJIoB, €CIJIM BCEIo JIOJDKHO OBITH IEpeiaHo He OoJiee OHOTO KuJjiobaiiTa
nHpopManmu? J{onyckaeTcsi BEPOSITHOCTh OLIMOKK B OJIMH IPOLICHT.

Bonee obmas mocranoBka 3amaun: Ajmca u bo6 umeloT o # GUTOB, TO €CTh
TIOCJICZIOBATEIIRHOCTH HYJICH WM eMHUI JJMHE 1. Kak MpoBepHUTE MICHTHYHOCTH
STHX JIBYX MOCJIC/IOBATEIIRHOCTEM, TEpeChlyiasl APYT APYTy MO KaHAy CBSI3M O(n)
6utoB? [lyst mo6oii mappl MOCIHIE/IOBATEIFHOCTEN BEPOSITHOCTh OIIMOKM JIOJDKHA
6bTe MenbIe 0,01. [M. [IponoB (pyk. A.Pomamenko)]

8. (Marpuunsbie urpel) JIBoe UrpaioT B clielylollyio UIpy: OJHOBPEMEHHO IIO-
Ka3bIBAlOT CONCPHUKY OJ/(MH WJIM /IBa NaJblia. BeMrphim nepBoro (COOTBETCTBEH-
HO, IIPOMTPBII BTOPOTo) onpeaensiercs marpuneit (', 37) (. ., nanpumep, ecim
Ka)X</(blil TIOKa3aJl /[Ba Majiblla, TO MEPBHIN Mojy4yaeT 3 pyOuisi, a BTOpOH MJaTUT
3 py6ust). SIBiusiercst am 3Ta Wrpa dectHoi? Kakyio mpemMumio JJOJDKEH 3aIlIaTHTh
OJINH WI'POK /IPyroMy Iiepe/i HayaJloM Wrpbl, YToObl Mrpa crajla yecTHO#? Kakosa
ONTHMAJIbHASI CTPATETHs JUJIsl KaXKJIOTO M3 UI'POKOB? M3yunTe aHaJIOTHYHYIO 33/1a9y
JUIsl TIpOM3BOJIBHOM MaTpuib! iatexeit 2 X 2. [[1. 3arockun (pyk. C. CaybHUKOB)]

9. (3apgaua Kensiepa) Kemepy yznanoce Berauciuts opoutsl 3emim u Mapca,
XOTsI B €0 BPEMsl, €CTECTBEHHO, HE OBUIO HMKAKWX JIAaHHBIX O PACCTOSHHM /10
Mapca, a ObUIO HM3BECTHO ()i JI060T0 MOMEHTa BPEMEHM) JIUIIb HATpaBJICHUE
Ha Mapc. Kak emy 310 ynanocs?

[NombiTaiiTech NOBTOPUTH €I0 JAOCTIDKCHUE JIJIsl MOZIEIIBHOM 33/1a4u (II0J1y4YHB
JIAHHBIC W 3aTeM BOCCTaHOBHB opOuthl). [[1.3apy6un (pyk. A. lllens)]

10. (IMocnenoBatesbHbIE KBa/paThl) J{oKaXHTe, YTO CylIECTBYEeT GECKOHEUHO
mHoro uncest k € N, Takux uto ypasuenue n?+ (n+1)2+...+(n+ k)2 = m?
(a) umeer pewmeHue B eNbIX yuciax (m, n) (0) uMeeT pelleHUE B HaTypallb-
HBIX ypciax (B) mMeeT GECKOHEYHO MHOTO PEUICHMI B HaTypaslbHBIX 4mciiax. B
MOCJIC/HEM TIYHKTE Hal/IMTe BO3MOXHO OoJiblile GECKOHEYHBIX Cepuil umces K.
[A. JloxmarukoB (pyk. 1. [IIBapn)]

11. (Cymmsl kBasipaToB) Jlokaxkute, 4To Jioboe mpocroe yuciio Bujia 4k + 1
MO>KHO TIPEJICTaBUTh B BUJIE CyMMBI /IBYX KBa/IpaToB; JII00OE YMCIIO MOXKHO TIpea-
CTaBUTh B BHJIE CyMMbI 4eThIpéX KBazpatoB. [B.JlyroBkun (pyk. [.IlBapm),
K. Monkos (pyk. M. ®unkesnndepr)]

12. (PackpammBanue yucen) [lis Jio6oro Jim pacKpalliBaHHs HATypallbHBIX
uncel1 B (a) Ba (0) HECKOJIBKO LIBETOB HAWJyTCsl TPH YHCIIa OJHOTO IIBETa, OJJHO
13 KOTOPBIX PaBHO CyMMe JByX Jpyrux? (MIHbBIMU clloBaMH, ypaBHEHHE X = Y + Z
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AMEET OJIHOLBETHOE pelncHue.) Te >ke BOIPOCH! [UJisl YpaBHEHUH 2X = y + z U
3x =y + z. [I. Masypunk (pyk. B. Jlonenko)]

13. (Tloctynar Beprpana) Jokaxute moctynat beprpana: s mo6oro Haty-
PaJIBHOTO 1 MEX/ly YACJIaMH 1 M 21 €CTh MPOCTOE YHCIIO.

JokaxnTe HepaBeHCTBa YeObnnéna: alogx <wx) < blo’g‘)c JU1s1 HEKOTOPBIX
TIOJIOKUTENBHBIX uncell @ u b m Bcex x > 1. (Bmech w(X) — KOJIMYECTBO
NIPOCTBIX Ymucell, He npeBocxojsumx x.) [[I. Mennukos (pyk. B. Jlonenko)]

14. (Kpusas npaxkona) Kpusble /ipakoHa — CEMEHCTBO PEKYPCUBHO OIIpejic-
JIIEMBIX «CaMOMO00HbIX» KpuBbIX, npuaymannoe [I. Kuytom n Y. [IsBucom. Bo
MHOTUX CJIy4asiX HECKOJIbKO KPUBBIX J[paKOHa 3alOJIHSIOT IUIOCKOCTH 6€3 caMo-
TIEpeCceUcHUil 1 HaJIOXKEHUA; TpeGyeTcsl omucaTh Takue cuTyauuu. [A. Hukutus,
P. CaBuenko (pyk. A.lIllens)]

15. (HecpaBrmMmble Toukm) Jlokaxurte, 9To [Jis1 JI000# GECKOHEYHOM moce-
JIOBaTEJILHOCTH TOUEK 4y, @y, . . . € N maiiryTcs HoMepa m < n, IpH KOTOPBIX
am < a, B CMBICIIC IOKOOPIAUHATHOTO HOPSI/IKA.

Hackomnbko JIIMHHOM MOXET OBITh NOCJIENOBATEIBHOCTh U3 HECPAaBHUMBIX TO-
YeK, €CIIM M3BECTHO, YTO COCEIHME WIEHBI IOCIIE/I0BAaTEIIBHOCTH OTJINYAIOTCSl HE
Gosice yeM Ha C (paccTosiHME — CyMMa PACCTOSIHMIA 110 KOOPAMHATaM) M Iiep-
BBl wieH He Oouybiie C? [MoyiyunTe BepxXHHME M HIDKHHE OICHKA Ha JUIMHY Ta-
Koii mocnenoBarenbaoct (3aBucsmue o k u C). [A. Hukutun, P. CaBuenko
(pyx. A.lllens)]

16. (Yépunie u Genble KieTkM) JlaHO MHOXECTBO («abJIOH») M3 HEUETHOTO
yncla KJIETOK, MPUYEM OJJHAa M3 HUX OTMeueHa. Ha kaXk/ioM Iare Mbl IEPEHOCHM
mabJioH B KaXK/1ylo KIIETKY IJIOCKOCTH TakK, 9T00bl OTMEUYEHHAsi KJIETKAa COBIaja
C HEH, ¥ TOJIOCOBAaHMEM CPEIM KIICTOK, MOKPHITBIX IA0JIOHOM, BeIOMpaeM, OyJer
9Ta KJIETKa Ha cleAyoleM mare 4épHoit mim 6eioit. Kak mo maGiony onpepe-
JMTB, JI000€ JI1 HadaJIbHOE (KOHEYHOE) MHOXECTBO YEPHBIX KJIETOK MOTMOHET 3a
HeckoJibko maroB? [A. [loakonaeB (pyk. B. [lonieHko)]

17. (Teomerpus B pasmepHoctn 4) Kakoii MHOrorpaHHuk moJiydaercsi B ce-
YECHUM YETHIPEXMEPHOTO Kyba (Y4eTBEPOK JCHCTBUTENBHBIX uucel (X, Yy, z, t), s
KkoTopeiXx 0 < X, y,z, t < 1) «auiockocteion X + y + z + t = 2? [A. [lonneBcknx
(pyx. M. ®unkensbepr)]

18. (Teopema Buera u cymmbl pagmkanoB) Jokaxute u o6o6mmte dhopmyy

\s/g — \3/g + \s/g = v/v/2 — 1. [[1. Pucenbepr (pyk. B. [lonenko)]

19. (I'eomerpuueckoe Ji0Ka3aTesbcTBO HepaBeHCTB) HepaseHCTBO O cpennem
apu(PMETIYECKOM M CPEIHEM I'€OMETPUYECKOM JJis JByX umced (x + y)2 > 4xy
MOXKHO J/IOKa3aTb, pa3MECTUB 4 IIPSIMOYIOJIbHUKA X X y BHYTPH KBaJ(paTa CO CTO-
poHoii x + y. IlpuaymaiiTe aHAJIOTMYHOE JI0Ka3aTEJIbCTBO HEPAaBEHCTBA /ISl TPEX
gucen (x +y + z)3 > 27xyz. [A. Camoxun (pyk. A.llens)]

20. (Iloctpoenust oqHMM nUpKyJleM) JlokaxkuTe, 94TO BCE, UTO MOXKHO IIO-
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CTPOUTH LIUPKYJIEM W JIAHEHKOH, MOXXHO IIOCTPOUTh, UCHOJIb3Ysl JIMIIL LUPKYJIb.
[A. ®ypcoB (pyk. B.IllysaiioB)]

21. (Pasnenenue cexpera) (a) Y n oHLEpOB €CTh AOCTYI K IMyCKOBOH ycTa-
HoBKe. IIyuibT ynpaBiicHWsI UMEET CEKPETHBI KOJ, COCTOSIIMMNA, CKaxeM, u3 N
HyJe# n equamn. Kak pasjesmrts cekpeT Mexay odunepaMu Tak, 9ToObl J0ObIe
m W3 HUX, COOPABIINCE BMECTE, MOTJIM 3aIyCTUTh PaKeTy, a Jobbie (m — 1) He
MMEJIM HUKaKoi MH(POpPMalK O CEKPETHOM Kojie?

(0) Ta xe 3ajaua, HO PaKETy MOXCT 3allyCTHTh IpyNna O(UIEPOB, €CIH
CyMMapHOE KOJIMYECTBO 3BE3/I0YEK Ha UX INOroHax Gouipime m. [M. XauaTyphsH
(pyk. C. CanbHUKOB)]

22. (ITposepka npoctoThl) Ilpuaymaiite anroputm (BO3MOXHO, BEPOSTHOCT-
HBII) ISl IPOBEPKY MPOCTOTHI UACHA. AJITOPUTM JIOJDKEH paboTaTh GBICTPO; CKa-
’keM, Ha 100-3HauHOM dUHCIIE AJTOPUTM JIOJDKEH paboTaTh He Gojee 5 MUHYT.
BeposiTHOCTE OIIMOKM Ha JII0OOM BXOie Z0JKHA OBITH MeHbuie 0,01. [JI. Ilaram
(pyx. A.Pomaienko)]

23. (Iloctpoenusi o/tHO# JIMHEHKON) JIOKaXXUTE, YTO C IOMOIIBIO O/IHOMU JIU-
HEWKU HEJIb3s IOCTPOMTh LICHTP OKPYXXHOCTH. J[OKaXXWTe, YTO €CJIA HAapUCOBAHA
OKPYXHOCTh C LICHTPOM, TO MOXHO NOCTPOHUTBH BCE TO, UTO MOXXHO NOCTPOHTh
nupkyJseM u JmHerkoin. [A. llmisman (pyk. M. @unkeisbepr)]

Zanaun 2003 -2004 roga (11 kjaacc)

B TeueHune TpeThero roja GbUIO MPOOIDKEHO M3YUYCHAE MATEMAaTHUECKOTO aHa-
Jm3a. B kauecTBe ONOJHATEIHHBIX JINCTKOB BBIJIABAaJINCh MOJ0OPKY 3a/1a4 BCTYIIH-
TeJIbHBbIX dK3aMeHOB (B HezaBucumplit MockoBckuit YauBepcurer (HMVY) u MI'Y
um. M. B. JlIomonocoBa), cojepkaliue JJOCTaTOUHO CJIOKHBIC 33/1aUM, PENICHUE KO-
TOpBIX TpeOyeT HEe HOBBIX NOHSTHH, a (IIOPOI OYEHB YBEPEHHOro) oOpaleHus ¢
M3BECTHBIM MaTepuajioM. Bo BTOpOM mouiyrozm TakXke H3y4alliCh OCHOBBI JIM-
HeilHo# anreOphl. [TouTn Bee JIMCTKM BTOPOroO HOJIYTO/iMsl OYEHb KOPOTKHE; HOBBIi
JIICTOK BBIZIABAJICS TIOUTH KaXK/1YIO HEJICIIIO.

87. Unterpupyembie pyHKIMI

HedopmanbHo roBopst, uHTErpaj ot GyHKIMM [ 1o OTpe3ky [a, b], oGo3Ha-
qaeMslii | : f(x) dx, ecTh miomanb KPUBOJIMHENHHOM Tpanenuu moj rpadukom f
(c yu€ToM 3HaKa), CM.PUCYHKH.

Pasbuenuem orpeska [a, b] HazpiBaeTcsi HAGOP TOUEK

fbf(x)dxzs a=Xxy < x1 <X <...<X,=>b, nensmuii ero Ha

4 N OTPE3KOB [Xg, X11, . - -, [Xn—1, Xnl. duamempom pas-

OucHUsI Has3bIBAacTCsl HanmOoJIbIIAsI U3 JUIMH OTPE3KOB pas-
OWCHHUS, TO €CTh MaKCUMYyM BceX d; = X; — Xi_1.

[Mycts, momMuMo pasbueHus1, 3a/laHa HEKOTOpasi orpa-
HUueHHasi (pyHKuuMs [, onpenesiéHHas Ha oTpeske [a, b].
Ha kaxzaom orpe3ke pasOueHust [xj_1, X;] paccMmo-
TPAUM TOYHYIO HWXHIOIO I'DaHb M; W TOYHYIO BEPXHIOIO
rpanb M; snauenmit dynkumn f. Cymma y m;d; HaseBaeTcs HUdICHell CymMmoll

dynkuun [ no pasbuenmo, cymma Y M;d; — eepxueii cymmoil.
1. KakoB reomMeTpuyecKkuil CMbICII HIDKHEH U
b BEPXHEHl CYMM M IIOYEMY MBI OXKHJIAEM, 4TO HHTE-
TP roodx = P y y )

rpail QyHKIUK f 3aKJIOUEH MEXIY HUMH?
=S =5ht5 2. (a) Kak MeHSIOTCSI HIDKHSISL U BEPXHSS CyM-
S MBI IIpH U3MEJIbYCHAN pa3bueHus (100aBiIeHAN HO-
53[ BBIX TOuckK)? (6) JlokaxwTe, YTO HIDKHSS CyMMa
a | W p  JoBOro pasGMEHMs! HE IPEBOCXOIUT BEPXHEH CyM-
MblI JIIO0OTO JIpyroro pazoucHus.

[To akcrnome noJIHOTHI Beeraa (st Jito6oit orpa-
HUYCHHOM (pyHKIMM [, ompeJelICHHOI Ha JioboM oTpeske [a, b]) Haiin€Tres xoTs
OBl O7IHO YHCIIO, OJIbIICE WM PAaBHOE BCEX HIDKHHUX CyMM W MEHBIIEE MJIM paBHOE
Bcex BepxHMX. Ecimm Takoe umcilo €JMHCTBEHHO, TO OHO HA3bIBACTCsl UHMeEZpa-
nom ¢yukumn f 1o otpesky [a, b] u oGozHavaercs | ab f(x) dx (BMecTo GYKBHI
X MOXeT ObITh JiIo0ast npyras), a ¢pyHKIUs f Ha3bIBaCTCS UHMe2pupyemoll Ha
oTpeske [a, b].
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3. Hokaxwure, yro ¢dyukuum f, 3amannpie Ha orpeske [0, 1] dopmynamu
@ f(x) =2; ©) f(x) =x; B) f(x) = x%; (1) f(x) = 2%, marerpupye-
Mbl Ha [0, 1], 1 HalaUTE UX UHTETPaJIbL.

4. Jlokaxxure, 4TO BCSIKAsi MOHOTOHHAsl (PYHKLMSI MHTEIPUPYyEMa.

5. IlpuBeuTe IpUMEp OTpaHMYEHHON, HO HE MHTETPUPYEMOil (PyHKIMN.

6. [loxaxute, uyTo (pyHKIUS f/ MHTErpUpyeMa Ha oTpeske [a, b] Torna u ToJb-
KO Tor/ja, Korja jyis jioboro € > 0 MOXXHO HaliTu pa3OUeHHE, y KOTOPOIO BEPXHsis
W HIDKHSASI CyMMBl Pa3JIM4aloTCsl MEHEE, YEM HA €.

7. (a) Hokaxwure, uto ecyim (yHKIHMs ONpe/iciicHa Ha oTpeske [a, b] m uH-
TerpupyeMa Ha HEM, TO OHAa MHTCIPHpPYyEMa M Ha JIIOOOM coziepXKaleMcs B HEM
orpeske. (0) okaxure, uto ecim a < ¢ < b n ¢ynknus f, onpenescHnas Ha
[a, b], narerpupyema Ha [a, c] u [c, b], To oHa uHTErpUpyeMa u Ha BCEM [a, b].
Kaxk cBs3anbl 5TH Tpu MHTerpana?

8. JlokaxxnuTe, 9TO MHTETpUpyeMasi Ha OTpe3Ke (DyHKIMsSI OCTAHETCs MHTETPH-
PYEMOIA, ecii IPOM3BOJIbHBIM 00pa3oM M3MCHHTH ¢€ 3HAYCHUS] B KOHEYHOM YHCJIC
TOYEK.

9. Hoxaxure, 4ro (a) CyMMa M Pa3HOCTh JIBYX HMHTEIPUPYEMBIX (PyHKLIMi
HHTETpUpyeMBl; (0) IIpH YMHOXXEHIM HA YUCIIO MHTETpUpyeMast (PyHKLIUSI OCTaETCs
MHTETPUPYEMON.

10. doxaxure, 4To eciu ¢yHKIMH [ U g MHTETPUPYEMBI Ha OTpeske [a, b,
npuuéM f(x) < g(x) npu Beex x € [a, b], To _fabf(x) dx < fab g(x) dx.

11. MoeT Ji1 y BCIOAY HOJIOKHUTEJIBHON Ha OTPE3Ke MHTETPUPYEMON (PyHKLIN
OBITh HYJICBOW MHTETpam?

12. Unrerpupyema jm Ha orpeske [0, 1] (a) ¢pynxums Pumana, paBHas HyJIO
B MPpaLOHAJIbHBIX TOYKAX W paBHasi 1/g B TOuke p/q Iyisi HECOKPATUMOI Jipo-
6u p/q? (6) xapakTepucTudeckasi (PyHKIMsI KaHTOPOBCKOTO MHOXKECTBA, paBHAsI
HYJIIO Ha Beex umcnax o € [0, 1], 3anmuch KOTOpBIX B TPOMYHOW CHCTEME CUHCIIE-
HUS CO/IEPXKUT XOTh OJHY €IMHUIlY, X PaBHAs CAMHUIIC B OCTAJBHBIX TOUKAX (IJIs
COMHUTEJIBHBIX (¢, KOTZIa OTBET 3aBUCHT OT 3aIMCH, CYATAEM (PYHKLUIO PaBHOM
eMHAIe, TaK 4To, Hanpmmep, f(1/3) = £(0,02222...) =1)?

13. M3BecTHO, UTO /U1l HEKOTOPOro pa3bmeHmst orpeska [0, 1] Ha n OTpe3KOB
BEPXHSisl ¥ HIDKHSISL CyMMa OIPAaHUYEHHOM (PyHKLMM [ OTJIMYAIOTCSE MEHEE 4eM Ha
€. [lokaxute, 4To [yIst JII0GOT0 pa3oueHus JIOCTaTOUHO MAJIOI'o JUaMETPa BEPXHsIs
W HIDKHSISL CyMMBI QYHKIME f OTJIMYAlOTCs He OoJiee yeM Ha 2€.

Oynkiwst f, onpeseNi€HHas Ha MHOXKecTBe M, Ha3bIBacTC pPABHOMEPHO He-
NpepbvigHOli Ha STOM MHOXECTBE, €CIU JiIsl Besikoro € > O cymectByer 6 > 0
C TaKUM CBOMCTBOM: 3HaucHMs (PYHKIMHM B JIOOBIX JIByX TOUKax MHOXectBa M,
OTCTOSIIAX MEHEE UeM Ha 0, OTJIMYAIOTCS MCHEE YeM Ha €:

(Ve > 0)(30 > 0)(Vx,y € M) [[x —y| < 6 = |f(x) — f(»)] < ¢€].
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14. (a) SBnsercs ym dyHKuus f: X — X° PaBHOMEPHO HEIpPEPHIBHOM Ha R?
(0) INokaxkuTe, 4TO paBHOMEPHO HENpEphIBHAS Ha OTpe3Ke (PyHKIUSI HENpEphIBHA
B KaX/I0l TOuke 3Toro oTpeska. (B) [IpuBenure npumep GyHKIMHN, ONpeNCIEHHON
Ha unrepBajie (0, 1) W HENpEpHIBHON B KaXJ0Hl €ro TOYKE, HO HE PAaBHOMEPHO
HENIPEPHIBHOM Ha 3TOM HMHTEpBAJIC.

MBb1 XOTHUM JI0Ka3aTh, 94TO BCsIKasl HETpEphIBHAsI Ha OTpe3Ke (PyHKIMS MHTE-
rpupyema. 3TO BBITEKaeT u3 3ajau 15 un 16.

15. [okaxure, 4TO BCsIKasi pABHOMEPHO HENPEPbIBHAS HA OTpPE3Ke (DyHKLuUSI
MHTETpUpyeMa Ha 3TOM OTPE3KeE.

16. [lokxaxwute, 4TO BCsKash HENPEphIBHAS Ha OTpe3Ke (PyHKLUSI paBHOMEPHO
HelpepbiBHA Ha HEM. (Yka3zanue. [lycTs 3TO He Tak M JUIst HeKoTOoporo € > 0 mpu
mo6oM 0 = 1/n CyMECTBYIOT TOYKH X, U Yp, VISl KOTOPBIX |X, —y,| < 1/n, HO
|f(xn)—f (¥n)| > €. Nokaxute, yro dyHKuHs f pa3pbiBHA B JIIOOOI IPE/ICIBHOM
TOYKE IOCJIEIOBATEIILHOCTH X, (WM, YTO TO XK€ CaMoe, ¥y ).)

17. Unrerpupyema s Ha otpeske [0, 1] dyukuus [, mis koropoit f(0) =0
u f(x) =sin(1/x) mpu x > 0?

88. Koneunsle npupameHus

1. (Teopema Poiuist) [lokaxure, uto ecyint GYHKIMs f OmpenelicHa W Hemlpe-
pBIBHA Ha oTpeske [a, b], nuddepennupyemMa Bo Beex Toukax MHTepBana (a, b)
u f(a) = f(b), 10 Haiinérca Touka ¢ € (a, b), nua koropoi f'(¢) = 0. (Ipa-
VK, HAYNHAIOIMMIACS W KOHYAIOIINICA HA OZIHOM YPOBHE, IMECT TOPH30HTANIBHYIO
KacaTeJIbHYIO. )

2. (Teopema Jlarpanxa) Jokaxute, uto eciu yHKIUs [ ONpeiesicHa U He-
npepbiBHA Ha orpeske [a, b] m nuddepeHnmpyemMa Bo BCeX TOUKAaX MHTEpBajla
(a, b), To naitnércst Touka ¢ € (a, b), nys Koropoin

f(b) —f(a)

S = b—a

(MrHOBEHHasl CKOpPOCTh paBHa cpejHeit). (Ykaszanue: Teopema Poiuisi siBisieTcst
YacTHBIM cJiy4acM TeopeMsl Jlarpamka, K KOTOPOMY JIETKO CBOJMTCS OOIIWiA.)

3. Hokaxwute, uyto ecnm ¢ynknms [ nuddepeHnupyeMa Ha BCeil MpsMOR 1
[f'(x)] < 1 npm Beex x, 10 |f(u) — f(v)| < |u —v| upu Beex u u v (ecim
MIHOBEHHASI CKOPOCTh II0 MOJIYJIIO HE GOJIbIIE EIMHHUIBL, TO 32 BpeMs |U — V|
MOXHO Ipoiit HE Gosiee |u — v|).

4. oxaxwute, uto ecyin GyHKIMs f OIpenelicHa M HENpepbiBHA HA OTPE3Ke
[a, b], nmddepenumpyemMa Bo Bcex TOYKax MHTEepBaia (a, b) w npousBojHasi B
9TUX TOYKaX IOJIOXKUTENbHA, To (yHKIHMs f (cTporo) Bo3pactaeT Ha [a, b]. Kak
M3MEHUTCSl YTBEPIKJICHHE, €CIIM TIPOM3BO/IHAsI HeoTpHaTesbHa? BepHo m o6pat-
HOC yTBEpXKICHUE?
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5. [Ise dyukumn f u g onpejeieHsl u udepeHIIPyeMbl BO BCEX TOYKAX
HpsIMOii, TIpH 3TOM WX Npom3BojHbe paBHBL f'(x) = g'(x) mpm Bcex x. J{oka-
KWUTE, 9TO f W g OTIINYAIOTCS Ha KOHCTAHTY.

6. Oynkumn f u g onpelelicHbl, HENpepbIBHEL Ha oTpeske [0, a] u quddepen-
nupyeMbl BRyTpH Hero, nipu 3toM f(0) = g(0), a f/'(x) > g'(x) npu x € (0, a).
Hoxkaxwure, uro f(a) > g(a).

7. Hoxaxwure, uto (a) sinx < x npu 0 < x < 7/2; (6) cosx > 1 — x2/2
mpu 0 < x < w/2; (B) sinx > x—x3/6 npu 0 < x < 7/2; (r) ew€ yro-HUby /b
B TOM X€E poJie.

8. JIBm>keHMe TOYKM Ha TJIOCKOCTH 3aJia€Tcst AByMst pyHKIusIMu: x(¢) u y(t)
cyTh abcumcca m opamHaTa TOYKM B MOMeHT f. (a) Kak 3ammcaTh BEKTOp MTHO-
BEHHOM CKOPOCTH B MOMEHT fy, ecim (pyHkumn x(¢) n y(t) quddepenumpyemsr?
(0) INokaxkute, 4TO HE IS JIIOOOTO OTpe3Ka IBMXEHHUS TOUKH IO IJIOCKOCTH CY-
IIECTBYeT MOMEHT, B KOTOPBIIf MTHOBEHHAsI CKOPOCTh paBHa cpeziHei. (B) [Tokaxwu-
T€, YTO €CIIM MTHOBEHHAs CKOPOCTh B JIIOOOH MOMEHT /IBIDKEHHUSI HE IIPEBOCXOAUT
¢ 1o MoayJiio (JUIMHE), TO CPE/Hssl CKOPOCTh Ha JIIOOOM IPOMEKYTKE BPEMEHH
He mpeBocxoqut Toro xe c. (r) (Teopema Komm) Ilokaxwurte, uro Ha moGoM
TIPOMEXYTKE CYIICCTBYET MOMEHT, B KOTOPBIIi MTHOBEHHAs! CKOPOCTb TapaJljicilb-
Ha cpenHedl. (A) MoXXHO JIM B 3TOM YTBEPXKICHHM 3aMCHUTH «IIapajljielibHa» Ha
«COHarpaBJicHa» (IapajulesibHa W HalpaBJicHa B Ty K€ CTOPOHY)?

9. Ilyctps dyHKIMs [ CTpPOro Bo3pacTacT M HENpepblBHA Ha MHTEpBaJe (U, v),
muddepennupyema B Touke a € (u,v) u f'(a) > 0. (a) Hdokaxure, uro obpat-
Hast (PYHKIIMsI OTIPE/IEJICHA Ha HEKOTOPOM MHTEpBalie, cojepxkaueM f(a), n aud-
(epennupyema B Touke f(a). (6) Haiijmure npomsBojnyio o6parHoi yHKIMHE B
Touke f(a). (B) OOGBIACHUTE OTBET B TEPMHUHAX KacaTENBHBIX K rpaduKy IpsMoii
u oOpaTHO# (pyHKIHMIL.

10. (a) dokaxure, 4To npousBojHas ¢pyHkuun In B Touke 1 paBna 1. (6) Yemy
paBHA IIPOM3BOJHASI DKCIIOHEHTHI, TO €CTh (PyHKIMH €Xp: X — e*, B Touke 0?
(8) Haiinmute npomsBoziHyio (hbyHKLIUM €Xp B IPOM3BOJIBHOM Touke a. (r) Haiingute
TIPOM3BO/IHYIO (PYHKIIM In B IPOM3BOJIEHOM TOUKE 4.

11. Haiimmte npowmsBoanyto ¢yHKIMA X — Xx* (ompenesnéHnoii npu x > 0).

12. Tokaxute, uto (a) e* > 1+ x must x > 0; (6) e* > 1+ x + x2/2
st x > 0; (B) em€ uro-HUOYAb B TOM ke poxe; (r) eme 4To-HUOY/Ab B TOM XKe
polie, HO JUIsl OTPULIATEIIBHBIX X.

Haiizute Bece dyHKmm f, Ui KOTOPBIX IPH BCEX X BEPHO PaBEHCTBO:

13. f/(x) = x+1;

14. /" (x) = 0;

15. f'(x) = |x|;

16. f'(x) = sgnx (¢yHKIMs sgn paBHa HYJIO B HyJie, @ B OCTaJIbHBIX TOU-
kax — =£1 B 3aBUCHMOCTH OT 3HaKa 4YHMCJIa; Tak, Hanpumep, sgn0,5 = 1);

17. f'(x) = f(x);
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18. f"(x) = —f(x). (Yxazanue: mis Taxoit dbynkumu f2 + (f')? = const.)

89. 3asaun BeTynMTEIBHBIX 3K3aMeHoB B HMY

1. Jokaxwure, 9TO Jisl TOTO, YTOOBI TPEYrOJBHUK

l ABC 06bu1 OCTPOYTOJIbHBIM, HEOOXOMMO U JJOCTATOYHO,
/ 4ro0bl HaULMCh Takue Touku A’ BHyTpm croponst BC,

B’ Baytpu cropoust AC u C’ BuyTpu croponsl AB, s

N\

\ el
kotopbix orpesku AA’, BB’ u CC' paBubl.
- ~ 2. CymecrtByeT Jm Takasi OECKOHEWHAsl IOCJIC/IOBa-
TenpHOCTh M3 1mdp 0 u 1, uro Jnobasi mojnoCieOBa-
7 \ TEJIBHOCTh, OOpa30BaHHAsI DJIEMEHTaMH C HOMEpaMH, CO-
CTaBJISIIOIINMYA apU(PMETHUECKYIO POTPECCHIO, HENEPHO-
nyHa?
3. lycrs ay, ..., ajp0 — HEKOTOpasi NEPECTAHOBKA
gucen 1, ..., 100. [lokaxure, 94To cymMma
a; +2ay + ...+ 100aq
MUHUMaJIbHA B ciiyyae nepectanoku 100,99, ... ,1.

4. B tpeyrossauke ABC yron BAC paBen mectuyiecsita rpajycam. BD u
CE — ouccexrpuchl yriioB ABC u ACB coorsercrBenHo, O — Touka nepe-
ceucnusi BD u CE. [lokaxure, uro orpesku OD u OF paBHbL

5. Hokaxwure, uro ecym cosa = b mu cosb = a, 1o a = b.

6. TlpaBuiibHBIA TPEYTOJILHUK CO CTOPOHOM d HOKPHIT ISITHIO IPABUIIbHBIMUA
TPEYI'OJIbHUKAMU CO CTOPOHON b. JIOKaXKMTe, 4TO IPaBUIIbHBIA TPEYIOJIbHUK CO
CTOPOHOW d MOXXHO IIOKPHITh YETHIPbMSI IIPaBUIIbHBIMHU TPEYI'OJIbHUKAMU CO CTO-
pomnoit b.

7. Kaxxzioe 113 OJIOKWUTENBHBIX YHUCEI Ay, . . . , 0, MCHBIIE CyMMBI OCTJIBHBIX.
JIoKaXuTe, 9TO CyIECTBYET BBHITYKJIbIi MHOTOYTOJIbHUK, CTOPOHBI KOTOPOTO paB-
HBl 1, ..., dp.

8. Ilyctb S = x1+x+. ..+ X,_1+ X, (Bce X; mOJOKUTENBHBI). JJokaxuTe,
4TO

s s? Ssn
(1+x1)(1+x2)...(1+xn)<1+F+j+...+—.

9. durypa S npejcTaBisieT co0oil o6JIaCTh IJIOCKOCTH, JIEXKAIYIO BBIIIC Ma-
paboibl y = X2 B IEKapTOBO# CHCTEME KOOPAMHAT. MOSKHO JIM KOHEUHBIM YHMCJIOM
uryp, paBHbIX S (M KaK yroJHO OPHCHTHPOBAHHBIX), TIOKPHITH IJIOCKOCTH?

10. IIpocTpaHCTBEHHBIN HEMJIOCKMIA IECTHYTOJIBHIK UMEET TPH Taphl mapall-
JIEJIBHBIX TIPOTUBOTIOJIOXKHBIX CTOPOH. J{0KaXKHUTe, 4TO B KaXKZOM M3 3THX Map CTO-
POHBI paBHBI.
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11. CymectByeT 511 GECKOHEYHAsI CTPOTO BO3PACTAIONIAs] OCJIC/I0BATEIILHOCTh
{an} HeoTpHLATENBHBIX LEJBIX YUCEN, IJIsi KOTOPOW TpH JIIOOBIX i U j BBHIOJI-
HAETCS PaBEHCTBO a;; = a; + a;?

12. UsBecrnbl paccrosiaust @, b m ¢ ot Toukn M npocTpaHCTBa JI0 BEpPIIUH
A, B u C npsamoyrossanka ABCD. Yemy MoXeT ObITh PaBHO PacCTOSIHHE OT
M o Bepumnbl D?

13. Haiijure Hambouiblnee 3HAYCHUE BBIPAKECHUS X1 X + XpX3 + . . . + Xp_1Xn,
€Cl Xp,...,X, — HCOTPUIATCJIEHBIC JICHCTBUTEIIBHBIE YUCJIA, /Ul KOTOPBIX
X1+ ...+x, =1

14. Bce BepumHbl paBHOOOYHOH Tpanenuy JiexXaT Ha napabouie. Jlokaxwure,
YTO OCHOBAHWSI TPaNElM MEPICHAUKYJISIPHBI OCH MapaboJibl.

15. CymecrByeT Jin HENOCTOsIHHASI pauuoHaibHas dynkiwmst R (x), st ko-
TOpo#

R(x)=R(1/x) m R(x)=R(1 —x)

IpH BCEX X, IIPH KOTOPIX 00€ 4acTU OIpe/eiicHbl?

16. Yepes P(n) o603HaUYMM YMCIIO CHOCOGOB INPEJCTABICHHUS HATYPaJIbHOIO
4nClla 1 B BHJIC CyMMbl HAaTypaJIbHBIX CJIaracMbIX (IIOPSI/IOK CJIaracMbIX HE y4H-
ThBacTCsl; HanpuMmep, P(4) =5, Tak xak 4 =4 =3+1=2+2=2+1+1=
=1+1+1+1). Jokaxure, 4To IpA 71 > 1 BBHIIOJIHEHO HEPABEHCTBO

P(n+1)+ P(n—1) = 2P(n).

17. Jan tpéxrpannbii yroi1 OABC. Touka M B3sTa Ha OUCCEKTpUCE YIJa
AOB, Touka N — na 6uccekrpuce yria BOC, touka P — nepeceyeHue mpsmoii
MN ¢ miockocteio AOC. [Jokaxkute, 4to TouKa P paBHOy/IajieHa OT NPSIMBIX
OA n OC.

18. dokaxuTte, uro juist Jiro6oi JimHeiHoN dyHkimu f(x) Halj€rcst TOuYka Ha
orpeske [—/2; /2], nus xotopo# |sinx — f(x)| > 1/8.

90. Ilpeaen pyHkuM

[ycrs ynknust f onpenesicHa Ha MHOXeECTBE BiJa (a —e€, a)U (a, a+¢€) (B
(IIPOKOJIOTO! OKPECTHOCTH TOUKHU a»). [oBopsT, 4To 5Ta (pyHKIUS HMeeT Ipenel
A mpm; X, cTpeMsiueMcs K @, eCli

(Ve >0) (36> 0) (Vx €R) (0 < |x—a| <= |f(x)— Al <e).

(3HaueHME B TOUKE @ HE MCHOJIB3yeTCs!)
B stoM caywae mumyt lim f(x) = A wm f(x) — A mpu x — a. (B
X—a
YacTHOCTH, (YHKIMsI, MMCIONIasl MpeJie]l B TOUKE, JIOJDKHA OBITH ONpElICIICHA B
HEKOTOPOIii ¢€ MPOKOJIOTOM OKPECTHOCTH. DTO TPEeOOBAHHUE MOXKHO CYIICCTBCHHO
0CJIabUTh, HO ceifuac MbI 3TO JICJIaTh HE OyneM. )
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1. Iox 3HakoM mpeznena BMECTO X — a MOXET ObITh X — a + 0 (mpenen
copaBa), x — a — 0 (mpezneu cieBa), x — -+ (IpeneJl OpU X, CTPEMSILEMCS
K TUIIOC GECKOHEYHOCTH), X — —oo. B mpaBoil yacT BMecTo A MOXeT GhITh +
nim —oo. JlaiiTe onpejesieHAe TPEX U3 NATHAALATH BO3HUKAIOWMX NOHSATHR (110
BbIOOPY IPUHUMAIOIIETO 33/1a4y).

2. ChopmysupyiiTe U JIOKaXHUTE YTBEPXKICHUS O NPEZEIie CYMMBl, Pa3HOCTH,
MIPOU3BEJCHNUS M YAaCTHOTO JBYX (PyHKIIMIA.

3. Mycre dynxums f(x) mmeer npepenn b mpu x — a, a dyskums g(y)
olpe/ieJieHa B HEKOTOPOW OKPECTHOCTH TOYKM b W HEnpephiBHA B DTOM TOUYKE.
JIOKaXuTE, UTO )}erz g(f(x)) = g(b).

4. BblunciuTe IpeeJibl:

2 2 2 3
a) lim 2=**1. () lim 1=2; (8) lim %=L; (r) lim 2=L.
@ x—0 X7 () x—1-0 VI=x’ (8) xo X4 ® x—1 V-l

5. (Teopema o 1Byx Muiunonepax) M3BeCTHO, UTO IpH BCEX X U3 HEKOTOPOH
OKPECTHOCTH TOYKM @ BBINOJIHEHO HepaBeHCTBO f(Xx) < h(x) < g(x) m uro
lim f(x) = lim g(x) = A. dokaxwute, uro lim h(x) = A.

X—a X—a X—a

Teneps MOXKHO TIEPEBECTH Ha sI3BIK Ipejielia (PYHKIMN pas3Hble pelIEHHbIC pa-
HEE 3a/1a9M.
6. Berumcimre mpesielist:
(a) lim 2. (¢) lim 2A+X). (g) Iim (1 + x)'/*; (r) lim <=L,
x—0 X x—0 X x—0 x—0 %
7. Ilycts ¢yHkuums f onpejeiieHa B HEKOTOPOU OKpPECTHOCTH TOYKH a. (a) [lo-
Kaxute, uTo (yHKIMs f HENpephiBHA B TOYKE @ €CIIM U TOJIBKO ek lim f(x) =

xX—a

= f(a). (6) Jokaxure, uro ¢ynknus [ nuddepeHIpyeMa B TOUKE a U UMEET

B 3TO# TOUKE IIPOU3BO/HYIO A, €CJIM U TOJIBKO ecii lim W = A.
X—a

8. Haiiyimte onmmbKy (BO BCSIKOM CJIydae, CEphE3HBIN MpoOei1) B CIEAYIOIEM
JIOKQ3aTEJIbCTBE TEOPEMBI O [ (PEepeHIIMPOBAHNN KOMIIO3UINN (DYHKIIUIA:

fim YN —g(f @) (g(f(x)) —g(f(a) [f(x) —f(a)> _

x—a X —a x—a f(x)—f(a) X —a
_ g»M —gya) .S~ [(a)
y—f(a) y — f(a) x—a xX—a

=g'(f(a)f'(a).

9. BeluncimaTe Ipeieibl:

a*—a*o
x—xp

a a
X" —Xg

(a) lim (6) lim © (B) lim BOMO-—snex) . (ry iy x3
X—Xo x—xq XTX0 x—0 x x—+0

10. (Ilpasumio Jlonutaus) (a) Ilycte quddepennypyembie B TOUke a PyHK-
mn f w g TakoBel, uro f(a) = g(a) = 0, g'(a) # 0. [lokaxute, uTO
)}13}1 é E’;; = g ii‘;; (6) Mycts pyukiuu [ u g nuddepeHnupyeMsl Ha UHTEPBAJIE
(a, b), npmueém g’ (x) He obpalnaeTcs B HyJb Ha 3TOM MHTepBale. [Ipenmnonoxmm,
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gro lim f(x) = lim g(x) =0, lim L% — A Torma lim & = A
x%a+0f( ) xﬂa+Og( ) " xSat0 9') A x—a+0 9()

(Ykazanue. Mcnous3yiite Teopemy Komm.)
11. JJokaxxuTe, 4YTO MOHOTOHHasi (PyHKLIUSI B KaKJON TOUKE MMEET IpeJet
CIIpaBa W OpeEJesl CJIeBa.

12. Cymecryer s dynkims f: R — R, koropas pact€r meiieHHee Jio-
6ol mokazaTesIbHOM (pyHKIMM, HO OBICTpee JIIOOOH CTENMEHHOM, T.e. Takasi, 4To

lim L% = lim “. = 4conpuseex n> 1, a > 1?

x—too X" x—oo S (X)

91. ®opmyJia HeloToHa — JleiiOHua

«MuTerpupoBanue u auddepeHINpoBaHE B3aMMHO oOpaTHB. BoT 1Ba BO3-
MOXHBIX YTOYHEHHS (JUJIs1 Pa3HBIX HOPSIIKOB JICHCTBHI):

A. Tlycrp pynknus [ : R — R nquddepennmpyema Bo Beex Toukax, u g(x) =
= f'(x) — e€ npomsBoinas B Touke X. Torna (pyHKIMs g MHTETpAPyeMa Ha
Jio6om orpeske [a, b] n

b
f(b)—f(a)=/ g(1)dt.

B. Mycrs ¢pynknusa g: R — R mATerpmpyema Ha J060M OTpeE3Ke, U a —
mpou3BoJibHAsS (HavyasibHast) Touka. Torna dyukuws [, 3aanHas GhopMyIIoi

fO0 = / g(1) dt,

nuddepeHnupyeMa Bo Beex Toukax, u f'(x) = g(x) mis mo6Goro x.

1. (Il;moxue HOBocTH) IlpHMBenuTe IpUMEpH], TOKa3BIBAOIINE, YTO yTBEPK/E-
HUsL A 1 B HeBepHBI M IPOM3BO/IHASE MOXET He OBITH MHTETPUPYEMOH, a WHTe-
rpan — muddepennpyeMeM. (Ykazanue. Ecim oTa 3ajiaua He moilyuaercs, pe-
LIUTE CHavyaJla Jpyrue.)

2. (Xopomme HoBocTH) Ilokaxkute, uTo yTBepxkzeHust A u b BepHHl, ecnm j10-
TOJIHATEIIBHO TPEANOJIarath, YTo Mpou3BoiHas (pynkims f' B yTBepkaeHun A
u ¢yHKuus g B yTBepx/AcHun B) HenpepbiBHa. (Ykazanue. Haunute ¢ yTBepx/e-
nua B.)

Takum 0Gpa3oM, MHTETpall OT HENPEPBHIBHON (YHKIMH g O OTPE3Ky [a, b]
MOXXHO BBIYHCJIATH TaK: HAWTH (PyHKIHMIO [, y KOTOPO#l IIPOU3BO/IHAS PaBHA g, U
Beiunciuth f(b) — f(a). Takas dyukuums f Ha3bBaeTCsi nepeooOPd3HOU (PyHK-
LMK ¢, a TaKXKE €€ HeonpeoeneHHbIM UHMEe2PaioMm.

3. Haiipure nnomans o6lacTé, OrpaHAYEHHON mapaboJioit y = x
cumce U npsivbiMu X = 1 u x = 2.

4. ...orpaHMUYCHHOI! runepboioit y = 1/x, ochio abenuce U NpSMbIMEA X = 3
nx=>3.

2 ochio ab-
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5. ...orpanuucHHOl rpacduxoM y = 1/x2, ocblo abcuuce U npsaMbIME X = 3
nx=>5.

6. ...orpaHMUcHHON rpadUKOM y = /X, OChIO aGCIUCC U TpsMbIMA X = 1 1
x =4.

7. Haitnure nepBooGpasnyio uis GyHKIMA X — |x|.

8. (a) Haiinure unTerpan fol V1 — x2 dx. (6) Hailypre nepooGpasHyIo st
dyukumn x — /1 — x2 na nnreppaie (—1,1) (ro ects quddepeHumpyemyio Ha
5TOM MHTEpBajie (BPYHKIMIO, TPOM3BO/IHASL KOTOPOil B TOUKe X paBHA v/1 — x2).

9. IiockocTh paspesajy MO JIMHUSIM Yy = SinX W y = COS X; IOJIyYHJIACh
JBe OECKOHEUHBIE YacTH M OECKOHEYHO MHOTO KOHEYHBIX dacTedl. Haitmure mx
IUIOINA/Ib.

10. Boluncimre uaTerpais: (a) fol xe*’ dx; (0) jol x3e* dx.

11. TMokaxxwuTe, YTO yTBEPK/ICHAE A BEPHO, ecyi (DyHKIMs / HEMpephIBHA HA
la, b], maddepenpyeMa Bo Bcex TOUKax MHTepBana (a, b) m e€ mpomsBongHas
(noonpenen€Hnasl MPON3BOJIBHBIM 00pa3oM B TOYKaX a@ U b — 3To He BIHSICT
Ha MHTCrPAPYEMOCTh W Ha MIHTCTpall) MHTErpupyeMa Ha [a, b]. (HempepbiBHOCTB
NIPOM3BOJIHOM HE IpEJToJiaracTcs.)

12. Haityre nepsoobpasnyio dynkimu x — 1/ cos? x.

13. (Mpososkenue) (a) Haiymre nepsoobpasuyio dyukimu x — 1/(1+x2).
(6) Haiiure «, B, 1111 KOTOPBIX BEPHO PaBEHCTBO

A dx B 1
= = — A .
./0 e a+A+O(A) npu A — +o

14. Breruncjimre fol sin(x?) dx ¢ Tounocrtsio (a) 0,1; (6) 0,01.
15. (a) Haitpure nepsoobpasnyio ¢yHkumn x — Inx. (6) Berumnciute npenen

lim Vn!/n.

92. IlponsBoaHbie, IeppooOpasHble, rpaguKn

J1J1s1 KaXK10T0 N3 PUCYHKOB IIOCTPOiiTE (HA TOM K€ TpapKe WIIM PsiIOM) ICKU3
rpaduka TPOM3BOIHON M TIEPBOOOPA3HOI:

A A

v
v

\\/
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A
7. |
3
) s |
g 9.
4. 4
A
v >
.70 10.
11.
__/ >
6.
93. Paapl
IMycts nana mocnenoBaTeILHOCTh YHCEI dp, da, - - . , Ay, - . . ECin mociueno-
BaTEJIbHOCTh (YaCTHYHBIX CYMM» a1, a1+ dz,...,a1+ ...+ ap, ... CXOOMUTCSA K

HEKOTOPOMY 4HCiy S, TO FOBOPST, 4TO psid a; + as + . . .+ ap, + ... cxodumcs
K S (mnm 9T0 cymma 3mozo psda paena S) M NAMYT Y i ax = S).

1. Cxonsrcst m psasl:

@I1-14+1—-14... +C-D"+.. 2@ 1+1+3+.. . +1+. .2

(8) Sizoqr =145+t +am+...20) Tzt 12 M Tizo tung?

2. JlokaxuTe, 9TO €CIIM PsIJL Y ak CXOUTCs, TO €70 YJICHBI CTPEMSTCS K HYJIIO
(lim ay = 0). Bepro nu ob6paTHOE?
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3. Jlokaxkure, 4TO PpsiJi C HEOTPULATCIbHBIMUA YJICHAMHU CXOIUTCS TOIJa U
TOJIBKO TOTZIa, KOT/la €0 YaCTHYHbIE CyMMBl OIDaHIUYCHBI.

4. Ilyctb a1 > a, = ... 2 ap, = ... = 0. Jlokaxure, 4To psAnbl ) a, u
> 2" azn cXOATCS MM PAaCcXOJISTCS OJIHOBPEMEHHO.

5. Iycts a; > O npu Bcex k. JlokaxxuTe, 9TO psAfbl 5 ay U 3 Z—’; (uepes
Ax = a1+. . .+ay o6o3naueHa k-st yaCTUYHASI CyMMAa) CXOJISTCS WIIM PACXOMSITCS
onnoBpemenHo. (Kak BeBecTH oTcioza, uro )y 1 / k pacxonurcs?)

6. Jloxaxxure, 4TO TPH CJIEAYIOIMX CBOMCTBA PABHOCWJIBHBI (JUlsl psija 5 ag
C TIOJIOKUTECJIbHBIMYA YJICHAMM, MEHbIIMMH ¢/MHALEBL): (1) Y ax He orpaHmycHa
(psin pacxomures); (2) mpomssenenust (1 + ap) ... (1 + a,) HEe OrpaHHMYCHBI;
(3) npomssenenus (1 —ay) ... (1 — a,) cTpeMATCs K HYJIO.

7. Nokaxute, uto psipt 5 1/p (oOpaTHBIE K NMPOCTHIM YMCJIAaM) PACXOIMTCSI.
(YkazaHue: COrjlacCHO Hpe/blIylieil 3ajiaue, JAOCTaTOYHO JI0Ka3aTh, YTO IPOU3BE-
nenue comHoxureneit Buga (1 — 1/p) crpemurcs k HyJio.)

8Iyctbay 2 ar > ... 2 a, 2 ... 20ulim, . a, = 0. Jlokaxure, 9ro
pan Z(—l)""an CXOJIATCH.

9. llpomsBenem B paje Y ay TPYNIMPOBKY ClAracMbiX (OMH YICH HOBOTO Psi-
7la — CyMMa HECKOJIBKUX WICHOB CTaporo, 6€3 m3MeHEeHus mopsiika). Jlokaxure,
YTO €CJIM MCXOJHBIN PSJi CXOMUTCS, TO W TOJIyYCHHBI Psiji CXOQUTCS, NMPUUEM K
ToM ke cyMMe. MoeT Ji ocjie TPYHIUPOBKU PACXOZSIIMIACS PsIt CTaTh CXOJsl-
mumMcs?

10. Boluuciure cyMMbl psifiOB:

@pstast et @ gttt

n2—n —n
11. HaﬁanTecyMMypﬂzIa1—%+%—...+$+....
. _ 1)k 2k
12. Jloxaxure mpu 0 < x < 7/2 paBeHCTBa Sinx = Y ;5 %,
(=yk x2k

COS X = Zk>0 T
k
13. Jlokaxxute mpu X > 0 paBEeHCTBO €™ = 3 ;¢ I
14. (Ilponosmxenne) Bepro sm 310 paBeHcTBO Ans x < 07
15. (a) Ykaxure aHAJIOTHYHOE paBeHCTBO JuIs arctg x. (0) Haimure cymmy

_ 1,1 _ (=n"
I
16. Ipu xakux x cxomarest psa 1+ 5 + 3 +...2
TToCIIE/I0BATENBEHOCT X), Xy, . . . HA3bIBACTCS (DyHOAMEHMANbHOLL, €CIA Jyist

BCAKOTO € > O CyllecTByeT OTPE3OK [UIMHBI €, COZACPKAIMil Bce €€ YiICHbl, Ha-
YyKiHasl C HEKOTOPOIO.

17. TokaxnTe, 4T0 QPYHIAMEHTAILHOCTh IOCIJIEN0BATEIILHOCTY PAaBHOCHIIBHA
TAKOMY YCJIOBHIO: Juist Bcex € > 0 Haiiaércss N, 1IpH KOTOPOM | X, — Xn| < €
Juist JIo0bix m, n > N.

18. Bcgkas cxopdmasicsi IOCIHE/I0BaTENIBHOCTh (PyHIAaMEHTallbHA (MOYEMY?).
JlokakuTe, 4TO BEpHO M oOpaTHoe: Jobast (pyHIaMeHTalbHasl TOCIJIEOBATEIIb-
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HOCTb MMEET IIpelel.

Eciu psin 3 |ay | cxonutesi, TO TOBOPAT, 4TO Psill 5 Ay CXOOUMCSI ADCOMIOMHO
(T. €. 10 abCOJIIOTHOM BEJIMYMHC).

19. Jokaxute, 9To aGCOMIOTHO cXoasmuiics psj cxomutcs. Bepro ym o6pat-
Hoe?

20. JTokaxkute, 4TO ecim y abCOJIIOTHO CXOJSILETOCs Psijia IEPECTaBUTh CJia-
TaeMble TIPOM3BOJIBHBIM O0Pa30M, TO MOJIYYHTCS Psi/l, KOTOPBIN CXOIUTCS, IPHIEM
K TOW k€ CyMME.

21. Cxonurest Jm psizt %—l—%—l—...—i—smT"—{—...?

22. UzBecTHO, UTO psf Y ai cxoauTcsi. MOXET JId HE CXOIMTHCA psjl Y a,3‘?

23. (ITponosxenne) N3BecTHO, uTO paAf ) aj cxomurcs. MOXeET m HE CXO-
JUThCS psijt Y ai?

Ecym psin cxomutcs, HO He abCOJIIOTHO CXOJUTCSI, TOBOPSIT, 9TO OH YCII0O8HO
cxooumcs.

24. (Teopema Pumana) [lokaxute, 9TO 1UIsl JIIOGOTO YCJIOBHO CXOJSIIETO-
csl ps/ia MOXKHO TOJIYYHTh JIIOOYIO CyMMy, MEPECTaBHB CJIaracMble Ha/lJIC)KalluM
obpaszoMm.

25. PaccMOTpUM CXOASIIMIACS PsJL U3 BEKTOPOB HA IIJIOCKOCTH (MJIM KOMILIEKC-
HBIX Ymcelr), OyJeM MEepecTaBJISTh €r0 BCEBOBMOXKHBIMA CIIOCOOaMU M CyMMHUpO-
BaTh (ecyid OH ocTaércsi cxonsimummMmest). Kakue MHOXKeCTBa CyMM MOTYT IIpU 3TOM
TIOJTyYATHCS?

94. PasHble 3aaun

1. Jlokaxkute, 4TO B JICCATUYHOM 3alMCU Y-
cent 1974 42" u 1974" copepXuTcsi OAUHAKOBOE
KOJIMYECTBO LIUPP.

2. Ha maxmatHO# nocke 8 X 8 orMeueHsl 64
TOYKU — LCHTPBI BCEX KIIETOK. MOXHO Ji OT/ie-
JIITH BCE TOYKH JIpyT OT Jpyra, npoBeas 13 mps-
MBIX, HE TPOXOASIIUX Yepe3 STH TOUYKH?

3. CymiecTByerT JM Takasi OCJIE/I0BaTEIIbHOCTD
HATypaJIbHBIX YHWCeJl, 4TOOBl JIo60€ HATypallb-
HOe unciio 1,2,3, ... MOXHO ObIJIO TPE/ICTABUTh
C/IMHCTBEHHBIM 00pa3oM B BHWJC Pa3sHOCTH JIBYX
yyceJl 3TOM MOCIE0BAaTEIbHOCTH?

4. U3 oTpe3koB, UMeloNMX JUMHBL a, b u c,
MOXXHO COCTaBHUTh TPEyroJibHMK. Jlokaxkurte, 4TO
n3 orpe3koB ¢ jumHamu 1/(a + b), 1/(a + ¢),
1/(b+ c) Taxke MOXXHO COCTAaBUTh TPEYTOJILHUK.

5. IlapooGpasHasi 1aHETa OKpyXeHa 37 To-
YEYHBIMH acTeponzamu. J{okakuTe, 4To B JoOOH
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MOMEHT Ha IIOBEPXHOCTH IUIAHETHl HAWJETCsl TOYKA, M3 KOTOPOH acTpOHOM He
cMoxeT Habionate OoJiee 17 acrepounoB. ([Ipumevanme. AcTepoupi, paclosio-
JKCHHBII Ha JINHAM TOPH30HTa, HE BUJICH.)

6. B ropoze X c J1060ii cTaHIE METPO MOXKHO IIPOEXaTh Ha JIIOOYIO PYTYIO.
JlokaxuTe, 9TO OIHY M3 CTaHIMI MOXKHO 3aKpPBITh Ha PEMOHT 0e3 IpaBa Ipoe3/a
yepe3 He€ Tak, uToOBI C JIIOOOW M3 OCTAaBIIMXCSI CTAHLIMKA MOXKHO ObLIO IpOEXaTh
Ha JII00YIO /IpyTyIo.

7. Jokaxute, 4TO B KPyr paauyca 1 HeJib3si HOMECTUTh O€3 HAJIOXKEHUI JiBa
TPEYTOJIBHYKA, IUIOMA/h KaXK/I0T0 M3 KOTOphIX GoJipe 1.

95. BekTOpHBIE NIPOCTPaHCTBA

Bexmophbim npocmpancmeom Has3bIBACTCSE MHOXKECTBO, [1JIsl DJIEMEHTOB KO-
TOPOTO ONpeJieJicHa OIepalys C/OJICEeHUs], a TaKXKE YMHOJICeHUs Ha (JIeHCTBU-
TeJlbHOE) 4uciio. Ero sjieMeHTHI Has3bIBAIOT 8eKMOpAMU, CyMMYy BEKTOPOB 00O-
3HAYAIOT X+, a HPOM3BE/CHHUE YMCIIA A ¥ BEKTOPA X 0003HAYAIOT A-X WJIM IPOCTO
Ax. Cpe/i BEKTOPOB JIOJDKEH OBITh BBIJICJICH H)1e8oil BeKTop (06o3Hauaemsiit 0),
U U151 K&K/I0TO BEKTOpa X JIOJDKEH OBbITh OLPEACIIEH NPOMUBONONONCHbBIL BEKTOP
(0o603HaYaEMBIA — X).

[pm 5TOM [IOJDKHBI BHIIOJIHATHCS CJICAYIONIE CBOMCTBA!
® X +y =y + x (KOMMyTaTUBHOCTb CJIOXKCHWS);

o x+ (y+2z) =(x+y)+ z (accolMaTUBHOCTb CJIOXKECHUSI);

e x+0=04x=x;

e x+(—Xx)=(—x)+x=0;

e )\-0=0;

e(0-x=0;

el -x=x;

e A (x+y)=Ax+ Ay;

o (A4 p)-x = Ax+ px;

e A(px) = (Ap)x.

1. I'ne B 3TUX cBolicTBax 0 06O3HAUaeT 4mcio, a riae — BekTop? Ime + obo-
3HAYACT CIIOXKCHUE YWCEII U TJIe — BEKTOPOB? TZic BCTPEUYACTCS YMHOXKCHHUE YMCEI
7 BEKTOpOB?

2. Hokaxute, uro (@) ((x +y) +2z) +w = x + (y + (z + w)); (0) nus
JIOOBIX BEKTOPOB U, V HAWAETCS TaKOU BEKTOP X, 4TO U +X = V; (B) 2u = u+u
st Juoboro u; (r) —u = (—1)u nus jmoboro u; (A) IJIsl BCSIKOTO BEKTOpa u
HaUIETCsl TaKoi BEKTOp X, uTo X + x = u; (e) ecnm Au = 0, To A = 0 wm
u=20; (k) ecm u+u=0, 0 u=0.

3. HekoTopbie m3 CBOMCTB, MEPEUNCIICHHBIX B ONPE/ICIICHIN BEKTOPHOTO MPO-
CTPaHCTBA, MOTYT OBITh BBIBEJICHBI U3 OCTAJIbHBIX. Y OEIUTECh B STOM.

4. (IlpuMephbl BEKTOPHBIX NIPOCTPAHCTB) YKAXUTE, KaK Ha/I0 ONPE/IEIINTh OIle-
paluu, 1 IpoBephTe YKa3aHHBIEC B ONPE/ICIICHUN CBOICTBA i (a) MHOXecTBa R”
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3JIEMEHTaMH KOTOPOI'O SIBJISIOTCSI HAGOPBI (X1, . . . , Xp) U3 N JACHCTBUTEIBHBIX Yh-
cel X, - - ., Xn; (0) MHOXECTBA BceX (PYHKLMIA C ICHCTBUTEIIbHBIME apryMEHTaMU
U 3HaueHUsAMY; (B) BEKTOPOB B reoMeTpuu (KaK OHU OIPENEJISIOTCs, KCTaTu?).

[lycts E — BekTopHOE mpocTpaHcTBo. Hemycroe mopmuoxectso F C E
Ha3bIBACTCSI HOONPOCHPAHCMEOM, €CII CIIOXXCHHEC M YMHOXKCHHC Ha YHCIIO HE
BeBOAUT U3 F' (cymma 1Byx ssieMeHTOB F npunajyiexur F, npoussejieHue yucia
u BekTopa u3 F npunajuiexur F). B atoM citysae F' MOXHO paccMaTpuBaTh Kak
BEKTOPHOE IIPOCTPAHCTBO.

5. (a) SBusieTcs M MOQIPOCTPAHCTBOM B R” MHOXKECTBO BCEX (X1, . . ., Xp ),
JUIs1 KOTOPBIX X1 + . .. + X, = 0? (0) nns KoTOpBIX X1 + ... + X, = 1?2 (B) 131s
KOTOPBIX X1 = Xp = ... = X,? (T) SIBisieTCs JIM NOANPOCTPAHCTBOM B IPOCTpPaH-

CTBE BCeX (PYHKLMI C JICHCTBUTCIIBHBIMU apryMEHTaMH U 3HAYCHUSIMUA MHOXKECT-
BO BCEX BO3pacTaiolinX (pyHKImMiA? (4) MHOXKECTBO BCEX MOHOTOHHBIX (DYHKLIMIA?
(e) Bcex HENPEPHIBHBIX (PYHKIMHA? (3K) NEpHOIMYECKUX (PyHKIMIA? (3) MHOTOYJIC-
HOB? (M) MHOTOYJICHOB CTEIICHH 1?7

6. (a) Ilycre F; u F, — moanmpocTpaHCTBa BEKTOPHOro mpocrpancrsa E .
SBnsiercst o ux nepeceuenne Fy N F, mopnpocrpancrBoM? (6) TOT e BOMPOC
JUIs1 NX OOBEIMHEHNS; (B) JIOKQXXUTE, UTO CPEAM BCEX MOJTPOCTPAHCTB NPOCTpaH-
crtBa E, conepxammx Fy u F,, cymecTByer HanMeHbliee (cozieprkalieecs: Bo BCeX
JpyTHuX).

7. (a) JdokaxkuTe, 4YTO MOJNPOCTPAHCTBO B MPOCTPAHCTBE (PYHKIMIA, COlepIKa-
mee muorouwsiens 1, x — 1, (x — 1)2, ..., (x — 1)1°, conepxur Bce MHOTOUJIEHBI
crenenn He Gosibme 10. (6) Ta ke 3a/1aua, €CII OHO COJICPXKHT MHOTOWJICHBI
L,x,x(x+ 1), x(x+D(x+2),...,x(x+1)...(x+9); (B) Ta xe 3anaua,
ecy oHO coziepxuT MHorowensl x'0 (x — 1)1 (x —2)10 ... (x —10)10,

96. JInneitHple KOMOMHALUN

1. PaccmorpuMm Ha muiockoctu Ba Bektopa X = OX m y = OY (r1ou-
ku O, X, Y me nexar Ha oznHoil mpswmoii). Hapucyiite Bektop z = OZ, ecim
@z=x4+y;® z=x—y; (B) z=2x —3y.

2. (ITponoikenue) Hapucyiite MHOXECTBO TOuek Z, JuUisl KOTOPBIX (a) z =
= Ax (must mekotoporo A € R); (6) z = x+ Ay; (B) z = Ax + (1 — A)y;
(r) z = (cos A)x + (sin A)y.

3. Bakonuure ¢pasbl: (a) «rouku npsimodt XY — 310 ToukM Z, Jyist KOTO-
peix OZ = AOX + pOY, npuuém. . .»; (6) «Toukn orpe3ka XY — 3To...»;
(B) «rouku (BHYTpHM W Ha rpanmie) Tpeyrojibhinka ABC — 3T10 TOuku Z, st
kotoppix OZ = AOA + pOB + vOC, npuuéM. . .»; (I) «TOYKa MEPECCUCHHUS
mezaman tpeyrosishuka ABC — 310. . .».

4. 3aKoHUNTE aHAJIOTHYHBIE (pasbl ISl BEKTOPOB B MIPOCTPAHCTBE: (a) (TOUKH
mwiockoctt ABC — 310 Toukn D, st xotopeix OD = AOA + pOB + vOC,
npuueM. . . »; (0) «toukn Tetpasupa ABCD — sto Takme Touku E, uro. . .».
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Jluneiinoii komMbuHayueil BEKTOPOB Xi, . . . , X, BEKTOPHOro mnpocrpanctea E
Ha3bIBacTCs BEKTOP TOTO K€ NMPOCTPAHCTBA, MPEICTAaBUMBIN B BUJIC

A1x1 4+ Axp+ .o+ AnXn,

rae Ko3pPUIMEHTH A1, A, . . ., A, — ICHCTBUTEIBHbBIC YHCIIA.

5. (a) IIpencraBuma siu pyHKLWS cos? X B BUJIC JIMHEHHON KOMOMHAIIAA ¢yHK-
it 1, cos x, cos2x,...,cos 10x? (6) [IpeacraBuma s pyHKOHS sin? x B BUE
JmHelHOo! koMOnHanuy ¢pynknmit 1, sin x, sin 2x,. . . ,sin 10x? (8) Te e Bonpocs
¢ 3aMeHo#t cos? Ha cos® 1 sin? Ha sin®.

6. (a) IIpencraBuma m pyHKIHS |x| B BH/IC JIMHCHHON KOMOMHANmu (pyHK-
mait 1, x, x2,. .., x'% (6) Tor xe Bompoc ana sin x. (B) Tor e Bompoc st
e*. (r) IpencraBuma M pyHKIMS x3 B BUjIc JIMHEHHON KOMOMHAIMN ¢ynKIMT
1, x, x2, sin x?

7. (a) Iokaxwure, uro moboit BekTop W3 R" mpencTaBuM B BHJC JIMHEHHOM

koMOuHaumu n Bektopos (1,0,...,0), (0,1,...,0),...,(0,0,...,1). (6) Ta
e 3amada Juist Bektopos (1,1,1,...,1), (0,1,1,...,1), (0,0,1,...,1),...,
(0,0,...,1). (B) Ta ke 3amaua mus BektopoB (1,1,...,1), (1,2,..., n),
(1,4,...,n%),. .. (A1 2n=1 pnol),

8. CyMMa HECKOJIBKMX HEHYJIEBBIX BEKTOPOB B NPOCTPAaHCTBE (MJIM Ha IJIOC-
KOCTH) paBHa HyJo. JlokauTe, 4TO HEKOTOpHIE /[BA M3 HUX 00pasyloT TyHOH
yroJL.

9. (a) [lansl 1Ba NCHCTBUTEJIBHBIX 4Mcila X, Y. IlokaxkuTe, 4To HEKOTOpas UX
JIMHElHAas KOMOMHALWS 11X+ My ¢ NeJIbIMA K03 (PHUIEHTaMH 10 MOJIYJIIO MEHBIIE
1/1000. (Bapuant n = m = 0 He cumraercs.) (6) Jansl Tpu BekTopa X, y, Z Ha
iockocTh. [Tokakure, 9TO HEKOTOpasl MX JINHEHHAsE KOMOMHANUS C HEHYJICBHIMH
neibiMu Kodpdunuentamu umeer umny Mensine 1/1000. (B) Chopmysmpyiire
7 JIOKQ)XXUTE aHAJIOTMYHOE YTBEPIXKJCHUE /Uil BEKTOPOB B MPOCTPAHCTRBE.

10. IMycts X — npou3BoJIbHOE MHOXECTBO BEKTOPOB mpocrtpancTBa E. Pac-
CMOTPHM BCE BEKTOPBI, NPE/ICTAaBUMBIC KaK JIMHEHHBIE KOMOWHAIMK (KOHEYHOTO)
yucsia BekropoB m3 X . Iokaxwure, uro (a) oHM 0OpasyloT NOAIPOCTPAHCTBO;
(6) 5TO HONNPOCTPAHCTBO SIBJISICTCS HAMMEHBIIUAM MOJIIPOCTpaHCTBOM B E, co-
JICpoKallliM Bce BEKTOPHI U3 X .

11. IlycTp HEHyJICBO BEKTOP Z SIBJISICTCS JINHEWHONW KOMOMHALUMEH BEKTOPOB
X1, ..., Xn. IIOKaXUTE, 4TO IPU HEKOTOPOM I BEKTOP X; SIBJISICTCSI JIMHCHHOM
KoMOHMHanuen xp, ..., X, (6e3 x;) u z.

97. JIuHeiiHasi He3aBUCUMOCTh

[TycTh 1aH KOHEUHBII HaGOp BEKTOPOB HEKOTOPOTO NMPOCTPAaHCTBA. DTH BEK-
TOPBI Ha3BIBAIOTCS JIUHEUHO 306UCUMbIMU, €CIIA HYJIEBOM BEKTOp SIBISETCS HX
JIMHEHO! KoMOMHanuel, He Bce KO3 (UIMEHTH KOTOPOM paBHBI HYJIIO.
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1. (a) B kakoM ciyyac CHCTeMa W3 OJIHOTO BEKTOpa JIMHCHHO 3aBHCHMA?
(0) MOXHO JIM TIOJIyYWTh JIMHEHHO HE3aBUCHMYIO CHCTEMYy U3 JIMHEHHO 3aBHU-
CHMOii, 100aBUB BEKTOpP? (B) ... YyAaJuB Kakoi-1mbo BekTop? (r) BepHo jm, uTto
€CJI OJVH W3 BEKTOPOB CHUCTEMBI €CTh JIMHCHHAsE KOMOWHAIUSI OCTAJIbHBIX, TO
cucTeMa JMHEWHO 3aBucuMa? (A) BepHo s, 9TO ecim cmcTeMa BEKTOPOB JIU-
HEWHO 3aBHCHMa, TO JIIOOON €€ BEKTOp JIMHEHHO BBIPAXKACTCSI YEPE3 OCTAJIbHBIC?
(e) ...onuH U3 BEKTOPOB JIMHEIHO BBIPAXACTCS YEPE3 OCTAJILHBIC?

2. Jlokaxkxure, 4TO BEKTOPBl X, Y, Z JIMHEHHO HE3aBUCUMBI TOTJA U TOJBKO
TOT/a, KOIrjja BEKTOpBl X + ¥, y + Z, Z + X JINHEHHO HE3aBUCUMBI.

3. JlokaxkxuTe, 94TO €CIIN BEKTOPHI €7, . . . , €, JIMHEHHO HE3aBUCHUMBI, TO JIIOOOMH
BEKTOp, IPE/ICTAaBUMBI B BUJI€ MX JIMHEHHON KOMOMHAIMM, MpPEACTaBIISIETCS B
TaKOM BH/JIE€ €IMHCTBEHHBIM O0pa3oM.

4. B npocrpancrse janbl Touku A, B, C. (a) s xakux Touek O BEKTOpbI
OA n OB mneiino 3asucumbl? (6) . . . Bektopsl OA, OB, OC smneiino 3aBucu-
MBbI1?

5. SBnsrorcs M JIMHEAHO HE3aBUCUMBIMM BEKTOPBI

(a) (1,2,3), (4,5,6), (7,8,9) s R*? (6) (1,0,...,0),(0,1,0,...,0), ...,
(0,0,...,1)BR"? (B) (1,0,...,0),(1,1,0,...,0),...,(1,1,...,1) B R"?
m (1,1,...,1),(1,2,...,n), ..., Q"1 271 pn7l) g R™?

6. SIBysIOTCA JIM CIIEyIoUE BEKTOPhl IPOCTPaHCTBa (PyHKIMIA JIMHEHO Hesa-
BucuMbIME: (a) 1,x,...,x"; (6) 1,e*,e?*,...,e™: (8) 1, x, x2, sin x, cos x;
(r) 1, cos x, cos 2x, cos 3x; (a) 1, cos x, cos2x, ..., cos nx?

7. Kakoe MakcuMaslbHOE YHUCJIO JIMHEHHO HE3aBUCHMBIX BEKTOPOB (@) Ha IIOC-
kocty; (0) B mpocTpaHcTBe; (B) B R"?

8. (a) [Jloxaxure, uto Bektoph (a, b) m (c,d) mezaBucumbm B R? Torma
U TOJIBKO TOI/A, KOTJA HE3aBUCHMBI BEKTOpHl (a, c) u (b, d). (6) okaxure
AHAJIOTMYHOE YTBEPXKJICHUE JUIsl BEKTOPOB B R (CTPOK M CTOJIGLOB MaTpHIIbI
3 x 3). () JoxaxuTe aHAJIOTUYHOE YTBEPXK/ACHHUE /Ulsl BEKTOpoB B R" (CTpok 1
CTOJIGLIOB MAaTpHLBL 1 X M).

9. okaxure, 4TO Jisl JIHOOBIX TMOJIOKUTEIBHBIX yncen a < b < ¢ u mus
Jo6bIx jeficTBuTelbubx unced k < [ < m sektopet (ak, bX, ck), (al bl c!),
{a™,b™, c™) smueiino nezasucumbl B R3.

10. (IMponomxkenne) Jlokakute aHaJIOTMYHOE YTBEepXKzIcHUE Ay R”.

98. PazmepHOCTB

ToBopsT, 4TO cHCTEMa BEKTOPOB Vi, . . . , V,, BEKTOPHOTO npoctpancTBa V rno-
podicéaem STO NPOCTPAHCTBO, eciin Jioboi BekTop m3 V npeicrasum B Buje
JIMHEWHON KOMOHMHAIM! Vi, . .., V,. Bba3ucom BEeKTOpHOTO NpPOCTpaHCTBAa Ha3bl-
BACTCsl CUCTEMA JIMHEHHO HE3aBHCHMBIX BEKTOPOB DTOTO NPOCTPAHCTBA, KOTOpas
€ro MopoXJaeT.
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1. IIpuBeanuTe HECKOJIBKO MpUMEPOB Ga3mcoB (a) Ha miiockocth; (06) B mpo-
cTpaHcTBe; (B) B R”.

2. Jlokaxure, 4To (a) €CiM KOHEYHasl CUCTEMa BEKTOPOB IIOPOXKIACT IIPO-
cTpaHcTBO V', TO MOXKHO HOJIy4nTh Ga3uC, BHIOPOCUB U3 HeE 4acTh BEKTOPOB; (0) B
Jo00M BEKTOPHOM IIPOCTPAHCTBE e€cTh JIMGo 6asmc, mbo GecKoHeuHas! Mocie/o-
BaTEJIbHOCTh Vi, V, V3 . . . JIAHEHHO HE3aBHCHMBIX BEKTOPOB (T. €. IpH JIOOOM 7
BEKTOPBL Vi, . . ., V;, JIAHEHHO HE3aBUCUMBI).

Teopema. Eciiu BEKTOpSHI Vy, . . ., V;; IIOPOXKIAIOT HEKOTOPOE BEKTOPHOE IIPO-
cTpancTBO V', a wy, ..., Wy — JIMHEIHO HE3aBUCHUMBIC BEKTOPbI 3TOTO NMIPOCTPaH-
crBa, 10 k < n.

3. JlokaxuTe 3TO yTBEPXK/ICHUE, BCIOMHMB, YTO JII00asi OZIHOPOZIHAsI CHCTEMA
JINHCHHBIX yPaBHCHWIA, T7Ic HCM3BECTHRIX OOJIBINE, UM YPaBHCHMII, UMECT HEHY-
JIEBOEC PCIICHUE.

4. [laiiTe mpsiMoe JI0Ka3aTeJIbCTBO TaKoro (6ojiee CHJIBHOTO) yTBEPXKJICHUSI:

€CJIM BEKTOPHI Vi, . . ., V,, HOPOX/JAIOT BEKTOPHOE MPOCTPAHCTBO V', a BEKTOpHI
Wi, ..., Wy € V JIMHEWHO HE3aBUCHUMBI, TO MOXHO TaK BbIOpaTh k BEKTOPOB
cpemdt vi, ..., V,, U4TO IOCIE 3aMCHBI WX HA Wi, ..., Wy TOJIyUCHHAs] CHCTeE-

Ma To-npekHeMy mnopoxzaeT V. [B wactHoctn, k < n.] (YKazaHWe: 3aMEHSTh
BEKTOPBl MOXKHO 110 OYEpE/IH. )

5. JlokaxuTte, 4TO e€ciii B MaTpuie U3 n cTosionoB u k crpok (n > k)
CTPOKH HE3aBHCHMBI, TO MOXKHO BBIYEPKHYTh HEKOTOpPBIE CTOJIOIBI, 4TOOBl OCTa-
Jioch k CcTOJOLIOB 1 1O-TIPEXKHEMY CTPOKM ObUIM He3aBUCHMBL. (YKazaHME: MOXHO
WCIIOJIB30BATh TPEABIYINYIO 3a/1a4y. )

6. [lokaxxure, YTO €CIIM B IIPOCTPaHCTBE V' ecTh KOHEUHBI Gasuc, TO B JIOOOM
IpyroM 6asmce Takoe >K€ YHCIIO 3JIEMEHTOB.

OTO uwKCIIO HA3BIBACTCS PA3MEPHOCHbIO TIPOCTPAHCTBa V' u obGo3HavaeTcs
dim V. B sTOM Cilyyae roBOpsIT, YTO IPOCTPAHCTBO KOHEUHOMEPHO.

7. [okaxwure, yTo B KOHCYHOMEPHOM IpocrpanctBe V (a) uoGast cucrema
BEKTOpOB, Topoxzamomas V', mmeer He Menbe dim V' aiementos; (6) jmoGas
JIMHEWHO HE3aBHCHMMasi CHCTEMa BEKTOpPOB mMeeT He Gosiee dim V' ayeMeHTOB.

8. Haiizimte pasMepHOCTh M YKaKUTE KaKoH-HUOYyAb 6asuc (a) HMOAIpOCTpaH-
ctBa x1+. . .+x, = 0 B R"; (6) nmpocTpancTBa MHOTOWICHOB CTCIICHU HE BBIIIE 71;
(B) mpocTpaHCTBa MHOTOWJIEHOB CTEIECHM HE BbIIE 71, JUlsi KOTOphiXx p(1) = 0;
(r) ...pus xoropeix p(1) = p(2) = 0; (A) ... nus koropeix p(1) = p'(1) = 0;
(e) ...nus kotopeix p(l) = p(i) =0 (i = +/—1, HO MHOTOUNIEHHI BCE emg ¢
JICCTBUTEIIbHBIMUA KO3 (PUIEHTaMH ).

9. JlokaxkuTe, 4TO IPOU3BOJIBHBINA 6a3KC MOANIPOCTPAHCTBA JAHHOTO KOHEYHO-
MEPHOI'0 BEKTOPHOIO NPOCTpPaHCTBa V' MOXHO JIOMOJIHUTH /10 Ga3uca BCEro mpo-
crpancTBa V.

10. Ilycts Uy, U, — mopmpocTpaHCTBa JJaHHOTO IpocTpaHcTBa V. BhIpasn-
Te pa3sMEpHOCTh HAWMEHBIIETo IOJNIPOCTPaHCTBa, cojepxkaimero Uy U U,, depes
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dim Uy, dim U,, dim Uy N U,. (310 noaupoctpanctBo HasbiBaercss cymmoii Uy u
U, n o6o3navaercst Uy 4+ U,. Kak MbI ye 3HaeM, OHO COCTOHT M3 BCEX BEKTOPOB
BUJA Uy + Uy, THE Uy € Uy, up € Uj.)

11. Haiijute pasMepHOCTb NIpOCTpaHCTBa (a) MHOIOWIEHOB OT JIBYX Iepe-
MCHHBIX CTENCHU HE Bbile #; (§) MHOTOWICHOB f(X,y) CTCICHH HE BbIIE 7,
o0palaouuxcst B HyJib Ipu X = y; (B) MHOI'OWICHOB OT K NEPEMEHHBIX CTEIICHU
HE BBIIIE A.

12. Tanbl nBa muorowiena f(¢) u g(t). JIokaxure, 4TO CyIECTBYET HEHY-
JieBoit MHOTOWIeH h(X,y), nust kotoporo h(f(t),g(t)) = 0.

13. Haiigure pa3sMepHOCTh IPOCTPaHCTBa, 0Opa3oBaHHOrO Tabymnamu 3 X 3,
B KOTOPBIX CyMMBbI BO BCEX CTOJIOIaX, CTPOKAX M B JIBYX JIMArOHAJISIX OJMHAKOBHI
(«Maruyeckue KBaJ(paThl»).

99. KontpoibHas padoTa

1. Tpu xakux A BekTopsl (2 — A, 3) 1 (3,2 — \) ymneiino 3aBucumbl B R??

2. Haiimte pasMEpHOCTh NPOCTPAHCTBA JIMHECHHBIX KOMOWHAIMI BEKTOPOB
(1,2,3), (4,5,6), (7,8,9), (10,11,12), (13,14, 15) u ykaxure Gasuc B 3T0M
TIPOCTPaHCTBE.

3. Bektophl (a, b, ¢), (b, ¢, a), {c, a, b) yuneino 3apucumbl B R3. JTokaxmu-
Te, uro Jmbo a+ b+ ¢ =0, imbo a = b = c.

4. JlokaxuTte, YTO HOJIPOCTPAHCTBO V' KOHEUHOMepHOTO mpocTpancTBa W
MUMeeT pa3sMepHOCTh He Gouibliie, yem dim W; npu atom ecim dim V' = dim W, to
V=Ww.

5. B nsaTMMEpHOM NPOCTPAHCTBE €CTh [IBa TPEXMEPHBIX NOANPOCTpaHcTBa. Jlo-
Ka)XUTE, YTO OHM MMEIOT OOIMi HEHYJIEBOM BEKTOP.

6. Pazpemaercs mpuMeHSTH K HaGOpy BEKTOPOB Xi, . .., X, JBE ONCPALIAH:
3aMEHATh X; HA AX; IpPH HOJOXWUTCILHOM A M 3aMEHATh X; HAa X; + AX; Ipu
Jo6oM .

(a) Jdoxaxute, 4To MpU 3TOM Oa3uC OCTAaETCs Ga3UCOM.

(0) JlroOott s 6a3suc MOXHO MEPEBECTH B JIIOOON TaKMMM ONEpallsiIMU B TIPO-
crpancTe R??

(8) Tot e Bompoc juls IpocTpancTBa R3.

100. 3xcTpeMyMbl 1 MOHOTOHHOCTH

1. (a) Oynkuys f ompe/ielicHa U HelpepbiBHA Ha oTpeske [a, b] n uddepen-
nEpyeMa B TouKax mHTepBaiia (a, b), mpuuém f'(x) > 0 npm Bcex x € (a, b).
Hokaxwute, uTo f HeyObBaeT Ha [a, b] (To ectb f(x) < f(y) mpn x < y s
X,y € la, b]). (6) Yro moxuo ckazars, ecim f'(x) < 0 npu x € (a, b)? ecym
f'(x) >0 mpu x € (a, b)?

2. Hapucyiite rpaguk ¢pynkuum f(x) = x(x — 1)(x — 2) u ykaxure npome-
JKYTKH, Ha KOTOPBIX OHa BO3pacTacT/yObIBaeT.
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3. Oyukuus [ onpe/ieiieHa Ha oTpe3ke [a, b] U J0CTUraeT MaKCUMyMa B TOUKE
¢ 3TOro oTpeska. Jlokaxure, 4To JIMOO C SIBJISIETCS KOHILIOM OTpe3ka (¢ = a wim
¢ = b), mbo f'(c) ue onpenenena, ymbo f'(c) = 0.

4. Haiimre HanboJiplliee 1 HAaMMEHBIIEE 3HAYCHAUE BeIpakeHHs X (x — 1) (x —2)
mpu —1/3 < x <7/3.

5. Ilpu xakoM @ BeIpakeHHEe Ssin ¢ + 7 cos ¢ jlocTUracT HaubOJIBLIETO 3HA-
yeHusi? Yemy paBHO 3TO 3HaucHHE?

6. Haiijute MUHMMaJIbHOE 1 MAKCUMAJIEHOE PAacCTOSIHUE OT TOYCK HA KPHBOM
x24 2xy + 2y2 = 1 ;10 Havajia koopJuHaT. (YKazaHuWe: HalJIUTE MAKCUMAJIBHOE U
MUHMMAJILHOE 3HAYECHHS BHIpaKeHHs x> + 2xy + 2y Ha eJIMHMYHOM OKPYXXHOCTH. )

7. Haiiiute MMHMMAJIbHOE M MaKCHMallbHOE 3HAUeHME (PyHKLMM X Inx 1pn
0<x<1.

8. Haiiyute MMHMMajbHOE M MakCHMaJlbHOE 3HaueHWe (pyHKIWH In Xx/X 1pm
x> 0.

9. (a) Ussectno, 9tOo X,y > 0 m x¥ = y*. [lokaxure, 9to OO X = Y,
Jmb0 uYMciia X, y HAXOAATCS IO pa3HBIC CTOPOHBI OT e. (0) Pemmre ypaBHeHHME
XY = y* B IENBIX MOJIOKUTEIIHHBIX UMCIIAX.

10. (Baxon mpenomuienus Cresumyca) Cko-

POCTh IBW)KCHWSI CBET2 B BEPXHEH MOJYIUIOCKO- ;

CTH paBHa Vi, a B HIDKHEH v,. Kak eMy Gbictpee :

BCEro HONacTh u3 Touku A B Touky B? dpyrumm v \C ;ﬁ/ B

CJIOBaMH, HY>XHO HAiTH TaKOE IOJIOKCHUE TOUKH ;

C na rpannne, uroos cymma AC/vy, + BC/vy V2
Obula MUHMMAJIbHOM. JlOKakuTe, 4TO Takas TOY-
ka C cyliecTByeT M 4YTO /ISl He€ BHIIOJIHCH 3aKOH
MIPEJIOMJICHASL (CHHYCHI YIJIOB IPOIOPIMOHAIBEHBI
CKOPOCTSIM) .

101. BeimykiocTs

Oyukius f, onpe/iesi€HHast Ha OTPE3KE, MHTEPBAJIC WK
jiyye B R n npunumaromast ieiCTBUTEIIbHBIC 3HAYCHUS, Ha-
3bIBACTCsl 8bINYKIIOU 8HU3, €CJIU Jio0ast xopaa e€ rpaduxa
JIOKUT HE HIDKE caMoro rpadmka (Ha COOTBETCTBYIOLIEM
OTPE3KE).

1. (a) [dokaxwuTe, 9TO I BBITYKJIOH BHM3 (DYHKLIAM

f<x+J’> gf(x)Jrf(y).

v

2 2

(0) Hokaxkute, 9yTO AJig BBITYKJIOH BHU3 (PyHKLIUH

FGx+2y) <+ 2.
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(B) 3akonuute ¢paszy: «pyHKUMs [ BBIIYKJIA BHM3, €CJIA M TOJIBKO €CJIU JUIsI
JO6BIX TOUEK a 1 b e€ obacTy onpe/ieJieHusI M JUlsl JHOOBIX uncedt A, o > 0, s
KOTOpPBIX A + g = 1, BBINIOJIHEHO HEPABEHCTBO. . .». (I) 3anuuuTe oNpeiesieHue
8bINYKJIOU 88epx (PyHKIMU.

2. Jlokaxure, 4T0 (PYHKIHS X — X2 BHITyKJa BHH3.

3. (a) Hdokaxwure, 4TO [yIsl BBITYKJIOH BHM3 (DyHKLIUM

f(x+§+z) <f(x)+f(3y>+f(z)_

(0) JokaxxnTe aHAJIOTMYHOE HEPABEHCTBO JUJIsl 1 ciaraeMeix. (B) Jlokaxwmre Go-
Jiee obIee HEPaBEHCTBO: TIPU JIIOOBIX HEOTPUIATEIBHBIX O, ..., Q,, B CyMME
PaBHBIX CIMHUIIE,

Sfloaixy + . o+ anxy) <aif(a) + ..o+ anf(xah).

Hust orpeska [x, y] u3 obuactu ompenesienust ¢ynknuu [ OyjieM Ha3biBaTh
ornomenune (f(y) — f(x))/(y — x) cpedHeil ckopocmbio u3smMeHeHust yHKyuu
f Ha ompeske [x,y].

4. Jlokaxxute, 4To eciim Touku a < b < ¢ IpuHajuIekKaT 00JIaCTH Ompenelie-
HUS BBIIYKJIOH BHU3 (DYHKIMH, TO €€ CpEIHSs] CKOPOCTh M3MECHEHUS] Ha OTPE3KE
[a, b] ne Gonpine, yeM Ha otpeske [b, c]. TTokaxute, YTO 3TO CBOMCTBO MOXHO
TIPUHATH 32 ONpE/CIICHUE BBITYKJIOH BHU3 (PYHKLIMH.

5. Jlokaxxure, 4TO NPUPAILEHUE BBINYKJIOH BHM3 (DYHKLIMM HA OTPE3KE 3aJ1aH-
HOM JUIMHBI TeM OOJIBIIE, YEM IPABEE STOT OTPE3OK.

6. [oxaxwute, uro eciu pyHkumsi f Bbykyia BHM3 Ha orpeske [0, 1], To
f(x) 4+ f(1 — x) neospacraer Ha otpeske [0, 1/2].

7. dokaxwure, uro 1uddepeHuupyeMasl Ha UHTEpBaJle (PYHKIMS BbIIYKJla BHU3
TOT/J]a ¥ TOJIBKO TOT/A, KOIzia €€ MpOM3BO/IHAs HEYOBIBacT.

8. okaxurte, 4ro rpaduk BBINYKJIOH BHU3 JuddepeHupyeMoit (pyHKIUN
JISKHUT HE HIKCE JIIOOOM KacaTEJIBHOH K HEMy.

9. JloxaxuTe, 4TO BBINyKJasi BHM3 (DyHKIWSI HENpepblBHA B JIIOOON TOUKe
cBocii o6JiacTH ompe/ielicHus (32 MCKJIIOYECHUEM, BOSMOXKHO, KpPaiHHUX TOYEK).

10. (a) Jdokaxute, uro ecyi PyHKIHs [ OIpe/iesicHa HA OTPE3KE U YJIOBJIC-
TBOPSICT IEPBOMY HEPaBEHCTBY 3az1aur 1 (JUlst BCEX X U y), TO OHA Y/IOBJICTBOPSICT
U BTOPOMY HEPaBEHCTBY 3ToH 3ajaun. (0) [Jokakure, uro ecim f K TOMy Xe U
HETIpepbIBHA, TO OHA BBHINNYKJIA BHU3.

11. Jloxaxure, 4TO €ClIi BO3pacTaiolllasg HENpepblBHAS (PYHKLHUS BBITyKJIa
BHM3, TO oOpaTHasl K Hell (pyHKIMS BBIIyKJa BBEPX.

12. (a) Jokaxmure, uro yHKOuUs eXp: X — e* BhimykJia BHu3. (0) BriBenute
orciona Hepagercmeo Kowu o cpednem apughmemuueckom u zceomempude-
ckom: cpeyHee apudMermyeckoe (X3 + ... + X,)/7 HEOTPHIATENBHBIX YHCEI
X1, ..., Xn HC MCHBIIC MX CPEIAHETO TEOMETPUUECKOTO /X1 - X3 * . .. - Xp.
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102. HepaBeHcTBa

1. [dokaxwute, uto e* > 1 + x mpm Bcex x. (Ykazanme: rpaduk BBHITYKIION
BHM3 (DYHKLIUM JIKUT BBILIE JIIOOOH KacaTreJbHOHW K HEMY.)

2. JTokakuTe, 9YTO €CJIM TIIPOU3BE/ICHUE YUCell Xy, . . . , X, > 0 paBHO exmHUIE,
TO MX CyMMa HE MEHBIIE 71.

3. JlokakuTe, YTO NMPOU3BE/ICHUE 1 HEOTPULATEJIBHBIX YHCEN C JAHHOHM CyM-
Mol S MaKCHMaJIbHO TOTZia ¥ TOJIBKO TOIZa, KOI/Ia BCE YKCJIa PaBHBL

4. JIoxaxute, yTO CyMMa /1 HEOTPULATEIIBLHBIX YMCEJl C JAHHBIM NPOU3BEJC-
HUEM P MUHMMaJIbHA TOT/Ia M TOJIBKO TOT/@, KOT/J|a BCE YKMCJIA PABHBbI.

Cpeduee 2apmoHuyeckoe TOJIOKUTEIBHBIX YACEN X1, ..., X, OIpPEICISCT-
Cs1 KaK 4mciio, obparHoe K cpejaemy apudmeruueckomy umcen 1/xy, ..., 1/x,.
Cpeodnee Keadpamuunoe MOJIOKUTEIBHBIX YHUCEH X, . . . , X, ONPEJCISACTCS KaK
KBA/[PaTHBIN KOPEHb U3 CPEIHETO apu(PMETHYECKOTO MX KBAJPaTOB.

5. Pacnosioxute cpeHee apudMETHIECKOE, TEOMETPAIECKOE, TApMOHIYECKOE
U KBa/IpaTHYHOE JIBYX IOJIOKUTEJIBHBIX YKCEJl B TOpPS/KE BO3pacTaHusl (M JlOKa-
JKUTE COOTBETCTBYIOIIMIC HEPAaBECHCTBA).

6. Tot e Bompoc uisl 1 YuCell.

7. Jokaxute, YTO BBIIyKJlasi BHU3 (PYHKLWsI, ONIPE/ICJIEHHAst HA OTPE3Ke, JI0-
CTUTacT MaKCHMyMa B OJIHOM M3 KOHIIOB 3TOIO OTpE3Ka.

8. MokaxuTe, uTO JI0GOE TPEYroJIbHOE CEUYCHME TETpad/pa IO IUIOmaaX He
TIPEBOCXO/IUT OJ(HOM M3 I'PAHEH.

9. BepHo 111 3T0 JU1s1 YETHIPEXYTOJIBHBIX CEYECHUI TeTpas/pa?

10. Jokaxkute, uTO cpeiHEe apuPMETUUECKOE CUHYCOB TPEX YIJIOB TPEYIOJb-
HEKa He Gonbine v/3/2.

11. [Jokaxwure, 4TO Cpe¥ TPEYTrOJILHUKOB, BIMCAHHBIX B JIaHHYIO OKpPYX-
HOCTh, HanOOJILIIMII NepuMeTp uMeeT paBHOCTOpoHHMI. (Kak cBsizana oTa 3ajaua
C TIpeABIAyIeii?)

12. JlokakuTe aHAJOTMYHOE YTBEPXK/ICHHUE /UISl M-yTOJIBHUKOB.

13. Haiimte Hambonpliee 3HaYeHNE 00BEMa TEeTpas/pa, KOTOPHIH yMeIaeTcs
B KOpPOOKy 3 X 4 X 5.

14. (a) Jokaxurte, YTO NEPUMETP IPaBHIIBHOTO 71-YTOJIbHUKA, BIMCAaHHOTO B
JIaHHYIO OKPY>XHOCTb, YBEJIMUMBaeTCs C yBeimueHueM n. (6) Tor >ke Bompoc st
TUIOINA/IH.

15. Yt A, B, C nexar nporus cropoH a, b, ¢ tpeyrosibHuka (cooTBer-
cTBeHHO). [lokaxure, 4To

aA+ bB + cC

60° < ————— < 90°.
at+b+c

16. (a) [JokaxkuTe HEPaBEHCTBO

[y + %2y + xsys < \/X12+X22+x32'\/}’12+)’22+)’32-



140 3adauu 2003 — 2004 200a (11 xknacc)

(6) Joxakxute HEPaBEHCTBO

VOi T 702 ¥ ot 2 + (o + 02 < o+ x4 a2+ /32 + 03+ 2.

(8) KakoB reomeTpuyeckmit CMbICII 3THX HepaBeHCTB? (T) JIokaXkuTe aHAaJIOTUYHBIE
HepaBeHCTBa st R”.

103. Kak 30ByT? /@/

Kak naspiBacTCs M/WiM 4eMy paBHA MPOM3BOAHAS (DYHKIAM S(x)

1. x — S(x), eczm S(x) — 1iomane moj rpaduKOM HEKOTO- X, X
poit dyHkmKM f (MEK/y BEPTHKAJSIMA C KOOPJMHATAMHA Xy U X?

2. x — L(x), ecsom L (x) — jivMHa KPMBOJIMHEHHOIO yYacrka -
TpaHuIpl B IpepbIyIeii 3a1aue?

3. h — V(h), ecim V(h) — 00OBEM KHIKOCTH, 3aJIUTHIA B
KYBIIIMH JIO BBICOTHI h? h w

4. V — h(V), ecniu h(V) — ypoBeHb >KUJKOCTH B KYBIIHKHE,

HAIOJIHCHHOM V' OOBEMHBIMA €/[MHUNIAMY KUJKOCTH?
5. t — @(t), eciim p(t) — yroj MoBOpoTa Koji€éca BOKPYT OCH

B MOMEHT BpeMeHH 1? e
6. r — V(r), ecnim V(r) — 00BEM mapa pajuyca r?
7. h — V(h), ecim V(h) — o06BEM TeNla, OCTaBLIETO-

Csl TIOCJIC CPE3aHMs «KPBIIKM» BBICOTHI A C 1mapa pajamyca »?

8. h— S(h), ecnim S(h) — nuomwa/ib NOBEPXHOCTH, OCTAB-
HIEHCS! TI0CIIE CPE3aHMsl «KPBIIKKAY BBICOTHI /A co cepbl pajmy-
ca r?

9. ¢ — S(p), ecim S(¢p) — IIIOWANL KPUBOJIMHEHHOTO
CEeKTOpa OT ocH abcuucc 10 HanpaBJicHUs ¢?

10. ¢t — d(t), ecim d (1) — paccTosiHUE 10 Hayajia KOOP/H-
HaT OT JABVDKYIIEHCS IO TUIOCKOCTH TOYKHA B MOMEHT BpeMEHH (?

11. x — U(x), ecim U (x) — moTeHNMaNbHAs] SHEPTHSI TIPY>KHU- v
HBI, PaCTSIHYTOM /IO [JIMHBI X? C’%

12. t — M(t), ecyim M(t) — mokasaHusi >IeKTpocuéTunka (B ,~d(D
KMJIOBATT-4acax) B MOMEHT BpeMeHH ! (B yacax)? o

13. t — Q(t), ecim Q(f) — 3apsij| KOH/ICHCATOPAa B MOMEHT BpeMeHH (?

14. g — U(q), ecim U(q) ecth moTeHIMabHAsi SHEPIUsl KOHJICHCATOPA,
3apsHKCHHOTO 3apsioM g?

15. 3anummre (B Buje HHTErpala) MIOMA/(b «KPUBOJIMHERHOM Tpanenum» Mo
rpadMKOM HEOTPHULATEJILHON (DYHKIMHU [ MEX/y BEPTHKAJISIMH X = a U X = b,
a TaKXKe JUIMHY (KPUBOM CTOPOHBI» 3TOW Tpamelumy;

16. ...00BEM, 3aMeTacMBIil 3TOI Tpanenyell py BpallcHAM BOKPYT OCH a0-
cIucC;

b
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17. .. .Bokpyr ocu opaunar (cumraem, uro 0 < a < b);
18. ... MOMEHT CHJIBl, BO3HUKAIOIIEH, €ClIM 3Ta Tpalelus C/eJlaHa U3 OJHO-

POIHOTO JINCTa INIOTHOCTH p (Macca Ha €AWHUILY IUIOIIAA) M JaBHUT Ha XECTKYIO
HEBECOMYIO OCh abCLCC ¢ IAapHUPOM B HYJIE.

19. Kak naiitm ¢opmyinsl Juisi o6bEMa Iapa W KOHyca, CYATasi M3BECTHOMU
TJIoNa b Kpyra?

20. 3anuimTe 1JI01Ia/b IIOBEPXHOCTH BpAlleHus! KpUBO# y = f(X) Ha oTpeske
a < X < b Bokpyr ocu abeuuce. Kax Haifti muiomazs cepsl ¢ IOMOLIBIO 3TOM
dopmybI?

21. 3anuumTe B BUJE MHTErpajla MOMEHT MHEPLUH OJHOPOJHOTO CTEP)KHS
JUIMHBI | ¥ IJIOTHOCTH p NIPU BPAICHUM BOKPYI OCH, HEPICH/MKYJISIPHON CTEpPX-
HIO ¥ IPOXOJSIIEH YEPE3 €ro KOHEL, ¥ HANJAWTE 3TOT MHTETPAJL.

104. BprunciieHue HUHTEIPaJIoB

Hanomuum, uto nepeoobpasHoil (HeonpedenéHHbIM uHmezpaiom) GpyHKuum
f masbiBacrca GyHKUMS g, Mg KoTopoit g' = [ (io6as u3 Takux (pyHKUmiA).
Yacto a5 nepBooOpa3HO# UCTOJB3YIOT 0603HAUeHHE g (X) = f f(x) dx.

1. Borunciimre unTerpatist: (a) [ x” dx npu n # —1; (6) f%; (8) [ a* dx;
(r) [sin kx dx.

2. ®opmysa nuddepennupopanus npomsseacnus (fg) = fg' + gf’ (nasa
nuddepennupyeMbix GYHKIUA f, g) HO3BOJISET BHIUMCIUTE (HEONpeesIEHHBIN)
uHTerpan or fg', ecan msBecren unterpai or f’'g. (a) 3anmmmre COOTBETCTBY-
omyio gopmyily (uHmezpupogarue no 4acmsim):

/f(x)g'(x) dx = .. ./g(x)f’(x) dx.

(6) Boruncure muterpan [ xe™ dx ¢ nomousio 310l opmysibl (M IPOBEphTE
orser Juddepenumpoannem). (B) Ta e 3ajaua i [ x cos x dx (r) 3anummre
¢opMyJly MHTETpHpPOBaHUSI TI0 YACTSIM JUIsl ONpPE/ICIICHHBIX MHTCIPaJIoB (cCUmTasi,
gyro ¢yHKIMA f, g HenpepblBHO AuG@depeHINPYEMbl Ha HEKOTOPOM HMHTEpBAJIC,
coJiepKanieM Touku a u b):

b b
/ f)g' (x)dx=... / [ (x)g(x) dx.

(1) BelumciiTe MHTErpa f13 x In x dx.

3. (a) Iyets fo,...,fn B Go,--.,9gn — IBE HOCIENOBATEIBHOCTH UUCEII.
3anmummTe «IUCKPETHBIM BapHaHT» )OPMYJIBI MHTCTPHPOBAHNS 110 YacTsIM (Hasbl-
BaeMBlil Takxe npeobpasosanuem Abens):

3

filgi—gi-1) = ... igi(fi+l - fi)-

Il
—

1
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(0) Bprumcymre cymmy Z}OZOO i2' ¢ nomompio npeobpazoBanus AGeds.

4. BblunCINTE MHTETPAJIBL:

(@) [ x2In3xdx; (6) [x%cos2x dx; (8) [sin® x dx; (r) [ xarcigx dx.

5. Iycts I'(s) = [, xSe ™ dx. (PopMaibHO MHTeTrpai [, OUpPEACISETCs Kak
npened fON npu N — o0.) (a) Beuncimre I'(0), T'(1) u I'(2). (6) Boipasure
I'(s+1) gepes I'(s). Tlouemy pynxuuio I'(s) cunraior o6o6menneM gakropuana?

6. Ilycrs I, = fo’r/ 2sin" x dx. (a) Boluucsmrte I,,, Beipasus I, uepes I, 5.
(6) 3ametus, uro Iy > I; > L, > ..., noxaxure ¢popmyny Bannuca

2 _ ﬁ (1_1)
L 4K2 )"

IMomumo ¢opMyIIbl TPOU3BOAHON IPON3BE/ICHNS, IPU MHTETPUPOBAHMY CIIE/y-
€T IOMHUTB O (hOpMYJIe JiJisl TIPOU3BO/IHOM KoMno3uimu: ecim h(t) = f(g(1)), To
W (t) = [f'(g())g' (1), — unrtas €€ «cupaBa HaJEBO» U HPEJCTABJIAA NObIHTE-
rpanbHOE BhIpaxkenne B Buje f'(g(t))g' (1) nist HeKOTOpBIX 1 HEepeHIMPYEMBIX
dyskmit [ u g (3ameHa nepemeHHOI).

7. BblunciiuTe MHTETpalbl:

(a) fxe”‘2 dx; ©) [ l“T"dx; (8) [(2x +3)'%dx; (r) [sin(2x + 3) dx.

8. Jlokaxwure, uyTo

w/2 1
/ f(sin x) cos x dx = / f(t)dt
0 0

JU1s1 IPOU3BOJILHON HENpEphIBHOM Ha orpeske [0, 1] pynkuum.

9. (Ilponospkenue) . .. JUlsl NIPOU3BOJIBHONM mMHTerpupyemoit Ha [0, 1] dpyHk-
LIAH.

10. Beuncinre [ e* sin x dx.

11. (MockoBckast osiumnuaza, 1997) Beruncimre uHTErpal

/2
/ (cos?(cos x) + sin®(sin x)) dx.
Jo

105. EBkJM/I0BBI MPOCTPAaHCTBA

[Tycts Ha BekTOpHOM mpoctpaHcTBe V 3ajaHo ckansproe npousgedenue, TO
€CTh /Ul JIIOOBIX BEKTOPOB V M W 33/1aHO 4HCIIO (V, W), U BBIIOJIHEHBI TaKUE
CBOWCTBA:

e (v,v) > 0, mpuuém (v,v) = 0 b npu v = 0 (HEOTPULIATEJILHOCTS);

e (v,w) = (w, V) (CHMMETPUYHOCTD);
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o (u+v,w)=(u,w)+ (v,w); (u,v+w)=(u,v) + (u,w);
(Au,v) = (u, Av) = A(u,v) (OMIMHEHHOCTS).

B 3TOM cityuae roBOpsT, 4To Ha V 3azaHa CTPYKTypa e8KIud08a npoCcCmpaHcmad.

1. (a) IIpoBeppTe, UTO TH CBOWCTBA BBIIOJIHEHBI [JIs1 OOBIYHOTO CKAJISIPHOTO
MIPOU3BEJICHNUS HA IIJIOCKOCTH M B IIPOCTPAHCTBE (IIPOM3BE/ICHUE [UIMH BEKTOPOB
Ha KOCHMHYC yrjia Mexzy Humnm). (0) TIpoBepeTe, U4TO 3TH CBOMCTBA BBIIOJIHCHBI,
ecim B R" onpenennTts CKajsipHOE NMPOM3BE/ICHUE TIO (POpMyJIe

Xty ooy Xn)s Dy e s yn)) =X+ %0+ ..+ XnYn

(cranjapTHOe CKallsipHOe IpomsBezieHne B R™).

2. 3akoHuMTe oIpejesieHus: (a) ABa BEKTopa B €BKJIMJIOBOM IpOCTpaHCTBe V
HA3bIBAIOTCSI OPMIO2OHANBHLIMU, WA NEepNeHOUKYNsSIpHbIMU, €CIH. . . ; (6) onu-
Holl BexTopa v (0603HauYeHME: ||V||) B €BKIMIOBOM NpocTpaHcTBe V' HasbiBaeTcst
YUCIIO. . .

3. Copmyampyiite u pokaxure meopemy Ilughazopa: ecim Bexropsl u u v
€BKJIMJIOBA IPOCTPAHCTBA IEPIEH/IMKYJISIPHBI, TO CyMMa KBaJIpaTos. . .

4. Mlycts e # 0 — BeKTOp B €BKIMIOBOM TpocTpancTBe E. (a) IMokaxu-
Te, 4To Jo6oi BeKTOp X € E eJIMHCTBEHHBIM 06pa3oM IIpe/CTaBJIsIeTCS B BHIE
CyMMBl X = U -+ V, Ilc U IPOIOPLHOHAJICH €, a V IEPIHCHIUKYJIpEH e. Bek-
TOP U HA3BIBAIOT MpOeKyuell BEKTOpa X Ha IPsIMyIO, IOPOXKIEHHYIO BEKTOPOM €.
(6) dokaxure, 4T0 U — GIEOKAWIIMI K X BEKTOp JTOM HpsMOiA, a ||v|| — pac-
CTOSIHAE OT X JIO 3TOM IPSIMON.

5. (a) Hokaxwure, 9TO JuIsl JIIOOBIX JIBYX BEKTOPOB U, V €BKJIMJOBA HPOCTpPaH-
CTBa BBIMOJIHEHO HepaBeHCTBO |(u, v)| < ||u]|-||v||. (6) 3akonunre onpenesenne:
yenom MEXHIy ByMsl BEKTOPaMH €BKJIA/IOBA IIPOCTPAHCTBA HA3bIBACTCS apPKKOCH-
HYC. ..
6. Jlokaxmwure, 94TO (a) B2 HEHYJICBBIX OPTOTOHAJIBHBIX BEKTOPA HE MOTYT OBITh
IIPOIOPIMOHAJIBHEL; (0) HEHYJICBBIC IIOINAPHO OPTOTOHAJIBHBIC BEKTOPHI JIMHCHHO
HE32BACHMBI.

7. (a) JoxaxuTe, 4TO B KOHCYHOMEPHOM €BKJIUJIOBOM IIPOCTPAHCTBE Cyllie-
crByeT 6a3uC U3 NONAPHO OPTOIOHAJIBHBIX BEKTOPOB. (YKa3aHUE: HAYHUTE C HPO-
M3BOJILHOTO 0asuca M KOPPEKTUPYHTE BEKTOPHI IO ouepenu.) (0) okaxute, 4TO
B KOHCYHOMEPHOM €BKJIA/IOBOM IIPOCTPAHCTBE CYLIECTBYET OPIMOHOPMUPOSAHHDI
6a3uc (6asuc, BEKTOPbl KOTOPOTO MOMApHO OPTOTOHAJIBHEI M MMEIOT CAMHUYHYIO
uiMHY). (B) BblunciiTe CKajsSipHOEC IPOM3BEJCHUC JBYX BEKTOPOB, UMCIOLIMX B

OPTOHOPMMPOBAHHOM Ga3MCe KOOPAMHATBI (X1, ..., Xn) U (Y1, ..., Yn). (1) Ho-
Ka)XWTE, 4TO €ClK €], ..., e, — OPTOHOPMHPOBAHHBbIA 0a3uC, TO KOOPAMHATHI
BEKTOpa vV B 3ToM 0Oasuce cyTh (v, e1), ..., (v, e,).

8. PaccMoTpuM IIpOCTpaHCTBO HENPEPHIBHBIX (DYHKIMI Ha OTpe3Ke [—m, ).
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(a) Iokaxute, uro gopmyia

1 ™
f,g) = =/ f(x)g(x) dx

33/1a€T HAa HEM CKAJISIPHOE IPOU3BE/ICHUE.

(0) INokaxwure, uTo pyHKIMH 1, sin X, cos X, sin 2x, cos 2x, . . . IONapHO OPTO-
TOHAJIBHBI.

(8) TokaxwuTe, 4TOo TH (PYHKIMU JIMHEHHO HE3aBUCUMBI (T.€. HUKaKasl WX
KOHeuHasl NWHEHHAs KOMOMHANKS HE paBHA HYJIO).

9. (a) Ykaxute B R” (co cTan/japTHBIM CKaJIsipHBIM HPOM3BEICHUEM) BEKTO-
PH! X1, ..., Xn+1, OOpasylolye MONAPHO TYHBIE YIIIBI (T.€. C OTPULIATCIILHBIMU
CKaJISIpHBIMH TIpom3BezicHusiME). (0) JlokakmTe, 9TO €ciiM B HEKOTOPOM €BKJIU-
JIOBOM IIPOCTPaHCTBE BEKTOPHI Xj, . . . , X;+1 OOpasyloT NOMApHO TYIIbIE YIJIbl, TO
JIo0ble 1 U3 HUX JIMHEHHO He3aBuCHMBI. (OTCIola CleyeT, YTO B Ipe/blIylleM
TIYHKTE HEJb3d 3aMeHUTh 11 + 1 Ha n + 2.)

106. Pa3Hple 3a/1aun BCTYNMTEJIbHBIX 3K3aMEHOB

1. Heckojibko TpsIMBIX Ha
IJIOCKOCTH IIEPECEKAIOTCS B OJI-
HOH Touke. JlokakuTe, 4TO reo-
METPAYECKOE MECTO TOYEK, CyM-
Ma pacCTOSHMA OT KOTOPBIX
[0 OTHX TIPsSIMBIX TOCTOSIHHA,
€CTh I'PaHMIIA BBITYKJIOT'O MHOTO-
YTOJIbHHKA.

2. PasjnoxuTre MHOrOYICH
x1® + x° + 1 B npomssenenne
JByX MHOTOYJICHOB HCHYJICBBIX
cTeneHel ¢ nesbMu Koddhunn-
CHTaMH.

3. MuoxectBo M B IIPOCTpaHCTBE TAKOBO, YTO €TI0 OPTOrOHAJIbHASI IPOCKISI
Ha HEKOTOPYIO INIOCKOCTh — TPEYTOJIBHHK CO CTOpOHaMH 3, 4, 5, a OpTOroHallb-
Hasl IIPOEKLIMsI Ha HEKOTOPYIO JIPYIyIO INIOCKOCTh — Kpyr. Kakum moxer ObiTh
paaumyc 3TOoro Kpyra?

4. B npocTpaHcTBe 3aJjaHa TOYKa, BCE KOOPAMHATBHI KOTOPOH PAallMOHAJIBHBI.
Mosno s Haiith cdepy, KOTopasi IPOXOAUT 4Yepe3 3Ty TOUKY M HE COINCPKHUT
JPYTUX TOYEK C PallMOHAJBHBIMHA KOOpAWHATaMuU?

5. Ha miockocTn J1aHbl HECKOJIBKO OKPY>XHOCTEH, KOTODBIE ITPOXOIST UYepes3
OIHYy TOYKYy M MMEIOT B 3TOH TOYKE OOINyIo KacaTellbHyIo. JloKaXkuTe, 4TO Haii-
IETCsl IyTa OKPY>XKHOCTH, KOTOpas IepecekaeT BCE 3TU OKPY>KHOCTH B Pa3JIMYHBIX
TOYKax I1oj yriom 30°.
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6. YKaxure 9ucna ai, . . ., digo, 151 KOTOPBIX
1 __ @ n ar Q100
x+D)(x+2)-...-(x+100) x+1 x+2°77 x+100°

7. UsBecTHO, uTO ypaBHeHue b + ax = sinx umeer n pemenuit. CKOJIBKO
pELICHU MOXKET UMETh ypaBHeHUe b — ax = sin x?

8. lanb! /1Ba KBaJIpaTHBIX TpExXwiIeHa p(x) U g(x) ¢ ueibMu Koddduimenra-
MH, IPUHUAMAIONIE NP BCEX X MOJIOXKUTEJIBHBIC 3HAUCHUSI. MOXET JI1 MAHAMYM
(110 BCEM BELICCTBEHHBIM X) WX OTHOLICHHMSI OBITH PaBHBIM: (a) V22 (6) 34+2v2?
(B) 3—2V2?

9. Haiijure reoMeTprueckoe MeCTO TOUEK, U3 KOTOPBIX MOXKHO IIPOBECTH JIBE
KacaTeJIbHble K TapaGosie y = X2, TepeceKaloluecs Mojl IPsMBIM YTJIOM.

10. TMapa6osny y = x? mopepHysiu Ha 90° OTHOCHTEJILHO HEKOTOPO# TOUKH.
OkasaJioch, YTO IOJIy4YEHHAs! NapaboJia IEPECEKACT UCXO/HYIO B UETBIPEX TOUKAX.
Jloka)kuTe, YTO OHHM JIeXKaT Ha OJHOU OKPY>KHOCTH.

11. Ha nnockocty HapucoBali mapaboly y = X
C nomombio IUPKYJIsl ¥ JIMHEWKA BOCCTAHOBUTE OCH.

12. Koneuno mim GeCKOHCYHO MHOXKECTBO HATYPAJIbHBIX UHCEIl 71, JJisl KOTO-
PBIX B uHClia 1 U N -+ 1 KaX/blil IPOCTOH MHOXKUTEJIb BXOJAUT B CTEIICHH BBIILE
TiepBoit?

13. Penmre B nesbix uncnax ypasuenue x2 + y? + 22 = 2xyz.

14. [okaxwure, 9To Jyist JOOBIX a, b, ¢ > 0 BepHO HEPABEHCTBO

a + b n c >§
b+c c+a a+b” 2

2 a ocH KOOpIMHAT CTEpIIN.

15. Ha kakyio HauGouibLIyIO CTENCHb JiBOiKM aenutcst (kK + 1) - ... - (2k)?

16. Jlokaxkute, 9YTO €CIIM B TETPA3/pe CyMMBI IIPOTHUBOJICKAMKX PEGEP PaBHHI,
TO CyMMBbl IIPOTHBOJIEXAIIMX [BYI'PAHHBIX YIJIOB PABHBIL.

17. lokaxute, uTOo B TeTpasape R > 3r.

18. JlokaxxuTe, 4TO €cCiii Bce OUCCEKTPHUCH TPEYTroJIbHUKA MEHBIIE 1, TO €ro
mwiomas Menbine 1/+/3.

19. Moxer Jm B ceucHHH NapalulclicNuNe/ia INIOCKOCTRIO TOJY4UThCS TIpa-
BUWJIBHBIA TSITHYTOJIBHUK?

20. ITocrpoiiTe KBajpaT MO YETBIPEM TOUKAM, IPUHAICHKAIIIM €I'O CTOPOHAM.

21. TIpocTpaHCTBEHHBI UYETHIPEXYTOJIBHUK KacaeTcsi mapa. Jlokakurte, 4TO
YeThlpe TOUKM KacaHWsl JIeXaT B OJHOM IJIOCKOCTH.

22. JIokauTe, 9TO €CIM YETHIPEXYTOJIbHUK SIBIISIETCS BIVMCAHHBIM M ONKMCAH-
HBIM, TO €r0 ILIOLIA/(b PaBHA KOPHIO U3 IIPOU3BE/ICHUS! JUIMH €r0 CTOPOH.

23. Jlokaxxute, 4To sin 10° He SBIISIETCS pallMOHANIBHBIM UYHCIIOM.

24. [1anbl OTpe3KH, [UIMHBI KOTOPBIX CyTh @ U b. [locTpoiiTe OTpe30K NJIMHBI

(@) (Va+vb)*; (6) Va* + b*.
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25. Haiiute HamGounbiee 3naucHne dynkmum y = x'/4 4+ (1 — x)1/4,

26. ITocTpoiiTe YEeTHIPEXYTOJBHAK 110 YETHIPEM CTOPOHAM ¥ CPE/HEH JIMHUM.

27. Moxuzo jm npeacraButh cymmy (xy)2%° + 1 B Bujie npomsseienus JByx
MHOTOYJICHOB IOJIOKUTEJIFHON CTETICHN?

28. Vpapuenus x2> + p1x +q = 0 u x>+ ppx + ¢ = 0 He uMeOT
JCACTBUTEJIBHBIX KOPHEH. MoKeT Jiu MMeTh JCACTBUTEJIbHBIC KOPHU YpPaBHEHUE
X+ |p1+plx/2+ |+ /2= 0?

29. Bpiuuciure:

(a) 1g(tg1°) +1g(1g2°) + ... 4+ 1g(1g89°); (6) Ig(tg1°) - ... - 1g(tg89°).

30. Yepes naHHYIO TOUKY IPOBEIUTE NPSIMYIO, OTCEKAIOIYIO OT JIaHHOTO yIJia
TPEYTOJIBHUK JIAHHOM TIJIIOMIA/IN.

31. PemmunTe ypaBHEHUS:

(a) sin” 10° +cos” 10° = 1; (6) sin'® x -cos® x = 7/8; (B) sin” x+sin> x =
= cos’ x + cos? x; (r) x% + 2xsin(xy) +1 = 0; (n) 3" + log,n = 10;
(@) V107 ++/107 +x = x; (k) x2+x%/(x+1)?> =1; (3 x*" = n, rue
ncN.

32. UsBectHo, uTo ab = 4, 2 +4d? = 4. [Tokaxurte, uto (a—c)>+(b—d)?
He MeHblie 1,6.

33. B BomyxiioM uetsipexyroyisiuke ABCE AB = CE. Yepe3 cepeluHBI
JMaroHajieil IMpoBe/icHa MpsiMasi (Cepe/iMHbl He COBMA/AIoT). JlokakuTe, 4TO 9Ta
npsiMasi o6pasyet ¢ npsimbivu AB u CE paBHble YIJIBL.

34. JumHbI 110CIIE/I0BATEIIBHBIX CTOPOH BBITYKJIOIO YETHIPEXYTOJIBHUKA PABHBI
a, b, c u d. Jokaxwure, uto S < (ac + bd) /2.

35. Jlanbl TpU OKPY’>KHOCTH IOIAPHO HE PaBHBIX PaZinycoB. JlOKaXkure, 4To
TOYKHM IIECPECCUCHMsI [Iap BHEIIHUX KACATEJIbHBIX JICKAT HA O/IHOM IPSIMOM.

36. Memmanst AH, BE, CM tpeyrosnbanka ABC oTpaXXeHbl CUMMETPUYHO
ornocuresibHo ero ouccekrpuc AK, BP, CT coorserctBenHo. J[okaxure, 4TO
TIPSIMBIC, COZIEPXKAIME MOJyYCHHbBIE OTPE3KH, NEPECEKAIOTCS B O/IHOM TOUKE.

37. Jlokaxkute, 4TO €CJIM CyMMa JIByX 4YuMce] OoJiblle 2, TO CyMMa UX TpHUHa-
JIIATBIX cTeneHei Gospie 2.

38. TloJp3ysCh TOJBKO JIMHEHKOM, MPOBEANTE KACATEIILHYIO K JJAHHOH OKPYX-
HOCTH M3 TOYKH BHE OKPY>KHOCTH.

107. EBkiM/I0BBI IPOCTPAHCTBA: pa3Hble 3a/1a4

1. llycte W — nonnpocTpancTBO KOHCYHOMEPHOTO EBKJINJIOBA IPOCTPAHCTBA
V. (a) Jokaxure, 4o Jo6oit BeKTOp v € V eMHCTBEHHBIM 00pa3oM IpelCTaBUM
B BUJC CyMMbl Vv = W + w, tie w € W, a w' oproromajien BceM BeKTOpaMm
m3 W. (6) JlokaxuTe, UTO BEKTOPbHI, OPTOTOHAJIBHBIC BCEM BEKTOpPAaM IIOJIIPO-
crpanctBa W, 00pasyloT HEKOTOpOe TOINPOCTPaHCTBO (0Go3Hauacmoe W) m
gto (W)t = W. (8) UYemy paBna dim W+, ecm m3sectonl dim W = m n

3adauu 2003 — 2004 200a (11 knacc) 147

dim V = n? (r) dokaxure, uro Jiio6oit oproroHaibHbii Gazuc B W MoxHO J10-
TIOJIHUTE JI0 OPTOTOHAJIBHOTO Gasuca B V.

2. TlokaxxuTe, YTO B MPOM3BOJIBHOM EBKJIMJIOBOM MPOCTPAHCTBE CyMMa KBa-
JIpaToOB JUIMH CTOPOH MapajulesiorpaMMa paBHA CyMME KBaJIpaTOB JUIMH €TO Jiua-
TOHAJIEH.

3. Ompenenure B HPOM3BOJIBHOM €BKJIMJIOBOM IIPOCTPAHCTBE «PACCTOSIHHCH
MC)KZly IlByMﬂ TOYKAMU (BCKTOpaMI/I) U OKaAXHUTEC HCpaBCHCTBO TpcyFOJl])HI/IKa.

4. Kak ¢opMyJMpyIOTCsl ¥ BEPHBI JI aHAJIOTH TEOPEMbl KOCHHYCOB ¥ TEOPEMBI
CHHYCOB JIJIs1 IPOM3BOJIBHOTO €BKJIM/IOBA IPOCTpaHCTBa?

5. Tlpm xakux yclioBHsIX Ha uucyia a, b, ¢, d B JIByMECpHOM IIPOCTPaHCTBE C
Ga3ncoM e, f MOXXHO BBECTH CKAJISIPHOC TPOM3BEICHHUE, JIJISi KOTOPOTO

(e,e)=a, (e, f)=b, (fiey=c, (f,f)=d?

6. B R? (¢ 0GBIYHBIM CKAJISIPHBIM NIPOM3BE/ICHMEM) 33/IaHbI J{Ba BEKTOpA €, f .
IMokaxkute, YTO ONMPENCIUTENH MATPHUIIBI

((e, e) (e,f)>

ey L)

(a) meorpumnaresieH; (0) paBeH KBa/ipaTy IJIOIA/M HapajljleJiorpaMMa, HaTsSHYTO-
roHa e u f. (B) Chopmyiipyiite u JIOKaXXUTE€ aHAJIOTMYHOE YTBEPXK/ICHUE JList
Tpéx BekTOpOB B R3.

7. B R? 3anano jBa CKAJISIPHBIX IPOU3BEZCHUS: O0OBIYHOE M elIE ofHO. JloKa-
XKWUTE, 4TO HAWAETCS Gasuc, BEKTOPHI KOTOPOI'O OPTOrOHAJIBHBI B CMbICIIE O0OHX
CKAJISIPHBIX IIPOU3BEICHUA.

8. (a) Crpokm 2 X 2-MaTpumiBl 06pasylOT OPTOHOPMUpPOBaHHbI Gasuc B R2.
JlokaxkuTe, 4TO €€ CTOJIONHI TakXke 00pa3yloT OPTOHOPMHUPOBaHHbI Ga3uc. (0) Ta
JKe 3ajja4a JUIsl 1 X n-MaTpull.

9. (a) IMokaxurte, YTO €ciM BEKTOPHL €, . .., €, CBKINI0BAa IPOCTPAHCTBA
OPTOTOHAJIEHBI M UMEIOT €[MHUYHYIO JUIMHY, TO JUlsl JIIOOOTO BEKTOpa X BBINOJ-
HeHo HepaseHcmgo beccens

(x,e)’ + ...+ (x,e5)” < (x, X).

(6) TlokaxuTe, 4TO 3TO HEPAaBEHCTBO OOpamacTcsi B PaBEHCTBO, €CIIM BEKTO-
pH ey, ..., e, obpasyloT Gasuc. (B) IIpuMeHsII 3TO HEpaBEHCTBO K (PyHKIIMM
f(x) = x Ha [—7, w] ¥ K OPTOrOHANBHBIM (PYHKIMSIM X +— Sin 71X, HOKaXWTE,
4TO

8

1

5 < w2 /6.
L n

n

(r) ﬂOKa)KI/ITe, YTO 3TO HEPABCHCTBO Ha CaMOM [ICJIC SIBJISIETCSI PaBCHCTBOM.
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108. JluHeiiHble peKyppeHTHbIE COOTHOLICHHUS

[MocnenoBarenpnocts OuboHaYuM 3aJa€Tcsl ycyoBUsIMA ag = 1, a1 = 1,
ap =ay,_1+ap_,upun > 2.

1. PaccMoTpuM Bee MOCIIE/10BATEIIBHOCTH, Y/IOBJICTBOPSIOLINE OCJIC/HEMY pa-
BEHCTBY (a IepBhIC [iBa ulleHa — JoOble). (a) Kak Hy>xHO Takue moclenoBaTellb-
HOCTH CKJIaJIbIBaTh ¥ YMHOXKaTh Ha YKUCJIO, YTOOBI IOJY4UTh BEKTOPHOE IIPOCTPaH-
ctBo? (0) KakoBa pasMepHOCTB 3TOTro HpocTpaHCTBa? (B) YKaKUTe KaKOH-HUOY/Ib
6a3uc B 3TOM IPOCTPAHCTBE.

2. (Ilponoskenme) (a) Haiizmre kakylo-HHOY/Ib TE€OMETPUYECKYIO TIPOTpPEC-
cuio (TOCIIEIOBATENBHOCTE d, ag, aq?, . . .) B 3TOM TpocTpaHcTe. (6) Ykakute B
5TOM IIPOCTPaHCTBE 6asuc, COCTOSINNUI U3 reoMeTprueckux nporpeccuii. (B) Haii-
aute sBHyI0 popmyiy st uncen dubonawun. [OTBET COACPKUT CTECHEHU 30JI0-
TOI'0 CECUCHHS.]

3. PaccmoTpuM Tenepb peKyppeHTHOE COOTHOIICHUE A, = 2d,_1 — dp_p U
BCE TIOCJIC/IOBATENIBHOCTH, €My yzoBlleTBopsiomme. (a) KakoBa pazmMepHOCTB 1Ipo-
CTpaHCTBa, MU obpa3yemoro? (6) Ykaxurte Ga3uc B 3ToM mpocTpancTse. (B) Haii-
qute popMydly, BRIpaXKalollylo a, 4epe3 ao U a;. (r) EcTb m B 3TOM IIpocTpan-
cTBe 0a3’yC M3 TEOMETPUUCCKUX NPOrpecCHit?

4. (ITpopoisoxenue) Ta ke 3aja4a Julsl IOCIICAOBATEIILHOCTEH, yIIOBJIETBOPSI-
IOIAX COOTHONICHUIO d, = 3a,_1 — 3an_2 + a,_3.

5. Hanmmmte pekyppeHTHOE COOTHONICHAE, KOTOPOMY YIOBJIETBOPSIIOT BCE TO-
CJIEJIOBAaTCIIHOCTH BUJa a, = P(n), rne P — MHOTOWICH CTENCHU HE BHIIIE K,
U TOJIBKO OHHU.

OOGluee onpeesicHIe: TOCIIE/I0BATEIIBHOCTD dg, d1, . . . YO08Nemeopsem nu-
HellHOMY peKyppeHmHOMY COOMHOWleHUlo cmenenu k, ecnu 1pu Bcex n > k
BEPHO PaBEHCTBO

an=cap1+ ...+ cran—i,

rie ¢; — (PUKCHpPOBAHHBIC UHCIIA.

6. JlokaxxuTe, 4TO TIOCJIC/IOBAaTEIIBHOCTh (¢ YJOBJIETBOPSIET JIMHEHHOMY pe-
KyPPEHTHOMY COOTHOIICHHIO HEKOTOPO# CTEIIEH! TOT/a M TOJIBKO TOT/ia, Korza eé
cupurn «, o', @”, ... quHElno 3aBucuMbl (@' — 3TO NOCIENOBATENLHOCTL (L,
C/ABUHYTasl Ha CMHULY BJICBO, C 0T6p0]_l_lCHHI>IM HYJICBBIM ‘-IJ]CHOM).

7. ®ukcupyeM HEKOTOPOE PEKyppeHTHoe coorHouienue crenenu k. Kakosa
PasMEpHOCTh IPOCTPaHCTBA IOCIIECIOBATCIIBHOCTEM, €My Y/IOBJICTBOPSIONINX?

8. TeomeTpuueckasi Iporpeccrsi CO 3HAMEHATENIEM ¢ Y/IOBJIETBOPSIET PEKYp-
PEHTHOMY COOTHOIICHHMIO TOT/Ia M TOJIBKO TOT/la, KOTZIa g SIBJISIETCSI KOPHEM He-
KoTOporo MHorowieHa. Kakoro? (31oT MHOrOWIEH Ha3bIBAaCTCs XapaKkmepucmu-
4eCKUM MHOTOUJICHOM PEKYPPEHTHOTO COOTHOIICHUSI. )

9. JlokaxuTe, 4TO €CIIM XapaKTEPUCTUUYECKIA MHOTOUJICH HE MMEET KPaTHBIX
KOpHEH, TO B IPOCTPAaHCTBE pEUICHUI (=IOCJIEN0BAaTEILHOCTEN, YIOBICTBOPSI-
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IOIWX COOTHOIICHMIO) €CTh 0a3uC W3 TCOMETPHUUCCKUX Iporpeccuil. (YkasaHue:
TeOMETPUUYECKUE MPOTPECCUN C Pa3HBIMU 3HAMEHATEJISIMU JINHEIHO HE3aBUCHMBL. )

10. [loxaxwute, ecii UYTO ¢ — KpaTHBII KOPEHb XapaKTEPHUCTHUECKOTO MHO-
roujiena (To €CTh XapaKTEPUCTHUCCKUI MHOTOWIEH JieyuTes Ha (X — q)2), To He
TOJIBKO TIporpeccust d, = q", HO W MOCJIEJIOBAaTEIIBHOCTE d, = ng" ynoBIETBO-
psieT PEKyppEeHTHOMY COOTHOLICHHMIO. (YKa3aHWE: KpaTHBI KOPEHb €CThb KOPCHB
IIPOM3BO/IHON MHOI'OYJIEHA.)

11. JIns npou3BOJIBHOTO PEKYPPEHTHOTO COOTHOLIECHUS YKa)XXUATE Oa3uc B IPo-
CTPAHCTBE €TI0 PEMICHMI (BCEX MOCIENOBATEILHOCTEN, €My Y/IOBJIETBOPSIOLINX),
€CJIA M3BECTHO PasJIoXKEHHE Ha MHOXMWTENN XapaKTE€PUCTHUECKOTO MHOTOUJICHA.

12. Ykaxwure sBHYIO GOpMYJly JUlsi M-TO WIEHA HOCieAoBaresbHocT {ay },
€CJI M3BECTHO, 4TOo a9 = 1, a1 =3, ap =9 u a, = S5a,,_1 —8a,_» + 4a, 3
mpu n > 3.

13. Ykaxwure siBHyI0 GOpMyJly Julsi M-TO 4JIEHA TOCieaoBaTeNbHOCTH {ay },
€CJIi M3BECTHO, 4TO

@a=1,a=1ua,=a,1+ap»+11upu n > 2

® a=1,a=1na, =2a,1—ap»+11upn n > 2.

109. Iliomamm

ITockosbKy OfHOH M3 LEJIEH STOro JIMCTKA SIBJISIETCSl CTPOIOE OIIPE/CIICHUE
ILJIOIIA/ |, TO IIPH PEIICHNUH 33/1a4 HE CJIE/lyET CChUIAThCS HA MHTYUTUBHOE IIOHSTHUE
momaay (U3 Kypca reoMETpUH).

[lycts naHo HekoTopoe MHOXecTBO X (mampumep, mpsmMas R mim mioc-
kocth R?). CeMecTBO % €ro MOJIMHOXKECTB HA3BIBAIOT MOMYKONbYOM, SCIIH:

e nepeceucHne A N B iio6bix Byx MHOXECTB A, B u3 .F npunayiekur . ;

e pasHocts A\ B moGbix Byx MHOXeCTB A, B m3 % npejcraBuma B BUJE
KOHCYHOTO OOBC/IMHCHHSI HEIICPECEKAIOIINXCS. MHOXECTB 13 % .

1. (a) [dokaxure, 4TO NPOMEXYTKH (OTPE3KH, MHTEPBAJIbl, MIOJyHHTEPBaJIbI)
Ha TpsIMOii 00pasyloT nonykolsLo. (0) JlokaxkuTe, 4TO «IIPSMOYTOJIBHUKAY (TIpO-
U3BEJICHNUS TIPOMEXYTKOB; MX 16 BHJOB B 3aBUCHMOCTU OT TOTO, KaKue Kpasi
BKJIIOYAIOTCs1) 00pas’yloT IOJIYKOJIBLIO Ha IJIOCKOCTH.

2. (a) Hokaxurte, 9to s JiioGoro moiiykojibla % o0wenuueHue A U B
mo6bIx JBYX MHOXeCTB A, B € % npencraBuMo B Bujie OObCAMHCHAS HEllepece-
KaIOIMXCsl MHOXECTB M3 MoJIyKoJbla. (0) Jlokaxure, 9TO 7ist JIIOOBIX MHOXECTB
A, B, C w3 noustykosibuia pasnocts A \ (B U C) npejicraBuMa B BUJIE KOHEYHOTO
00be/INHEHNS HENepeCeKaloIUXCsl MHOXKECTBA U3 TIOJIYKOJIbLA.

Bepen u Takoit o6mmii ¢axr:

3. Mycts Aq, ..., A, — MHOXCECTBA IOJIYKOJIbIIa (BO3MOXHO, MEPECEKAIO-
muecst). Toraa cymecTByeT Takoil HabOp NOIAapHO HETIEPECEKAIOIMXCSl MHOXKECTB
B, ..., B, m3 monykoiislia, 9T0 JiIoGoe A; e€CTh OOBEIMHCHNE HEKOTOPHIX W3
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MHOXeCTB B;. [Ykazanue: paccyx/iasi 10 UHJYKIIUK U J100aBiisist A,, MBI J0JIK-
HBI JI0pa3ouTh umerouuecss B; u 106aBUTh HEJJOCTAIOIKE. |

ToBopsT, 4TO Ha MOJIYKOJIBIIC F 3ajlaHA Mepa [i, €CIM KaKIOMY MHOXECTBY
X € .7 mocraBiicHO B cOOTBETCTBHE Ynciio (X ), IpH STOM:

e 4(X) > 0 nusa yoboro MHOXeCTBa X W3 % (HCOTPUIIATEIIBHOCTS);

e ccii MHOXKECTBO X TIPEJICTABIICHO B BUJIE KOHEYHOTO OOBC/MHCHUSI HEITE-
pecekaromuxcs MHOXeCTB Xi, ..., X; (gamuce: X = Xj U Xo U ... U Xy), 1o
(X)) = p(X)) + ... + u(Xy) (a0dumuenocmy).

4. (a) [okaxurte, 4TO JUIMHA IPOMEXYTKA (pacCTOSHUE MEX/ly KOHLIAMHU)
SIBJISIETCSL MEPOI Ha IOJIyKOJIbIIE TIpOMEXyTKOB. (0) IIpuBemuTe emE HECKOJBKO
TIPUMEPOB MEp Ha TOJIYKOJIBLIC MPOMEXYTKOB. (B) JoKaXXHMTe, 4TO MOXXHO HOJIY-
YUTh MEpPy Ha TOJIYKOJIbIE NpPSIMOYTOJIbHUKOB, CUMTasi MEpOil NpsIMOYroJIbHUKA
TIPOM3BE/ICHAE JUIMH €TI0 CTOPOH (IIPOMEXYTKOB-COMHOXKHTEIICH).

5. PaccMOTpHUM MOJIYKOJIBIIO % C MEpOit [.

(a) Hoxkaxwure, uro ecim A C B nust muoxkects A, B € %, 10 p(A) < p(B).

Jokaxwure, uto eca Ay, . .., A,, B € %, 10 (6) mpn AjUALL. . .UA, C B
BEPHO HEPABEHCTBO (A7) +. . .+ u(A,) < u(B); (B) mpu B C AJUAU. . .UA,
BepHO HepaBeHCTRO i(B) < p(Ay) + u(Ay) + ... + u(Ap).

6. (a) lokaxuTe, 4TO Mepa f Ha MOJIYKOJIbIIC IPOMEXYTKOB, OINpE/ieIIEHHAs
KaK pacCTOSIHME MEX/y KOHIIAMH, CYEMHO-a0OUMUGHA, T. €. €CIIN TIPOMEXYTOK |
€CTh CYETHOE OOBCIMHEHUE HENepeceKalonmXxcsi MpoMexyTkoB I, L, I, . . ., To
wu(l) paBrO cymme psajga Y pu(ly). [YkasaHme: eclim OTPE30K NOKpBIT CYETHBIM
YUuCJIOM I/IHTCpBa.HOB, TO MOXHO Bbl6paT]) KOHCYHOC HOZ[IIOKp])ITI/IC.]

(6) Tot xe BOIPOC JUIsl IOJYKOJIbLIA IIPSIMOYTOJIbHUKOB U PACCMOTPEHHOM Ha
HEM Mephl (IIPOM3BEICHHS CTOPOH).

CemeiicTBO ., cocTosINee U3 TOJIMHOXECTB HEKOTOPOTO MHOXKecTBa X, Ha-
3BIBAIOT KO/ILYOM, €CJIH TIepeceucHne, OObEIMHCHIE U PA3HOCTH JIIOOBIX JIBYX MHO-
KECTB U3 & NpUHAJIEKAT 7 .

7. (a) Besxoe ym Koublo siBIsieTCst oJykodibioM? (6) [Nokaxkure, uto ecim
F SIBJISICTCS MOJIYKOJIBIIOM, TO CEMEHCTBO 7, COCTOSIIIEE U3 BCEX KOHEUHBIX 00b-
C/IMHCHAN MHOXKECTB M3 . , ABJISICTCsL KOJIBIIOM. (B) ITokaxkmte, uTo JiloGas Mepa
Ha TIOJIYKOJIBIIC % OJHO3HAYHO MPOJIOJKACTCS /IO MEPHI Ha KOJIBIIE Z . (310 3Ha-
YWT, YTO CYIIECTBYET U €IMHCTBEHHA Mepa Ha Z, KOTOpasi COBNAJIAET C UCXOAHOM
Mepoil Ha MHOXKECTBaX M3 MOJIYKOJIbLIA. )

Hampumep, MOXHO TPOJNOJDKUTH HMOCTPOCHHYIO HaMuM Mepy (IIpOM3BENCHHC
CTOPOH) C TIOJIYKOJIBIIA MPSIMOYTOJIFHUKOB Ha KOJIBIIO X KOHEYHBIX OOBC/IMHEHUIA
(Takme oObeHEHMSI MBI OyJIeM HasbIBaTh CHIyNeHYambiMu MHOXeCTBamn). Tem
CaMbIM MBI ONpPEACIWIN IUIOMA/b CTYIICHYAThIX MHOXECTB, HO OTOTO Majlo —
HU KpyT, HU TPEYTOJIbHHUK HE SIBJISIOTCS CTYNEHYAThIMH, M HYXXCH CIIEAYIONIHii
1ar.
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[lycts puKCMPOBaHO HEKOTOPOE MHOXKECTBO X, KOJIBLIO F' €ro IOIMHOXKECTB
7 Mepa (4 Ha 3TOM Kouiblle. (OCHOBHOM IIpAMep: INIOCKOCTh, CTYNICHYAThIe MHOXKE-
CTBa ¥ ONpE/CICHHAs Ha HUX IUIOMab.) OnmieM KOHCTPYKIMIO, PacIlUpSIONIyIO
F o Gosbero KoJiblia ¢ MEpoii U HasbIBaeMyIo npodondceruem no XKopoaHy.

Jlnst mpomsBosibHOTO MHOXecTBa A C X paccCMOTpHM Bce IIOZIMHOXECTBA
E C A m xombna u ux Mephl 4 (E). Tounyio BepXHIOI TpaHb 3THX Mep (BO3MOX-
HO, -+00) Ha3BIBAIOT GHyMpeHHel Mepoil JKopdaHa MHOXecTBa A U 0003HAYAIOT
pi(A).

8. Kak onpenenmts grewnioro mepy Kopoana Muoxectsa A? (Ona o6o3Ha-
vaercst p*(A).)

9. Hokaxwure, uro p.(A) < p*(A) nis moboro Muoxecrsa A.

10. ITycts MHOXECTBO A coziepxuTcst B MHOXKecTBe U, KOTOpOE IPHUHAIIEKHUT
kouiblly. Jokaxure, uro p*(A) = p(U) — p. (U \ A).

Eciz BHe1HsIs1 1 BHYTPEHHSISI MEPBI PaBHBL ¥ KOHEUHBI, TO UX 00lIee 3HAYCHHUE
HasbIBAIOT Mepoii JKopoaHa jaHHOTO MHOXECTBA, 2 CAMO MHOXKECTBO HA3bIBAIOT
usmepumvim no Kopoany.

11. 3akonunre ¢pasy: «muoxectBo A C X mmepumo mo XXopuany torzia
W TOJIBKO TOr/a, Koraa juis Jiwoboro € > 0 Haijyrcst mHOXectBa B u C m3
koJyblia F', st koropeix B C A C C n.. .».

12. Mokaxwure, yro M3mMepumbie o 2KopJaHy MHOXeCTBa 0OpasyloT KOJIBIO
(nepeceuenne, OOBECAMHEHNE M PA3HOCTh M3MEPUMBIX MHOXKECTB M3MEPHMBI).

13. (Ilponosokenue) . . . u 9Tto Mepa JKopaHa Ha 3TOM KOJIbIIC HEOTPHLIATEIb-
HA W aJINTHBHA.

14. KaxoBa BHeIIHsisl 1 BHYTPEHHsIS Mepa (2) MHOXKECTBA PallOHAJIBHBIX TO-
yek Ha oTpeske [0, 1]? (6) «xaHTOpoBa MHOXecCTBa» (umcia Ha oTpeske [0, 1], ko-
TOpBIE MOTYT OBITh 3aNMICAHBl OECKOHEYHBIMU TPONYHBIMY JIpobsiMu 6¢3 1iudppsl 1).
(B obomx ciyuasix pacCMaTpUBACTCs CTAaHIAPTHAS Mcpa Ha MPSIMOW.)

IMTpoBepum Teneps, uTo Mepa 2KopjaHa Ha IJIOCKOCTH oOJajiaeT CBOMCTBaMU
IJIOINA/ M, YKA3aHHBIMHU B yYcOHHUKAX T€OMETPHUH.

15. JIoxaxuTe, 94TO Ha IJIOCKOCTH (@) TPEYroOJIbHUKK m3Mepumbl; (0) kpyru
U3MEPUMBL.

16. Jlokaxwute, 4TO Ha INIOCKOCTH OTPaHUYCHHOE MHOXECTBO A M3MEPHMO IO
7Kopnany Torzna u ToJBKO TOTZa, KOT/Zla BHEIHSISI MEpa MHOXKECTBA €T0 TPaHUYHBIX
TOueK paBHa HyJo. (I paHuuHas mouka MHOXeCTBa A — 3TO Takasi TOUKa, B
J060M OKPECTHOCTH KOTOPOIi €CTh W TOYKA MHOXKECTBa A, W TOUKM He m3 A.)

17. (a) Hoxaxure, uTo m3mepumoe 1o JKopiaHy MHOXECTBO Ha IJIOCKOCTU
OCTaéTCsl M3MEPHUMBIM IIpH TapaJlJIcJIbHOM IIEPEHOCE M Mepa €ro HE MCEHSIETCSI.
(6) Tot xe BOIpOC ISl CHMMETPUN OTHOCUTEJIBHO BEPTHKAJIBLHON MJIM TOPHU3OH-
TaJbHOM ocu. (B) ToT >xe BONPOC /IS LEHTPAJILHON CUMMETPUM.

Bonee croxen Bonpoc Jig HOBOPOTA.
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18. (a) dokaxure, 4TO JUlsl OIPSIMOYIOJILHOTO TPEYT'OJIbHUKA C KaTeTaMu, Ia-
paJlICJIBHBIME OCSIM Koop/auHAT, Mepa Kop/iaHa paBHa IOJIOBHHE HPOU3BEICHUS
KaTeToB. (0) JlokakuTe, 4TO Mepa €JMHIMYHOIO KBajjpaTa IpH JIIOOOM MOBOPOTE
ocTaércsi paBHO# eauumue. (B) Jlokaxute, yTo Mepa JII0OOTO IPsSIMOYTOJIbHUKA
TIpu JII060M MOBOPOTE OCTAETCsl PaBHOI NPOM3Be/IcHAIO ero cTopoH. (T) [lokaxw-
Te, uTO JI0boe m3MepuMoe 1o JKoprany MHOXECTBO OCTAaETCsl M3MEPUMBIM TIPH
NIOBOPOTE M MEpPa €ro HE MEHSETCs. [Yka3aHue. MOXHO pa3OuTh NOBEPHYTHIN KBa-
JipaT Ha TPEYTOJIBHUKU W TO/ICYMTATh WX mUiomaau. Jlpyroit cnoco6: ecnm Mepa
€IMHIYHOTO KBa/ipaTa, MOBEPHYTOTO HA JIaHHBIN YroJl, paBHa Cc, TO Mepa Jobo-
TO TIPSIMOYTOJIPHMKA M BOOOIIE JII0GOr0 M3MEpEMOTO MHOXKECTBA IIPH IIOBOPOTE
TaK>Ke YMHOXAaeTcst Ha ¢. Ilpumep Kpyra nokaseiBaer, uro ¢ = 1.]

Taxkmm 06pa3om, BCe CBOWMCTBA TJIOIIA/IM M3 MIKOJIBHOTO Kypca TEOMETPHH J10-
Ka3aHbl.

19. Mycrs f : [0,1] — R — meoTpunatensHas orpanndeHHas ¢ynknus. Io-
KauTe, 4To f MHTErpupyema 1o Pumany Torza M TOJIBKO TOTZa, Korja e€ moj-
rpaduk (MHOXKECTBO Beex map (X, ), it kotopeix 0 < x < 1m0 <y < f(x))
u3MepuM 1o 2KopjiaHny, U MHTErpajl paBeH Mepe 3Toro MHoxecrBa. (TeM cambiM
MHTYWTHBHOE ONNMCAHWE MHTETpajla CTAHOBUTCSI TEOPEMOIA. )

20. Tokaxkute, 9TO eciim MHOXecTBa Ag D Ay D ... D A, D ... U3MEPUMBI
no JKopzany m ux nepecedeHne mycro, To p(A;) — 0 mpm i — oo,

21. Hokaxwute, yTo Mepa XKopziana Ha NpsIMOI WJIM IIJIOCKOCTH CYETHO-aJl/1u-
THBHA: €cjin MHOXecTBO A, mmepumoc 1o XKopzany, ects 0ObeiMHEHNE HETlEpe-
cexarommxcsi m3mMepumeix 1o XKoprany muoxectB A;, 10 (A) =5 p(A;).

BaxkHo, uTO MBI 3apaHee npeanoJiaraeM, 4ro A namepumo no JKopaany: cuér-
HOE OOBEIMHEHAE M3MEPIMBIX MHOXKECTB MOXKET He ObITh N3MEPHMBIM, JI2)KE €CIIH
Ps/L U3 MEP CXO/UTCHL.

22. IlpuBeauTe NpUMEp TaKUX MHOXECTB.

3TOT HEJIOCTATOK YCTPAHEH B ONpECIICHAN MEpHI 1o JleGery, K KOTOpOMY MBI
U TIEPEXOIVM.

[ycTh TaHO MHOXECTBO X M KOJIBLIO % €ro TMOJMHOXECTB CO CUETHO-aJIN-
THBHO#M Mepoit p. MuoxkectBo N C X HasbiBaeTCsl HY/1€8bIM, €CIH JUIsl BCSKOTO
€ > 0 cymecrtByer ero nokpeitne X C Ay U Ay U. .. MHOXecTBamu A; € F ¢
> /J,(A,) < €.

Bouiee obuiee onpejelienue: gepxteil mepoii [i(N) Ha3pIBacTCsl TOYHASI HUAX-
Hsisl TPAHb BEJIMYUH ) 1(A;) nus Beex Takmx Mokpbitiid. (OHa ompenelieHa Jist
JII000T0 MHOXKECTBa, HO MOXET OBITh OCCKOHEYHOIA. )

23. (a) [okaxure, yTOo CYETHOE OOBEIMHEHUE HYJIEBBIX MHOXECTB (OTHOCH-
TEJIFHO JIJAHHOM MEPHI HA JJAHHOM KOJIBIE MOJMHOXECTB JIAHHOTO MPOCTPAHCTBA)
sBIsgeTcsl HyJeBbIM. (0) [lokaxure OGoJiee oblliee yTBEpX/CHUE: BEPXHSS Mepa
00BeIMHEHNS (CUYETHOTO YHCIIA) MHOXKECTB HE NIPEBOCXOIMT CYMMBI psifia U3 HX
BEPXHHUX Mep.
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24. JIoKkaXXuTe, 9TO BEPXHASA MEPa MHOXECTBA S W3 KOJIBIA & COBIAMIACT C
(M3HavaJIbHO OmlpeneNEHHON) Mepoit (4(S) ATOro MHOXECTBA.

T'oBopsT, uTo MHOXECTBO A C X usmepumo no Jlebezy, ecnm aJis BCSIKOTO
€ > 0 MOXHO €-IPUOJIM3UTH €r0 MHOXECTBOM M3 %, TO €CTh CYIIECTBYET TaKOE
SeZ, a0 p(AAS) < e.

Juist m3mepuMbix 110 JleGery MHOXECTB MOXHO onpe/ieints mepy Jlebeza xak
TIpe/iesl Mep NpUOIIDKAOIIX X MHOXECTB.

25. JlokaxkuTe, 4TO 3TO OIPEICIICHUE KOPPEKTHO (IIpejeJl MOCJIE/I0BaTEIIbHO-
CTH Mep NpUOIIMKAIOIUX MHOXKECTB CYHIECTBYET M HE 3aBHCHT OT BHIOOpa 3THX
MHOKECTB).

26. [lokaxute, uTO OOBEIMHCHUE, TICPECEUCHAEC M PA3HOCTh M3MEPHMBIX IO
Jlebery muoxectB m3mepumsl 1o JleGery.

27. JlokaxxuTe, YTO HYJIEBBIE MHOXXECTBa — 3TO B TOYHOCTH M3MEPUMBIE TIO
Jlebery MHOXecTBa, uMmelomue Mepy 0.

28. Jlokaxxute, 4To eciim A; — IOCJIE/I0BATEIbHOCTh M3MepuMbIx 1o JleGery
MHOXKECTB W PsiJi U3 HX MEP CXOIUTCS, TO OOBCIMHCHHE BCEX A; H3MEPUMO IO
JleGery.

29. (ITponoikenne) JIoKaXkUTe, UTO €CJIM B YCJIOBUSIX TPEABILYINEH 3a/1a4n
MHOXecTBa A; He IepeceKaloTcsl, To Mepa UX oOBbeIMHEHUs! paBHA CyMMe psja
W3 UX MEp.

EcCTecTBEHHO CHPOCHTh — a MOXET OBITh, BCSIKOE MHOXKECTBO (CKa)KEM, Ha
npsimoit) m3mepumo? Oka3bIBacTCsi, 4YTO HET (BO BCSKOM CJlydyae, €CJIU NPHUHSITH
aKcHOMY BHIOOpA).

30. Bynem HaspIBaTh /(BA YMCIIA X ¥ Y DKBUBAJICHTHBIMM, €CJIM UX Pa3HOCTh
y — X paumoHaybHa. (a) Ilokaxkute, 4TO BCe JCHCTBUTEIIBHBIC YHMCIIa pa3OHMBa-
IOTCSl Ha HETIEPECEKAIOIUECS «KJIACChl SKBUBAJICHTHOCTH» (YMCJIa OJHOTO KJlacca
TIONIAPHO AKBUBAJICHTHBI, Pa3sHbIX — HET). (0) BeibepeM B kax/10M Kilacce MO O
HOMY IIpE/ICTaBUTENIO, Jiexkamemy Mexay O m 1 (mouemy 3TO BO3MOXKHO?); OHH
00pa3syloT HEKOTOpPOe MHOXECTBO .S. [AkcroMa BBIOOpa Kak pa3 M MO3BOJISIET pac-
CMOTPETh TaKOE MHOXKECTBO.] [IoKaXkUTe, 4TO MOXKHO MOKPHITH BCIO MIPSMYIO CUET-
HBIM YHCJIOM C/IBUTOB MHOXecTBa S. (B) BriBenmte orciona, 4to MHOXeECTBO S
He siBisieTCsl HyJieBbIM. (I) IlokakmTe, 94TO CYETHOE YHCIIO HEIEPECEKAIOIUXCs
CIIBUTOB MHOXKECTBA .S HOMEIAIOTCSI BHYTPh HEKOTOPOIo oTpeska. (A) Bememure
OTCIO/ja, YTO MHOXECTBO S HE MOXET ObITh M3MEPUMBIM U UMETh HOJIOXKUTEIIbHYIO
Mepy.

31. Mycts A C R? — mysneBoe MHOXeCTBO. JIOKaXuTe, 4TO €r0 CeveHus
Ax = {y | (x,y) € A} sBuAIOTCS HyJICBBIMH MHOXXCCTBaMH JJIsl BCEX X, KPOME
TIONA/JAIOIMX B HEKOTOPOE HYJIEBOE MHOXECTBO.

32. JlokakuTe, 4TO MHOXECTBO 4ucell oTpeska [0, 1], He conepxamux B Jie-
CATUYHON 3amucH rpymms! nudp 12345, mamepumo mo JleGery, m HaiauTe €ro

Mepy.
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33. Ta xe 3azaya /ist MHOXECTBa yucell orpe3ka [0, 1], y KOTOpbIX cpejiHee
apudpMeTHUeCKOE IEPBHIX 1 PP JECATUUHOM 3anmcy cTpeMurcs k (a) 3; (0) 4,5.

34. CymecTtByeT Ji1 m3mMeprMoe 110 JleGery MHOXKecTBO X , KOTOpPOE B KaXKJIOM
OTpE3Ke UMEET MOJIOBUHHYIO MEPY, T.€. JUis JIo00ro oTpeska I BBHINOJIHEHO pa-
BeHcTBO (I N X) = p(l)/2?
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3Kx3ameH 3a 11 kiacc

OxzaMeH 3a 11 kyacc npoBojmiics o nporpamme «MaTIIKoJIBHUK» (CM., Ha-
npuMep, [5]). 3Kk3aMeH cOCTOsI1 U3 NMUCBMEHHOM W YCTHOW YacTell; Ipe/iCTaBJICHUE
0 BOMpPOCAX M 3a/la4aX YCTHOW YACTM MOXXHO TOJIyYMTh W3 TIPOTpaMMbl «Mat-
IIKOJILHYUKY, 33/1a4¥ TMICEMEHHON YacTH OBUIN TAaKVMMU:

1. IIpuBeuTe npuMep JByX IEPECTAHOBOK T U O, KaXK/asl U3 KOTOPBIX UMEET
MOPSIJIOK 2, a UX KOMIIO3ULusl 0 o — nopsifiok 7. (Ilopsok mepecTaHOBKA @ —
MHHHUMAJIBHOE #1, TIpA KOTOPOM (" €CTh TOX/IECTBEHHAsI ICPECTAaHOBKA. )

2. Boozs mpomén mo npsmoii 1 kM, moBepHyJI Ha 60° IPOTHB 4aCOBO# CTpeJI-
KM, Ipowés no npsiMoit 1,/2 kM, moBepHyJi Ha 60° IPOTUB YaCOBOM CTPEJIKH, IIPO-
wéi o upsimoit 1/4 kM u Tak jlasee (Kax/(pli CJIEAYIOUMA OTPE3OK IyTH BIBOE
Kopoue mpeapymero). Ha kakoe paccTosiHMe OT HayaJlbHOW TOYKM YAAJICHO €T0
TIpe/iesIbHOE TOJIOKEHUE?

3. (a) Cxkoubko 0o0IMX (KOMIUJIEKCHBIX) KOPHEH NMEIOT ypaBHEHUS 7%6_1=0
u z*¥ +1 = 0? (6) Haiiure HanGONbIIMiA OO CIIATEIh MEOTOWICHOB 226 — 1
n z*° + 1 (MHOTOUJIEH HaMOOJIBbIIEH CTETICHH, HA KOTOPHIA OHM 00a JCIATCS).

4. OGo3HaunM Yepe3 S; CUMMETpHIO OTHOCHTENbHO mpsivoii [. Kakume 3Ha-
YEHMsI MOXKET IPUHUMATH YroJl MEXJy OpsMbiMEA [ ¥ m, €CiiM U3BECTHO, YTO
S;oSno0S8S08S,08 =8Sn08 08,08 08,?

5. Hokaxwute, uro Bektopsl (1,0,0,0,0), (0,1,0,0,0), (0,0,1,0,0),
(0,0,0,1,0), (0,0,0,0,1) ocTanyTcs JIMHEHHO He3aBUCHMBIMA B R, ecim 3a-
MCHHTH HyJIM Ha JIIOObIC YMClia, HE mpeBocxo/sume o Moxayio 1/1000.

6. Jlokaxwure, 4TO M3 JIIOOBIX MSATH BEKTOPOB €BKJIM/IOBA MPOCTPAHCTBA MOX-
HO BbIOpaTh /IBa, JUIMHA CYyMMBI KOTOPBIX HE OOJIbIIE, YEM JUIMHA CyMMBl TPEX
OCTaBIIMXCS.

7. Myers P(x) = x(x — 1) ... (x — 100). [Tokaxkure, 4TO MHOXECTBO BCEX
TOueK X, Jyuis koropbix P'(x)/P(x) > 1, sBisercss oObEIMHEHUEM KOHEYHOTO
YHCJIa HEMEPECEKAIONIMXCSl MHTEPBAJIOB, M BBIUNCINTE CyMMY JUIMH 3THX MHTEp-
BaJIOB.

8. Haiiute pasMepHOCT M yKaXXUTE KaKoW-HUOYb Ga3nc HaMMEHBIIETO MOJI-
npocrpancTsa, cojepxamero Bekropsl (1,0,0,—1), (2,1,1,0), (1,1,1,1),
(1,2,3,4), (0,1,2,3) B R4,

9. JokaxuTe, YTO KOMIIO3UIAS JIByX BO3PACTAIONINX BHITYKJIBIX BHA3 (DYHKIIIA
C JICHCTBUTEJILHBIMI apryMEHTaMU M 3HAYCHUSIMU BBIIIYKJIa BHU3.

10. [lokaxxute, 4TO B JIOOYI0 OKPYXXHOCTh MOXHO BIHcaTh 100-yroJibHUK,
BCE CTOPOHBI U JIMATOHAJIM KOTOPOro UMEIOT MPPaliOHAJIbHYIO JIJIMHY.

11. TlonoxuM X = a u Xp41 = f(X,), tne f(x) = 2x — x2. Ipu kakux a
9Ta MOCJIEIOBATEIFHOCTh CXOAUTCS W YeMy PaBeH e€ mpeaen?

12. Joxaxure npunyun Kasanvepu nist m3mepumsix no XKoppany duryp:
ecny Jiobasi TOPU3OHTalIbHAsl MpsiMasi IepecekaeT JBE U3MEpUMBIE (PUTYpHI IO
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PaBHBIM OTPE3KaM, TO MEpbl 3THX (PUTYp PaBHBI.

13. Mycts f: R — R — HenpepbiBHas (pyHKIWSI, IPUHAMAIOMAsl W TI0JIO-
JKUTEJIBHBIE, U OTPUIIaTEJIbHBIC 3HAUCHUs. J{oKaXuTe, 4yTO HaWJETCsl apudpmeTn-
Yeckas nporpecenst a < b < ¢, nus xoropoit f(a) + f(b) + f(c) =0.

14. Ilycts aj — 4YKCIIO 3HAKOB B JICCSATHUYHOM 3aIlCH YHCJIA 7k, Haiigure
npejiedl 1oCjie/I0BaTeIbHOCTH ay / k.

15. Ykaxkure nepBoobpasHylo yHKLIUH X — m

16. UssectHo, uTO PsAjl Y ; @; C NOJIOKUTEJILHBIMY UjleHaMu pacxoaurcs. Jlo-
Ka)XUTE, 9TO dp41 > dp /2 npu GECKOHEYHO MHOTHX M.

l'[onmeprIe JICKITMH 110 MAaTCMAaTHKC

OOBIYHO pelleHus 3a-
Jlad IIKOJIPHUKU HE 3ald-
CBIBAIOT, OOCYXJasi MX C
TIpeno/iaBaTeIsIMA Ha Ypo-
kax. YToObl y HUX HaKal-
JIMBAJIC W JIPYrod OIBIT
(BmanucaHue CBSI3HBIX MaTe-
MATHYCCKUX TCKCTOB, IIO-
HIMAHUE U SICHOE W3JIO-
JKCHMEC YCJIBIIIAHHOIO peC-
3yJibTaTta), Mbl BpeMs OT
BpeMeHM (HE dYalmie pasa
B HE/EJIO) paccKasblBalld
UM KaKOW-JmOOo MaTeMa-
THYECKHUA CIOXKET C TeM,
9To6Bl OHM TIOTOM IIpH-
HECJIM TIMCBMEHHOE W3JIO-
JKCHHME paccKa3aHHoro. B
9TOM pa3jielic Mbl IPHUBO-
WM TEMBl TaKWX JIEKIIMA
(C KOMMEHTApHsIMH).

2001 —2002 rox

Teopema Oiniepa B — P + I’ = 2, e npuMeHeHne K /I0Ka3aTCIIbCTBY HETIA-
HApHOCTHU TpadoB.

2002 —-2003 rox

[MenTaronanpras TeopeMa Siepa. (KonmuectBa pa3bueHmii 7 Ha YETHOE YM-
CJIO Pa3JINYHBIX CJIATAEMBIX M HAa HEYETHOE UYHCJIO PA3JIMYHBIX CJIAaTacMBIX PaBHBIL,
€CJIN N HE SIBIISICTCS MSTHYTOJIHBIM YMCJIOM M OTJIMYAIOTCSl HA €JIMHUIly WHAUC).

Axcromarmuecknit MeTon (B IByX 4acTsax). (OmmMOKHM B TeOMETPHYECCKUX JIO-
Ka3aTeJIbCTBAaX. AKCHOMBI abeJieBO TPyNIbl M CIIC/CTBUS U3 HUX.)

Yacro ym BcTpewaroTcs npocteie uncia? (PacxoamMocTs psina m3 oOpaTHBIX K
TIPOCTBIM UHCJIaM, TIPOCTEHUINNE CIICCTBUSI U3 3TOro (hakTa.)

10-ammueckue uwncna. (Ompenenenue, apuMeTHUECKHE ONEpaluy, pelleHHe
ypaBHeHHs X2 = X.)

CyMMBI cTeneHelt 1 Haxoxk/ieHue miomajei. (Ilnomanes nox rpagukoM QyHK-
mm y = x* wa otpeske [0, 1] paBna cTapmemy kodddunuenty cymmer 1€ 2% +
+ ...+ n* xax MHOTOUNEHA OT 1. BBumCIICHME 3TOro KO3(dUIMEHTA. )
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[Mudaroposs! Tpoiiku. (Onucanue Beex Mu@aropoBblx TPOEK € MIOMOLIBIO CTe-
peorpaduUccKoil IPOSKIIK OKPYKHOCTH Ha TIPSMYIO. )

HwmssionktHOe oOBenmuenue urp. (Mrpa «Hum». Hum-cymma. ®dynknmonan
Mnpara —I'panau ¥ aHaJIM3 NO3UIMH B JU3BIOHKTHOM OOBEIMHEHUU UIP.)

I'padbl Ha noBepxuoctsix. (IIpaBuibHBIE MHOTOTPaHHUKU Ha cpepe 1 Ha Tope.)

Teopema IMackais. (Jloka3arenanCTBO C IOMOIIBIO TEOPEMBI besy 0 MHOXECTBE
o0IMX HyJIeH [IByX MHOTI'OUJICHOB.)

Cucremsl JimHEWHbIX ypaBHeHui. (OHOpO/HAsI CHCTEMA, T/IC YHCIIO YPaBHE-
HHMI MEHBIIE, YEM YHCIIO HEM3BECTHBIX, IMECT HETPUBHAJIBHOE PEIICHHE. )

OcHoBHast TeopeMa anreOpsl. (JIoka3aTeJbCTBO C IIOMOIIBIO IOHSATHS HHICKCA
KpuBoi — «/lama ¢ cobaukoii».)

2003 —-2004 roa

Konbl u nepasencrso Kpadpra —Makmminiana. (Ilpedukcubie xozabl. JlinHbI
h, ..., Iy xOnOBBIX CJIOB (JIBOMYHOTrO) HPEe(PUKCHOTO KO/ YIOBJICTBOPSIOT HEpa-
BEHCTBY 2-h 4ol 42k <1)

OusnuecKnil MasITHUK: Kak 3allACaTh YpPaBHEHUE /IS HETO U KaK €r0 YUCIIEHHO
peuiats (JioManble Oijepa).

JIByCTOpOHHHE pPHIHKH. (YCTOiumBBIC (CTaOMIIBHBIC) MAapOCOYCTaHHs. AJITO-
PUTM IOMCKA YCTOHYMBOIO IAPOCOYETAHMS. )

Teopust urp. (Unctele n cMemannble crpaTeruu. Pasnosecue Hoina.)

Teopema ®epma iisi MHOTOUJIEHOB. (Jl0Ka3aTeNLCTBO C IMOMOLIBIO TEOPEMBI
Meiicona — CroTTepca (0 CBSI3M UMClia Pa3JIMYHBIX KOPHEH U CTENEHEH MHOrouJie-
HOB f, g, h, nuis kotopeix f = g+ h) u Ge3 He€ (B Jiyxe HEBEPHOTO JIOKa3aTElb-
CTBa /ISl LEJIBIX YUCEJI, UCIOJIB3YIOLICTO Pa3JIOKECHUE HA MHOXUTEIIN).)

Koupl, ucnipasiisifonme onmbku. (3aziaua o Kojie, UCIpaBJisiioieM k ommuboK B
CJIOBaX JUIMHBI 1 ¥ niepezatoineM s 6uros. Ipumep: (X, y) — (x, X, y, ¥, X Dy) —
KOJMPOBaHNE JIBYX OUTOB ISITHIO C MCHIPaBJICHAEM OJ(HOM ommOKu. BepxHss onen-
ka 2" /(n+1) juis ynciia pa3iinyHbIX COOOUICHMIA IIPU KOJMPOBAHUM C UCTIPABIIC-
HUeM onHo# ommbku. Kox XemmuHra, nocrurarommii 5TOH ONECHKH, W YKJIAJKa
wapos. [loctpoeHue koza ucuepnbiBaHUEM (BBIOOP TOUKM BHE YXKE MOCTPOCHHBIX
11apoB).)

Ontponus n Teopema lllennona s kanana ¢ mymoM. (OnpejeicHue 1 3J1e-
MCHTAapHbIE CBOMCTBA B3aMMHOH HMH(OpMaLUM Ul Iapbl CJIy4YalHBIX BEJIMYUH.
OG6miee onpe/iesieHUE MPOIYCKHOM cOCOOHOCTH KaHaia ¢ myMoM. Teopema Illen-
HOHA O MaKCHMAJIBHOM CKOpPOCTH mHepefaun MH(pOPMAlUK 10 JIBOUYHOMY CHMMe-
TPUYHOMY KaHaJly C IIyMOM.)

Koneunsle mosig. (KosuecTBo 3J1eMEHTOB B KOHEYHOM TI0JIe — CTENEHb IIpo-
ctoro uncna p. CymectsoBanue ToJieit u3 p? u p* snementos. JIa myTH JioKasa-
TeJIbCTBA CYILECTBOBAHUS MOJIsl U3 p* DJIeMEHTOB (IO/CYET YKcCila HEIPUBOAUMBIX
MHOI'OWICHOB U M3YyY€HHE II0JISI KOPHEH MHOro4JieHa xP" — Xx).)

N30paHHbIe KypCOBbIe padOThI

[Mpocthie yncia B nporpeccun ak + 1

Anekcannp Bypsik

Teopema 1. IIycms a > 1 — cpukcuposannoe namypansHoe uucno. Tozoa
apugpmemuueckas npoepeccusi ak + 1, 20e k > 1, codepacum beckoneuHoe
KONu4ecmeo NpoCmbIx Yucel.

Jloxasamenscmeo. MHorowieH co crapimmM kosdduuueHToM, paBHBIM 1, Ha-
30BEM YHUTapHBIM. KOMIJIEKCHBI KOpEHb X CTE€HNEHW » w3 1 Takoil, 4TO HpH
mobom 1 < k < (r—1) xk # 1, Ha30BEM npuMuUTHBHEIM. Teneps UrpoBoe mnoJje
OIpe/IeJICHO, HAYHEM HTPY.

YTBepxk/icHUsI TeopeMbl ik @ = 1 M a = 2 BBHIBOASATCS U3 TEOPEMBI 0 GECKOHEY-
HOCTH MHOXECTBa IpocThix yucedl. [loaromy cumraem, uro a > 3.

Jlemma 1. Cywecmgyem mHozounen A(x) ¢ yenvimu Koagguyuenmamu, ceo-
000HbIil unen Komopo2o pasen 1, u HamypaibHOe YUCIO dy maKue, Ymo npu
8cex HAMypanvHuIX X npocmbele denumenu yucna A(x), bonvuiue ag, umerom
eud ak + 1.

Ucnosib3yst Jiemmy 1, j0KkaxeM UCXOAHyIO Teopemy. TlocTpouM ajroputm, KoTo-
phlii 110 KOHEUHOMY MHOXeCTBY P 1pocrtbix umuces Bupa ak + 1 ykaxer upo-
CTOE YMCJIO TAKOIO BujA, He npunamjexamee P. CyuecrBoBaHuE TAaKOIro ajro-
pUTMa JIOKaXeT yTBepxKienue teopeMsl. Ilyete P = {p1, pa, ..., pn}. Homno-
KM b = ao! - [17=; pi. Cpemu uucell, KpaTHBIX b, OUCBHIHO, HAWIETCS TaKoe
b, uto |A(b")| > 1. CBoGouusii uwiien Muorowiena A(x) pasen 1, mosTomy
A(b') = 1(mod b'), T.e. A(b') Be nenmrcs Ha 4mCha, SBJSIOIACCS JCIUATENIS-
mu b'. B uwacrnoctn, A(b’) He nenwTcs Ha umcia, He TpeBbINAIME dy. OT-
CIoJla, COTJIaCHO JIEMMeE 1, CIIE/YeT, UTO BCE €r0 MPOCTHIE JIEIUTENN UMEIOT BUJL
ak + 1. Bee mpocThie uncia U3 MHOXKeCTBa P Takxke sSBISIOTCA JeimTelsmu b,
HODTOMY JII060H IPOCTOi jesmTeNb uncia A(b’) He IPUHAIJIEKUT MHOXKECTBY
P. 3naunt, B KaUeCTBE MCKOMOI'O IPOCTOIO YMCIIA MOXKHO B3STh JIFOGOH IIPOCTO#
nesmtesib A(b') (y sToro umciia ecTh MpOCTHIE AeUTeNH, T. K. |A(D')| > 1).

Jloxasamenvcmeo nemmor 1. Ilycts X1, Xp,...,X; — UPAMATABHBIC KOPHH
a-oi crenenn u3 1. OnpenesnuM MHOTOYJICH

t

B(X)=|_|(X—x,-)- (1)

i=1
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Jloka)keM, 4TO OH SIBJISICTCSI UICKOMBIM. Bo-IiepBbIX, Jl0KaXkeM, 4TO €ro koddgdu-
LMEHTH — Ledble uncna. Ilycts ap, aa, ..., 4, — BCEBOBMOXKHBIC JCJIUTEIN
unciia a, Bkimouast 1, Ho uckinoyas a. Ilycrs

Fi(x) = (XHOH(al'lvaizy-"yaik) —1).
1<h<in< . <ig<m

Torna muorousien B(x) pasen

(2)

B(x) = (Xa—l)/ (FI(X)F3(X)F5(X)>

Fy(x) - Fa(x) - Fe(x) - ...

JokaxkeM 3T0. J[oCTaTOUHO JIOKa3aTh, YTO APOOh B CKOOKaX SIBIISICTCSI MHOTOYJIC-
HOM, KOPHHM KOTOPOI'O €CTh BCE HCIIPUMHUTMBHbBIC KOPHHM a-Oi cTeneHu u3 1, npu-
yéM BCE OHM MMEIOT KpaTHOCTh 1. Bce KOpHM ymciuTelsl ¥ 3HAMEHATEIS €CTh He-
TIPUMUTHUBHBIE KOPHU @-O¥ CTENEHN 13 1, IpUYEM MOHATHO, UTO B UUCIIUTEIIC TIPU-
CYTCTBYIOT BcE HENIPUMUTUBHBbIE KOpHH. Hy>XHO /10Ka3aTh, 4TO KPaTHOCTb KaXk/I0TO
KOpHs1 uuciuTeisi Ha 1 GoJibllie KPaTHOCTH 3TOTO )K€ KOPHSI B 3HaMeHaTelle (ecim
YHCJIO HE SBJISICTCS KOPHEM MHOTOWICHA, TO Oy/IcM TOBOPHUTH, YTO OHO SIBIISICTCS
kopHeM kpatHoctH 0). ITycTte ¢ — Kakoii-HuOy/b HEIPUMUTUBHBIA KOpeHb. [lo-
CUUTAEM PaA3HOCTh ¥ €r0 KPaTHOCTH B yuciMTelle U B 3HameHarelie. Ilyete m —
KOJIMUECTBO TAKWX JCJMTENICH d uuciia a, 4ro cd =1. Teneps 3amerum, uTO
MHOXXECTBO KOpPHEHl MHOTOUJICHA xHOM(d1, b ds) _ 1 gpngercs HepeceueHueEM

MHOXECTB KOpHeil MHOrowieno (x4 — 1), (x% —1),...,(x% —1). Orciona
CJle/lyeT, 4TO KpaTHOCTh KOpHsi C B umucimTesie paBHa cymme CL + C3 + ..., a
B 3Hamenatesic paia C2, + C4 + ..., oTkyna pasHOCT, » paBHa
_ 2 3 4 _
F=Cl _C2L4CL—Ct .. . =1,

qTo "1 Tpe6013a.nocr, JIOKa3aTh. qaCTHOG I[ByX yHnTapme MHOT'O4JICHOB C LCJIBIMU
K03 PHULMEHTaAMM — TaK)XXE YHUTAPHBIA MHOTOUJICH C LIEJIbIMU KO3(MPULIMEHTAMI
(3T0 cienyeT w3 BOSMOXKHOCTH BBIUHCIICHUSI YaCTHOTO JICJIEHUEM «B CTOJIOWK»).
U3 storo (pakra m paBeHcTBa (2) cieayer, yro MHOrowieH B(x) umeer nieibie
kod(pdunmentel. Tenepp JlOKaXKeM, 4TO CBOOO/HBIA wieH by MHorowieHa B(x)
pasen 1. U3 paBenctBa (1) mosydaem, 4to

t
by = (—1)"- I_l Xi, Iz Xi, X2, . . . , X — IIPUMHUTUBHBIC KOPHH.
=1
Ho Bce npuMHTHBHBIE KOPHM MOXKHO pa3OHMTh Ha Iapbl CONPSDKCHHBIX, TaK Kak
€ClIn Z — TIPUMHUTHBHBIA KOPEHb, TO Z — TOXC NPUMUTHUBHBIA KOPEHB, NIPUYEM
OTJIMYHBIA OT HEro (€JMHCTBEHHO BO3MOXHBIE JIEHCTBUTENBHBIE KOpHU 1 1 —1
HENPUMUTHBHEL IIpu @ > 3). Ortciona cienyer, uTo by = 1, Tak kak zZ = 1, uro
7 TpeGOoBaJIOCh [J0Ka3aTh. |
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Jlemma 2. [Iycmb muozounenvt C(x) u D(x) ¢ yenvimu xospgpuyuenmamu
83aumuo npocmvl. Toeda cywecmayem HamypanvbHoe YUCIo go, MAKOe YMO
npu n0bom npocmom p > go mHozounenvl C(x) u D(x) He umerom obujux
KOpHell no Mooyinio p.

3aKkoHUMM JIOKa3aTEJBCTBO JIeMMBbI 1, mcmonbsys jiemmy 2. Ilycte hy — Haty-
payibHOE YHCIIO, Takoe 4to npu JioboM 1 < d < (a — 1) u jo6oM 1IpocToM
p > ho muorounens B(x) u x¢ — 1 B3aumno npoctsl o mozymo p. CymecTso-
BaHME TaKOW KOHCTAHTHI CJIC/YET U3 JIEMMbI 2 U Onpe/esieHns MHoroujieHa B (x).
ITycrb Xy — npom3BoJibHOE HaTypajibHOe umciio. Ilpennonioxum, uro B(xg) ne-
JMTCS Ha mpocToe p > Hg. Jluis JIOKa3aTesbCTBa JIEMMBI 1 JIOCTaTOYHO JIOKa-
3aTh, 4yTo p = 1(mod a). Muorowien B(x) penut muorowien x¢ — 1, 3Hauut
X —1 = 0(mod p). [lyctb d — HauMeHblllee HATYPAJIBHOE YHCIIO TAKOE, YTO
xod —1 = 0(mod p). Jlerko Buuets, uto d | a, a 3HauMT @ = d, TaK KaK Ipu
mobom 1 < d < (a —1) muorowriens B(x) u x¢ — 1 ne uMmeror o6umx KOpHeit
1o Moayio p. W3 Maioii TeopeMbl depma crenyeT, 9To X7 1 _ 1= 0(mod p).
3naunt, a = d | (p — 1), 10 ectb p = 1(mod a), 4To M TPeGOBAIOCH JIOKa-
3aTh. O

Jokazamenvcmeo nemmor 2. Tak kak muorowiennl C(x) u D(x) B3aumuo
TIPOCTHI, TO CYIIECTBYIOT Takue MHOrowieHol P(x) m O(x) c panmoHaJbHBIMH
koa(punmentamu, urto C(x) - P(x) + D(x) - Q(x) = 1. (J10 cuenyer u3 To-
TO, YTO JUISi MHOTOWICHOB C PaljiOHaJIbHBIMA KO3 (PUIMEHTaMH €CTh aJlTOPUTM
EBkimzia Haxox/ieHus: Hamboupmiero obmiero aenutens.) Ilycts n — HamMmeHb-
mee obliee KpaTHOE 3HaMEHaTeJlel Beex k0d(p¢uIMEHTOB MHOrowieHoB P(x) u
O(x). TMosoxum Py(x) = n - P(x), O1(x) = n- Q(x). Muorowiensl Pj(x)
u O;(x) yxe umeror nesble K03 UIUEHTb, IPUYEM UMEET MECTO PaBEHCTBO
C(x) - Pi(x) + D(x) - O1(x) = n. TloaToMy nipH JII000M TIPOCTOM p > N MHO-
rowienbl C(x) u D(x) He MOTYT UMETh OOIUX KOPHEW MO MOAYJIO p. 3HAUMT,
B KQueCTBE MCKOMOTO YKCJIa MOXHO B3SITh H. O

UeEpHble u OeJible KIIETKU

AwntoH [lonkomaes

Ilpasuiia urpsl

NMeeTcs kieTyaTasi IIIOCKOCTh, HA KOTOPO! KOHEUHOE UYHCJIO YEPHBIX KJIETOK
(KONMOHUST) M3MEHSIETCS CIIEAYIOIMM 00pa3oM: Ha KaX/IOM XoJie K KaXK/I0i KJIeT-
KE TIPHKJIaJIbIBAETCs JIpyrasi INIOCKOCTh (abnoH) C KOHEUHBIM YHCJIOM YEPHBIX
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KJICTOK TaK, 4TOOBbl OJiHA M3 HUX (OMMeueHHas! KjiemKa) COBMECTHIIIACh C JlaH-
HOM (IaGJIOH MMEET IOCTOSIHHYIO OPHEHTAIMIO), W OIIPE/IEIISICTCSl TOJIOCOBAHNEM
Cpe/lM COCTOSIHMIA JI0 9TOTO XOJia KJIETOK, COBMECTHBIIMXCS C KJICTKaMH I1abJioHa,
KaKoro I[BeTa OyZIeT 3Ta KIICTKa Ha cieAyoleM mare (mo0exX/1aeT IBET IMPOCTOro
GonpmmHCTBa (Goniee 50%): Geliplii Wi YEPHBIH; KOJMYECTBO KIIETOK B IIabJIOHE
HEUYETHO).

Haia ocHOBHast 1ieJib — HAy4MThCsI 110 11aGJIOHY OINPE/IEJIsiTh, CYIIECTBYET JIM
«BeuHash KoHdpurypanms 4€pHbx kietok. (Ecim cymecrByer, To mabion Oynem
Ha3bIBaTh JICUGYUUM.)

BriOop 0TMeuYeHHOH KJIETKH

CylecTBeHEH JM /7151 TOTO, YTOOBI AaGJIOH OBLJI KUBYYMM, BEIOOp OTMEUCHHOM
KJIETKH?

Teopema 1. [lycmb 6 Hekomopom wabioHe OMMeYeHHYI0 KaemKy coenanu
00bruHoOll (cTapasi OTMEUCHHAS KIICTKA), a Opy2yio KilemKy ommemuiu (HOBast
oTMeucHHas1 KJieTKa ). To2da x00 ¢ HO8bIM WABIOHOM eCMib KOMHNO3UYUS X00a
€O cmapbiM WabNIOHOM U NAPAeNbHO20 NePeHoca, Nepesodsuie20 Cmapyio
OMMEUEHHYI0 8 HOBYIO.

Loxazamenscmeo. CoBMeCTUM MIPOBBIE ILIOCKOCTH IO XO/ia U IOCIE XOJa CO
cTapbiM IabsioHoM. CoNocTaBiM KaXK/10¥ KIIETKE BTOPOIi IUIOCKOCTH clled wabno-
Ha — MHOXECTBO KJIETOK, KOTJla OTMEUECHHAsl KJIETKa COBIAJlaeT ¢ JaHHOH. [Ipu-
MEHHMM KO BTOPOil IIOCKOCTH paccMaTpUBacMblii IapajulelibHblil nepenoc. Torja
JUIst KXKJIOTO Cliejla CTapasg OTMEYEHHAsl IEPEHIET B HOBYIO M HOBasi OTMCUYCHHAs
OyZeT oTpaXkaTh pe3yJIbTaT roJIOCOBaHMs (IIOJIOKCHHE MabJIoHa HE H3MEHUJIOCH!).
3Ha4AT, XOJ| CICJIaH 1o IpaBmiaM (T.e. o6pa3 BTOPO#M INIOCKOCTH TIPH NEPEHOCE
YIOBJIETBOPSIET HOBBIM IIPaBUJIaM XO/a). |

Taxum 06pa3oM, BHIOOP OTMEUYEHHOM KIICTKH HA >KMBYYECTh HE BIIHSICT.

Oce/ible MAGIOHBI M KPUTEPUIl HX KHBYYeCTH

Onpenenenne. Oce/UibiM HA308EM WADNOH, Ot KOMOPO2O N100ask KONOHUST HU-
Ko20a He 8blxo0um 3a npedeilbl HEKOMOPO2O MHO20Y20/ibHUKa (pa3Hozo Oiist
PA3HbIX KONOHUIL).

3aMcHUM Ha BpEMs KJICTKHU UX LICHTpaMu U B1>16epeM CUCTCMY KOOpJMHAT Tak,
YTOOBI OHM OBLIA B TOYKAX C 1EJIbIMU KOOp/IMHATaAMU.

Teopema 2. Illabnon dcueyy u ocedn moada u mojvbKo mozda, Ko2da ons
J100bIX 08yX OONONHUMENbHBIX Jyyell (ecmecmaenHo, c1g ¢ € Q), svixodsujux
U3 OmMmeueHHOl KNemKu, KJIemoK WabioHa Ha HUX NOpOeHy.

H36pannvie Kypcogble pabombl 163

Jlokazamenbcmeo. HeoOxoaumocTs. PaccMoTpuM HEKOTO-
pyio npsimyio Ox m nepnenaukyssipayio eii Oy (mpoxoasinue
yepe3 oTMeucHHyI0o Touky (). BBeném cmcrteMy koopnuHat
Oxy. BbibepeM B KOJIOHMM TOYKY C HAWMCHBIICH OpJMHATOI,

a4 U3 HUX — C HaWMEHBIIEH a0CIUCCOi. /

Onpenenenne. BepxHell JICBOW I0JIYIUIOCKOCTBIO HA308EM
obvedunenue nonyninockocmu y > 0 u omxpeimoeo jyua
y =0,x <0 . AHanozuuHo Ons Opyaux noayniocKkocmeii.

UroObl TOJIOCOBAaHME COXPAHUJIO Hally KIIETKY, HEO0O-
XOJJIMO, YTOOBI YHCJIO KJICTOK IaGJIoHa B BEPXHEN MpaBoii %
TIOJIYTIJIOCKOCTH OBUIO HE MEHBINE, YEM B HIDKHEN JICBOIA,
WHAYE HUDICHSISI N1e@ast KIeTKa KaXK/Iplil X071 OyJeT «aTako-
BaHa», a T.K. IMabJIOH OCEJIBI, TO BCA KOJIOHMS HCUE3-
HeT. Ho, B3siB @epxnioto npagyro xnetky, yoexsjaemcs: B
NIPOTUBOIIOJIOKHOM HEPABEHCTBE. 3HAYUT, YKMCIIA KIIETOK B 3TUX HOJYIJIOCKOCTSX
paBHbl. AHAJIOTWYHO JUJIsl HYDKHEH 1IpaBoil U BEpXHEN JICBOHM MOJIYIJIOCKOCTEH.
Ho o6e cyMMBI umices1 KJIETOK B Mapax MoJIyIIIockocTel paBHBI. Clie/ioBaTeb-
HO, B HW)KHEH IIPaBO CTOJIBKO K€ KIIETOK, CKOJIBKO B HIDKHEN JIEBOH. 3HAuMT, Ha
J1e60M JIy4Ye CTOJIBKO K€ KIIETOK, CKOJIBKO Ha MpaeoM. AHAJIOTWYHO JUlsl [IPYTHX
TIPSIMBIX.

HocTaTouHocTh. Bynem crponts ycToitumByio KOH(UIypalumio, IIOOUEPEHO yIn-
ThIBasi B HEW KaX/IyI0 HPsSIMYIO.

Hauném ¢ ognoit Toukn. Bo3pmMéM HEkOTO-
PYIO IIpsIMYIO, TIPOXOJSIITYIO Yepe3 OTMEUECHHYIO
Touky. Ilycth @ — paccrosHme OT OTMEYEH- + =
HOH /10 caMOH JJaJIEKO# TOYKM HA JICBOM JIyde
(mo >roit mpsiMoii, a ue mudaroposol), b —
Ha IIpaBoM Jiyde. [IpuGaBuM K yxe UMeromeiics
ycToiumBO# (pUrype Kaxkawii pas oTpe3ok mmebl a + b (ecim HOMl(a, b) # 1,
TO OCTaBUM Ha HEM TouibKo Kaxkayio HOZ(a, b)-yio Touky). Ilox ciioBoM «npuba-
BHM» IOJipasyMeBaeTcsi cymma MuHKkoecKkozo: oT kKax/oil TOUku (GUTYpPH! B OJHY
CTOPOHY OTKJIa/IbIBACTCSI O/IMH U TOT K€ OTPE30K (CO BCEMU TOUYKAMU).

JokaxkeM, uTO noJyumBHIasACs (urypa ycroiumba. JICHCTBUTEIILHO, uepe3
Ka)KIyIo TOUKY 3TOH (PHI'YypBl IIPOXOJMT OTPE30K KaXKIOTo U3 HanpaBiicHui. Toraa
IO 3TOMY HaIIpaBJICHHIO OHA obeclicdyeHa IoJIOCAaMM IO KpaiHel Mepe MOJIOBHHEI
TOYeK (BCEX JIEBBIX MJIM BCEX NPaBBbIX), 3HAYAT, M BCETO HE MEHEE IOJIOBHHEI
cocezieit u€pnnie. CriefioBaTeNbHo, (pUrypa ycroiumsa.

Ocraércs 10Ka3aTh, YTO 3Ta KOH(HUIypalusl OrpaHMYCHa MHOTOYTOJIBHAKOM.
[poBenéM MeXny Kax/0# mapoil MapaJlJIcJIbHBIX CTOPOH «IIOJIOCH» M HalJEM MX
obbpenuacHue. Ecym Genas kieTka eMy He IPAHAJICKHAT, TO BCe €€ cocey OelIbe.
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Eciiu npunajyiexuT, TO 0 KAKOMY-TO HAIPaBJICHUIO y HEE HET YEPHBIX COCE/CH,
a TI0 OCTaJIbHBIM — HE 0oJIce TOJIOBUHBI. 3HAYUT, OHA TaK W OCTAETCs GEJION.
Teopema Ji0ka3aHa TOJIHOCTBIO. O

Kpurepuii ;xuByYecTd IpOU3BOJILHOIO MAGIOHA

Onpenenenue. 1lInpnHoit KOJOHMM IO NAQHHOMY HAIpPAaBIICHUIO HA3086M ONUHY
€€ OpMO2OHANBLHOU NPOEKYUU HA NI0OYI0 NPSAMYIO 9020 HANPAGIEHUS.

Teopema 3. Jlwoboii (6 m.u. scusyyuii) wiabiioH MONICHO cOelamb 0CcedilbiM C
NOMOWBIO 3aMEHbl OMMEUEHHOU KJIemKU.

ﬂoxammenbcmeo.

Jlemma 1. [lpu nrobom wabnone wiupuna n1060ii KONoHuu 1o 110boMy Hanpa-
8lIeHUI0 8 Npoyecce 360NIOYUU — Heso3pacmarowas pyHKyus om epemeHu.

Joxkasamenvcmeo. TlocMOTpHM, Ha KaKOM MaKCHMaJIbHOM PacCTOSIHMU OT Kpast
TIPOCKLIM KOJIOHWH II0 HAllleMy HaIlpaBJICHUIO JIO X0/l NOSIBIIsIETCA YEPHAs KIIeTKa
B pesyJibTaTe Xoja. OGO3HAYMM 3TO PaccTOSIHUE Yepe3 A, a BEKTOp, BEIyIUA OT
HOBO# KJICTKM K CTapoil KOJIOHHH, — 4YEpe3 h.

Onpenenenne.  Haszoeém Bepxueit (HmxHen) h-no-
JIYIUIOCKOCTBIO - MOIyNJIOCKOCMb  WADNIONA, NONyYEHHYIO 7/
u3 nepeceyenus: @epxHeil (HudicHeil) Je€oil u éepxHeil % /// /%

(HudicHeil) npaeoil nonyniockocmeii nepeHocom Ha h.

Bo3bMEM Ty A-1I0JIyIUIOCKOCTh, KOTOpAsi «COHAIPaBJICHA»
h. Torna, Tak kKak HOBasi KJICTKA BCE-TaKy TOSIBUTCS, B Ha-
meil A-NoJIyIJIOCKOCTH — OOJIBIIMHCTBO KJIETOK 11a6iio-
Ha. Ho oTciona BmiHO, 9TO Bce KIIETKH, YJAJIEHHBIE OT
TIPOTUBOIOJIOKHOTO Kpask KOJIOHHH He Gojice, ueM Ha — h,
HCYE3HYT ¥ IIMPUHA KOJIOHWH 10 3TOMY HAIIPABJICHUIO HE YBEIIMUYHTCS. O

W3 niemmel 1 caienyet, 9to jio6ast KOJIOHUS
MOXET OBITh OTpPaHMYEHA BBITYKJIBIM MHOTO- [l el il
YTOJIBHUKOM IIOCTOSIHHOTO pa3Mepa (BO3MOX-
HO, HepeMemamommMcs B npocrpancTtse). Ho
MBI TIOXKEPTBYEM HOCTOSIHCTBOM Pa3MEpOB pa-
[ TOYHOCTH.

Onpeesnenne. OGIEraONMM MHOTOYTOJIBHA-  DBOJIOLHMS JIJIS IA0JIOHA |
KOM OaHHOlUl KONOHUU Oydem HA3b18aMb Mu-
HUMANbHbIU bINYKIIbI MHO20y20MIbHUK  CO
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CMOPOHAMU, NapaieflbHbIMU 3apaHee 3a0aHHbIM HanpaeneHusm (Yauje 8cezo
npsiMbIM 8 WaboHe), YenuKoM codeparcaujuii 3my KONOHUIO.

Jlemma 2. [lpu ooHom u mom dice wiabinoHe @ce «8eyHbley KONOHUU hepe-
Mewjaiomcs 8 meueHue eceil 380MI0YUU ¢ OOUHAKOBOI Onist 8ceX NOCMOSAHHOU
cKopocmibio (m.e. ux obnezaioujue MHO20Y20JIbHUKU NepemMewjaiomcest Ha OOUH
U mom ice 8eKMOP 3a OOUH XO0).

Jlokazamenvcmeo. CHauaiia JIOKOKEM, YTO JUisl KaXK/IOW OTJCJIBHO B3SITONM KO-
JIOHMH B TIPOLIECCE BBOJIIOLMM CKOPOCTh HOCTOsiHHA. Paccmorpum e€ mociie cra-
Omim3anuy O0JIETAIONIEI0 MHOTOYTOJIBHIKA, KOTOpasl IIPU yCJIOBUH «OECCMEPTHSH
KOJIOHAM HEIPEMEHHO IPOM30UNET. BekTop mepeMelenns e€ o0JIEraomero MHO-
TOYIOJIbHAKA COBIIA/IacT C BEKTOPOM €Io IlepeMEIICHNs, KOTOPBIA Obll1 OB, €CH
Obl OH OBLI MOJIHOCTBIO OKPAIIICH B YEPHBIH IBET, T.K. 00pa3 MOIMHOXKECTBA KOJIO-
HHUM BCET/ia SIBJISIETCS TOJMHOXECTBOM €€ oOpasza. Ho Ha xaxxJoM xo1y KOJIOHMS
OKa3bIBACTCsl B OZIMHAKOBOW CHTyalluW: M3BHE YEPHBIX KIIETOK, CIIOCOOHBIX BJIUSITh
Ha XOJi COOBITHIA, HET. 3HAYUT, CKOPOCTh NOCTOSIHHA, YTO W TpeOOBaJIOCh.

ITycTh Tenepb CKOPOCTH KAKMX-TO JBYX KOJIOHMI pasjiMuHbl. Biioxum onun u3
FX 3aKpalllcHHBIX OOJICTaloIIX MHOTOYTOJIbHAKOB B JIPYIOfi M 3aCTaBHM 3BOJIIOLH-
OHMpPOBaTh BMecTe. PaHO MiM 1O311HO OHM pa3oMIyTCsl, YTO HEBO3MOXKHO, TaK KakK
OZIMH SIBJISIETCSI OIMHOXXECTBOM Jipyroro. IIpotuBopeune. 3HaunT, BCe CKOPOCTH
TIOCTOSIHHBI ¥ PaBHBL. O

PacimmpnM TOHSATHE «OTMEUYEHHasi KieTkay. B yeMme 3 oTMedeHHasi KJeTKa
Oyner o60o3HAYaTh TOJIBKO MECTO TPHMJIOXKEHHMs, He OyIeT ToJiocoBaTh M HE BCe-
raa Oyner Ha MecTe YEPHOU KJICTKH (a YEPHBIX, TOJIOCYIOIMX KIIETOK OyeT Imo-
NIPEKHEMY HEYETHOE YHUCIIO).

Jlemma 3. Ecnu nepedsunyms ommeyeHHyIO K€MKy Ha —V, MO OmMeyeH-
Has knemka O6yOem Ha mecme uépHoil (m.e. bydem ommeyeHHOU K1emKou 8
00bIYHOM NOHUMAHUU), 8 NPOMUBHOM Cllydde HU OOHA KOJIOHUSI HE 8bINCUBEM.

Jloxaszamenscmeo. UToOb! MOJIy4EHHBIH OCEJIb MaGJIOH GbLI XKUBYyYMM, HEOO-
XO/IIMO PaBEHCTBO KOJIMYECTB KJIETOK B JIOOBIX IBYX JONOJIHUTEIBHBIX T0JIyIIIOC-
KOCTSX (CM. TeopeMy 2), KOTOpPOE BO3MOXKHO JIMIIb IIPH COBIIAJICHAA OTMCYCHHOM
KJIETKH C HEKOTOPOW UEPHOIA. U

Teopema 3 nokasana. ]

Kak MoxHO BbIOpaTh OTMEUYEHHYIO KIIETKY B OIPEIEJIEHHOM XUBYYeM 11abiio-
HE, 9TOOBI OH CTall U oceuibiM? OdeBUIHO, Takas KJICTKa POBHO OJHAa — 3TO
cpelHssl KJIETKa IIPH CIICAYIOIEM HOpSIKE CPaBHCHHS: IIPH HEKOTOPOW cHCTeMe
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koopyunHat Oxy Gouiblieit cynTacTCst TOUKa ¢ Gosiblieii abCIMCCOoil, a IpU PaBEH-
cTBe — ¢ Gosplueii opauHaToil. BooGiue rosopst, npu passoM BeiGope Oxy MOTyT
OKasaTbCs BHIOpaHHBIMH pa3Hble TOukH. K cuacTeio, Tak OyzeT TOrZa U TOJIBKO
TOrJa, Koraa mabJIoH HE sIBISICTCS KUBYYUM (TIPUTJISIIATECH K JIOKAa3aTEIIbCTBY
TeopeMBI 2).

[MostywaeM kpumepuii gcugyuecmu npou380abHO20 WAONIOHA: TIAGIIOH SIBJIS-
€TCs XXUBYUYMM TOT/Zla U TOJIBKO TOr/Za, KOrjza Ha JIIOOBIX ABYX JOIIOJIHUTCJIBHBIX
Jiydax € pallMOHAJIbHbIMA YIJIOBBIMH KOE)q)(bI/ILII/ICHTaMI/I, HUCXOAsUX U3 CpCﬂHCﬁ
KJICTKU 11a0JIOHA, O/IMHAKOBOE YMUCJIO KJIETOK.

OrpaHnyeHHOCTh K0d3(HIIMeHTa yBeIUYeHUs ISl KUBYYero maGJioHa

Teopema 4. /{nsa kaocdozo dcugyuezo wabnoHa cyujecmeyem (3agucsiujee om
He2o) yucno C € N, makoe, umo 106as KonoHuUsl, COCMOSWAs U3 N K1emoK
(n € N), 6 npouyecce seonwoyuu Huxoz0a He cocmoum Oonee, uem u3 Cn
KJIEMOK.

Loxazamenscmeo. CrejlaeM 1aGJIOH OCEUIBIM — KOJIMYECTBO KJIETOK (0603HA-
4yuM ero uepe3 N) oT 3Toro He m3MeHHTCs. [lokpoeM oGiierarommii MHOTOYIoJIb-
HHK paccMaTpUBacMO¥l KOJIOHUH BCCBO3MO)KHBIMH YCTOWYMBBIMEA MHOTOyTOJIbHHKA-
MH W3 10Ka3aTeJIbCTBA JJOCTaTOYHOTO YCIIOBHS TEOPEMBI 2, COJICPKAIMMK XOTs1 Obl
OZIHY M3 KJIETOK 3TOTO 0O0JIBIIOTO MHOTOYroJibHUKA. OUEBHUIHO, TAKMX MAJICHBKHX
MHOI'OyI'OJIbHUKOB OyzieT He MeHee N: MOXXHO 3abMKCHPOBAaTh TOUKY HPHIIOXKE-
Husl (KaK B JIEMME 3 TeOopeMbl 3) M NPUKJIA/IbIBATh €€ K K)X/I0# KIIETKE GOJIBIIOTo
MHOT'OyTOJIbHUK; TT0JIy4M N MaJIeHPKMX MHOTOYTOJIBHUKOB, Y/IOBJICTBOPSIOIIMX
HaIlEMY YCJIOBHIO.

Ecim kakoii-To W3 MaJIeHPKHX MHOTOYTOJIPHHKOB (0GO3HAaYMM IJIONIA/h Ka-
xtoro yepe3 C) aGcosmoTHO Geliblil, TO OH TAKAM M OCTaHETCs (IIpaBWiia Xoja
MHBAapUAHTHBI OTHOCUTEJIFHO MICPEMEHBI IIBETA!) ; B POTUBHOM Cirydae Jirobas uep-
Hasl KJIETKa GOJIBIIOTO MHOTOYTOJIBHAKA CMOXKET «TIOJJICP>KUBaTh» He Goliee, 4eM
C MaJleHBKHX MHOTOYTOJIbHUKOB. 3HAuuT, 4€pHBIX KileTok He Menbumie N/ C u
Kod(pdunmeHT yBesmueHus Beerna He Gosbme C. |

HeorpannyeHHocTh ko3 duimenTa yBeJuueHns1 AJisi He:KUBYYero madJoHa
B oToM maparpacde MBI OKaXeM CIIEAYIOMYIO TEOpEMY:

Teopema 5. Ecnu wabnon He sensiemcs gcugyuum, mo ons aiobozo C > 0
Hali0émcs makasi KONOHUs U3 N KJIeMmOK, 4mo 8 HEeKOMOpblil MOMeHm ceoeil
sgomoyuu ona cocmoum no Kpaiineii mepe u3z Cn xnemok. Bonee mozo,
cyujecmeyem makasi KONOHUSl, YMO MAKCUMAbHOe YUCIO KIeMmoK 8 Heil 8
npoyecce seomoyuu ecnmv O(n?) npu n — o,
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Jlokazamenscmeo.

Jlemma 4. B ni06om wabnone MOJICHO 8bI0pAN OMMEUEHHYIO KIIEmKYy U napy
NpuMbIKaloOWjux K Heil NOnynnocKkocmetl, makue, 4mo Koauyecmed KJemoK 8
3MUX NONYNIOCKOCMSIX PAGHbI, NPUYEM MAK, 4mobbl HA COOMEEMCMBYIOUUX
UM 83aUMHO OONONHUMEINBLHBIX JIydax ObLlo pasHoe YUCIO KJIemOK WabioHa.

Jloxasamenscmeo. Bo3pMEM CpelHIOIO KIICTKY IaGJIOHA IIPH CJICAYIONIEM HOPsi-
Ke: CHayajla CpaBHMBAIOTCsl abCIWCCH, a TIPY paBeHCTBE — OpJMHATHL. Torna Jie-
Basi HWXKHsISI M 1IpaBasi BEpXHsisl napajuieiibibie ocu OX HOJIYIJIIOCKOCTH MMEIOT
OIMHAKOBOE YHCJIO KJIETOK. ByneM Bpamare Halm MOJIYMJIOCKOCTH TPOTHB Ya-
COBOI CTpEJIKM, II0Ka HAa HAIMX JIy4aX HE CTAHET Pa3HOE YMCIIO KIETOK (Takoe
HETIPEMEHHO NPOM30M/ET, Tak Kak MAaGJIOH HEXXWBYUYMI U MOTOMY HE Y/IOBJICTBO-
psiet xputepuio u3 §4). IIpu 3TOM PaBEHCTBO YMCIIA KJIETOK B MOJIYILIOCKOCTSIX
OyzieT, HECOMHEHHO, COXPaHSATECsI. Tak Mbl IIOJyYlM IIOJIYIJIOCKOCTH, Y/IOBJIETBO-
psole 000MM yCIIOBHSIM. O

PaccMoTpiM Takke TIpsIMyIo, CIIEYIOIYIO HENOCPE/ICTBEHHO 32 Halllel 1Mo 4Ya-
coBoii crperke. (ClietyeT 3aMeTHTh, YTO Bce HEXKMBYYHE INAGIIOHBI MMEIOT IO
Kpaiineilt Mepe jBe npsivbie). [lepByio U3 IpsIMBIX HA30BEM 20pU3OHMAILHOU, a
BTOpYyI0 — 8epmukanvHoil. [lycts j + 1 — mupuHa maGiioHa B HAIPABJICHAM
TOPHM30HTAJIFHOM TIpsIMOi, Ay + 1 — B NepHEH/MKYJIIPHOM €My HalpaBJICHWH,
I, +1 — B HampaBJIcHAWM BEPTHKAJIBHOMN NpSIMO#, iy + 1 — B NEpNeHANKYIISIPHOM
€My HallpaBJICHUN.

Onpeaesienne. TopusoHTanbHON (COOTBETCTBEHHO, BEPTUKAJIBHOM) IMOJIOCOH Ha-
308EM UEPHDBLIl NPSIMOY20/IbHUK, Yy KOMOPO20 ONUHHAS CMOPOHA NAapaiienbHa
20pU30HManbHOL (COOMEENMCMBEHHO, 8EPMUKANbHOL) NPSIMOLl, a KOPOMKAsl
umeem OnuHy He mernee hy(hy).

Jlemma 5. 3a od0un x00 OnuHa nosiocsl (8epMUKAIbHOU UlU 20PU30HMAIIbHOLL)
YyMeHbwaemcs: ¢ 0boux KoHyo8 He bonee, yem Ha li(h).

Jloxazamenscmeo. 1ns Toro, 9To0bl CTOJIOEI MOJIOCH HE WCYE3al IO BCel M-
puHe (TIpH HAJIMYAH «IPUKPHITHSH JJIMHBI He MeHee [; (He MeHee /) clieBa U cIipa-
Ba), JOCTATOYHO KJICTOYHOI'O IPEBOCXOACTBA (WJIM, BO BCAKOM CJIydae, «HUYBEHN)
BEPXHEH M HIDKHEH TOJIYIUIOCKOCTEH (B KOTOpPBIE Mbl OTHBIHE OYJIEM BKJIIOYATh
KJICTKM Halle# NpsiIMOii) HaJl CBOMMM JIOIOJIHCHHSIME: ISl JIIOOOH KIIETKH pabo-
TacT OQWH M3 JIByX (KOMIUICKTOB» KJICTOK IAOJIOHA — BEPXHUA WJIM HIDKHHM.
Takoe IIpeBOCXOJCTBO UMEET MECTO M JJIsl TOPU3OHTAJIBHOM IIPSIMOM, M ISl BEp-
TUKAJILHOM, TaK KaK MX BEPXHHME M HIXKHUE TIOJYIUIOCKOCTH (B HAllEM HOBOM HO-
HMMaHWH) COZEPKaT XOTs Obl OHy U3 IOJIYIJIOCKOCTEH M3 JEMMBI 1, a B KaK/0M
W3 HAX — MOJIOBUHA KIIETOK IMabioHa. ClieoBaTEeNIbHO, KaXIBI XOJ HMCYe3acT
TOJILKO (IIPUKPBITHE . |
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Jlemma 6. Cywecmeyem KonoHusi, cocmosiyasi u3 nepecekaowjuxcs u oe-
asuux opye opyza nononam docmamouHo onunHeix (O(n)) u MuHUMAansHO
Y3KUX 20PU3OHMANbHOLU U 8ePMUKAIbHOL NOJIOC, 8 npoyecce 38010Yuu obpa-
3yl0Was 8 CGOEM COCMAge Napaenozpamm pamepamu He menvee hn x n.

okasamenscmeo. TlocmorpuM Ha yriio-
BYIO KJICTKYy BTOPOrO KBaJpaHTa u3 o0pasy-
€MBIX HALIMMMU 1I0JI0CAMHU, €CJIA HA TOPU30H-
TaJILHOM TIPSIMO#i B 11a0JI0HE OOJIBIIE KIIETOK
Ha [IPaBOM JIy4e, U YIJIOBYIO KJIIETKY YETBED-
TOro KBaJIpaHTa B IIPOTHBHOM Cily4ae (BTO-
poil ciydaii aHAJIOTMYEH IEPBOMY, IIO3TO- !
My MBI ero He OyneM paccmarpuBath). Ha !
TICPBOM IIare OHa o0s3aTEJBHO CTaHET YEp-
HOM, TaK KaK B HMXKHEH IIPaBOi IOJIYILIOC-
KOCTH 1abJIOHa, KaK JIETKO yOeIuThCsl, Ha-
XO1uTCs GOJIBIIMHCTBO €ro KileTok. Tak Oy-

JET IPO/OJDKATECS, II0KA B HWKHEH CTPOKE Lo

KBaJ[paHTa He nosiBurcst I} kiierok. B aror SBOJIOLS IS IA0JI0HA E%
MOMCHT HAQUHYT HOSBJIATHCS YCPHBIC KJIICT-

KI BO BTOpOMl CHU3Y CTpOKe, cuIé uepes

XOZIOB — B TpEThel CHM3Y, W T.J. B KOHIIE KOHLIOB 3allOJIHATCS BECh IapaJlIeso-
rpaMM, «HATSHYTHIM» HA DTOT KBAJPaHT. O

Jlerko yGesuThCst, 4TO JUlsl TI0JIOC TIPH BTOM JiocTaTouHo Jumabl 2/ (3n — 1)
(c KX /10i1 cTOPOHBI 110 1l «akTUBHBIXY U (21 — 1) [} [uIs «IIPUKPBITUSIY — BCETO
noHajoburcst 2n — 1 xonoB). IInomane napanienorpamMma xe OyIeT HE MeHee
n2ly, cienoBaTenbHO, XOTsl OBl JUlsl HAIIEH KOHCTPYKIUHA K03 (DUIMEHT yBemde-
HUSL JUist JIIOOOTO HEXXUBYYEro 1a0JiOHa HE OrpaHMYeH, 4To M TpeboBajiochk. [

Teopema Buera u cymma pajuxasios

Hmutpnii PucenGepr

Teopema Buera u cymma paaukajios

Jlemma 1. Hmeem mecmo pasencmeo

1 /=2 /4 s/,
fs+{5+ifs=1v-1
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Jlokazamenscmeo.

O

—+ -

9
—v/2 V4 V4 /16 /16 /32 12
N N E

Tenepr pemmm Gosiee oOLIYIO 3a/1a9y: HA/IEM JIOCTAaTOUHBIE YCIIOBHS Ha Jici-
CTBUTEJIbHBIC UMCIIa @, b 1 ¢, sABISIOIMECS KOPHSIMU MHOI'OYJICHA TPEThEH CTe-
nenu x* + px? + gx + r, upu xoropeix (GOpMyJia, BHIpaXKAIOWIasi CyMMYy Ky-
Guuecknx Kopuei /a + v/b + /C uepes p, ¢ M r, MMEET OTHOCHTENIBHO He-
OOJIBLIYIO CJIOXKHOCTh (CJIIOXKHOCTh (QOpMYJibl TeM OoJiblie, yeM OoJibllie B HEit
pazmkaioB u ciaraeMbix). [Io Teopeme Buera niissi MHOTOWwIECHOB TpeThell cTeme-
mp=—(a+tb+c), g=ab+ac+bc, r=—abc.

OGosnaunm A = /a + Vb + Ve, B =+ ab+ ac + Vbc.

Torna sicHo, uTO

A’ = g+ b+c+3Va2b+3vVab2+3vVa2c+3Vac2+3V b2c+3V bc2+6V abc.
3ameTuM, 4yTO

3Va2b + 3vVab? + 3V a%c + 3Vac? + 3V b2c + 3V bc? + 6V abc =
=3 (Va+Vb) (Va+/e) (Vb+e) =
=3(A—¢/E).(A—\’/E)~(A—\%)=3AB—3M=3€/7+3AB,

orkyma A = —p + 37 +3AB, 1.¢. B= W, 39r +3AB = A3 +p.
AHaJIOTHYHO,

B® = ab+ ac + bc +3Va*b%c + 3V adbc2+
+3vVa2b3c + 3Va?bc3 + 3V ab3c? + 3V ab2c3 + 6V a2b2c? =
= ab + ac + bc + 3Vabc (AB + ¥/r) = q — 3V'r? — 3AB/r.

3
[Mosyyaem ypaBHeHHE Ha A: (%) = q — V/r(A® + p). O6o3naunus
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A% = x | monyunm

0=x>+ (3p+18Vr) x>+ (3p2+9p\3/7—|—27\3/ﬁ)x+ (p—\3/7)3 =
=43 (p+6Ur) 2 ++3(p+6Vr) x+ (p+6Ur)’ + (—27p/r—
— 81V - 27q) x = 27p*Yr — 81pVr? — 243r = (x+ p+ 69/7)" +
+ (x+p+697) (—27pef — 81V — 27q) -
— 81pV/r2 — 2431 — (p + 63/7) (—27p\3/7 —81V/r2 - 27q) =
= (x+p+6Vr)’ + (x+p+6Ur) (—27p\3/_—81€/ﬁ—27q) +
+162pV/r? + 243r + 1629/ + 27pq.
Ecnn
0=—27pyr —81Vr2 —27qg = py/r +3Vr2 4 g,
TO
162pV/r2 + 2431 + 1629/ + 27pq =
=817 (p/r + g+ (p¥/r + g +3V77)) + 27pg = 81pVs? + 819/ +
+27pg = 27p (q + 3\3/F) +81qVr = 81q¢/r — 27p* /7.

3THUM JI0KazaHa

Teopema 1. Ecnu uyucna a, b u c ydoenemeopsiiom ycnogu:w

pyr+3Vr2+q=0, )

\3/5+€/E+€/E=\3/3\3/m—p—63/7,

20e p=—(a+b+c), g=ab+ac+ bc, r = —abc.

OxkaspiBacTcs1, 3Hasl O/IHY TPOMKY umCell, YIOBJICTBOPSIOIIUX YCIIOBUIO 3, MOX-
HO C IOMOIIBIO HEKOTOPHIX IpeoOpa30BaHMii, OMMCAHHBIX HIKE, NOJIYYUTh CIIE
HECKOJIBKO TPOEK, YJIOBJIETBOPSIOIMX 5TOMY YCJIOBHIO.

Jlemma 2. Ecnu yucna a, b, ¢ ydoenemeopsitom ycnosuto (3), mo u uucna
—a, —b, —c ydosnemeopsiiom 3momy ycloguio.
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Jlokazamenvcmeo. OueBujHO. O

BoJjiee MHTEpECHBIC TPUMEPHI TIOJIYYAlOTCs ClIEyIommM obpasoM. TTosioxum
a = 1/a, by = 1/b, ¢ = 1/¢c, a3 = a + Vabc, b, = b + Vabc,
¢ = c+Vabc, pi = —a; —b; —ci, qi = a;bj +aic; + bic;, ri = —a;bjc;;
BCIOJly JlaJiee Uncia @, b M ¢ OTJIMYHBI OT HyJIsL.

Jlemma 3. Ecnu uucna a, b, ¢ yoosnemeopsitom ycnosuto (3), mo u uucna
a1, bi, a1 moorce ydosenemeopsirom smomy ycnoguro.

Joxkasamenscmeo. IlockoJbKy

ab + ac + bc
p=—1/a=1/b—1/c= -T2 — g/,
b
q1=1/ab+1/ac+1/bc:Lbc+C:p/r, rn=-1/abc=1/r,
a
JIETKO BHJIETh, YTO
3,3/ 2 3
P 3t = VARV 0

74

Jlemma 4. Ecnu uucna a, b, ¢ yoosnemeopsitom yciosuto (3), mo u uucna
ay, by, ¢y moorce ydoenemeopsom smomy ycnogur.

Jokazamenvcmeo. BurauciiuMm py, ¢p, ¥o:
Py =— (a—l—\/3 abc) - (b—i—\/3 abc) - (c—i—\/3 abc) =
=—a—b—c—3Vabc=p+3Vr,

qzz(a+m) (b+m)+(a+m) (c+m)+
+(b+m) (c—i-m):ab—l—ac—l—bc—i—
+2(a+ b+ c)Vabc +3Va2b2c? = g+ 2p3/r +3Vr2 = pr,

vy = — (aJr\/3 abc) (bJr\/3 abc) (ch\/3 abc) =
:—abc—(ab—l—ac—l—bc) v abc — (a—i—b—l—c) va2b2c? — abc =
=r+r+pVr24qidr=—r
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(OTMeTHM, KCTaTH, YTO OTCIONA CIIEYET, 9TO AJis HEHYJIEBBIX Uncel a, b, ¢ uncina
ay, by 1 ¢, TaxKe OTIIMYHBI OT HYJIs1).
IMosTomy

P+ 332+ o= —pV/r —3Vr +3Vr2 4+ pyr=0. O
OmnpeznennM npeodpazoBaHus

a: (a,b,c)— (a+\/3 abc, b+ Vabc, c+ vV abc),

B (a, b, c) — (l/a,l/b,l/c).

JlokasaHHBIC yTBEPXK/CHUSI O3HAYAIOT, 4TO IpeoOpasoBanusi & u 3 HEPEBOUST
MHOXXECTBO TPOEK HEHYJICBBIX ymcel (a, b, ¢), ynoBieTBopsomux yciioBuio (3),
B ce0sl, T. €., HAIPIMEpP, YTO TPOWKH 9HCEll

YIOBJIETBOPSIOT YCJIOBHIO (3).

3ameTHM, 4TO 3TN NpeoOpa3oBaHMs IEPEBO/IST TPOMKA HEHYJIEBBIX YHCE, Y/I0-
BJIETBOPSIIOIINX YCJIOBHIO (3), B TPOMKM HEHYJEBBIX YHCE], U IIO3TOMY HMMEIOT
CMBICJI X MHOTOKPaTHBIC KOMITO3MIMY B JIIoO60M nopsiike. [1o3ToMy MOXHO 6BLIO
Obl MOMBITATECS C TIOMOLIBIO 3THX IPEOOpa3OBaHM IIOJIyYNTh M3 OJHON TPOMKM
unCell, Y/IOBJICTBOPSIOMNX YCJIOBHIO (3), GECKOHEUHOE UHCIIO TPOEK C TEM JKE
cBoiicTBoM. OKasbIBaeTCsl, 5TO HEBO3MOXXHO: M3 JIIOOON TPOWKM HOJy4aeTcCs JIAIIb
KOHEYHOE YHCJIO TPOEK; OoJiee TOro, Cpe/id MHOTOKPAaTHBIX KOMIIO3MIIMNA BCTpe-
YaeTCs JIMIIb KOHEYHOE YUCIIO Pa3JIMyHbIX IIpeoOpa3oBanuid. JlJisl JI0Ka3aTeJIbCTBA
3TOr0 yTBEPXK/CHUSI PacCCMOTPHM HEKOTOpBIC CBOMCTBA IpeoOpasoBanumii o u f3
(Ha MHOXCECTBE TPOCK HEHYJIEBBIX UHUCEJI, YIOBJICTBOPSIOLIUX yCJIOBHIO (3)).

Jlemma 5. 8 (B (a,b,c)) = (a, b, c).
Joxasamenscmeo. Oucsumio. 0
Jlemma 6. o (a (a,b,c)) = (a, b, c).
Jlokasamenscmeo. DTo YIBpRICHUE CIIEIYET 13 TOro, UT0 5 — —F. 0

Teopema 2. IIpeobpasosanus (3 (a (a,b,c)) u o (ﬂ (a,b,c)) daiom 0OHy U
my oice MpoLiKy Yucei, HO NOPSOOK UUCe]l, B03MONUCHO, ONMIUYAEmMCsl HA CO8U2
HO YUKIY.
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Jlokazamenvcmeo. Ilycts uncna a, b, ¢ ynosnersopsiior yciiosuio (3). Ilodio-
xuM B (a(a, b,¢c)) = (a3, b3, c3),a (B (a, b,¢)) = (as, bs, cs). Borumesmm
D3, @3, '3, Pa, qa, Va.

1 1 1
ps a+vabc b+ Vabc ¢+ vVabc
ab+ac+bc+2(a+ b+ c)Vabc+3Va b2 _
(a + v abc) (b + v abc) (c + v abc)
_q+2pYr+3Vr  pir
r

r

7

_a+m+b+%+c+€/ﬁ_
pa= av/ abc by abc cvVabc
_ 3abc + (ab + ac + bc) Vabe g +3Vr?
B abcv/abc B -r

1 1

= . —|—
* a+ vabc b+ vabc
1 1 1 1
+ . _|_ . =
a+vabc c+vVabc b+ vabc ¢+ vVabc

a+ b+ c+3vVabc _ —p-3Jr

(a—f-m)(b-l—m)(c—}-m) r

)

a+m' b—i—m_l_
av/ abc bV abc
+a+m'c+m+b+m.c+m:
av/abc cvabc bv/abc cvabc
_3abc+2(ab+ac+bc)m+(a+b+c)\3/m
B abeVa?b?c?
_3Vrr+2q+pYr _ g
rJr rJr’

qQ4 =
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1 1 1
r3 = :1/1",

_a+\3/abc . b+ vabc . ¢+ vVabc

_a+\3/abc b+ vabc c+\3/abc_L_1/r

avabc . bvabc ' c/abc  1?

U U3 ycioBus (3) JIETKO CIEAYET, 9TO pP3 = P4, @3 = G4, V3 = V3.

[Mostomy uucna az, by, c; u a4, by, €4 ABNSIOTCSI KOPHSMHE OJIHOTO U TOTO XKE
MHOTO4ICHA TPEThEH CTENEHN, 3HAYNT, OHM PaBHBI (MHOTOWICH TPETHEH CTENEHN
umeeT He Gosiee TPEX KOPHEN).

J7ns1 10Ka3aTeIbCTBA BTOPOM YacTH YTBEPXK/ICHASI PACCMOTPIM BBIPaXKCHUS

(a3 — b3) (b3 —c3) (a3 —c3) m (as— by) (bs — c4) (as — c4) .

ITo Mozpyio oHM paBHBI, 2 OTJIMUME B 3HAKE 3aBHCUT OT TOTrO, 3a KAaKOE KOJIMU-
YeCTBO IIEPECTAHOBOK M3 (a3, b3, c3) MOXHO TONYUHTh (a4, by, c4) (ecim 31O
KOJINYECTBO — YETHOE UKCIIO, TO 3HAKM COBMAJIAIOT, €CIIM OHO HEYETHOE — IpO-
TUBOIIOJIOYHBI ) .

1 1
- X
a+vabc b+ abc)

(a5 — b3) (bs — c3) (a3 — 3) = <

1 1 1 1
x <b+\3/abc a C+\3/abc> (a—l—f/abc a c+\3/abc> B
_(b—a)(c—b)(c—a)
B abcv/ abc '

(as — bs) (bs — cs) (as — c3) = . +3 abe b +3 abe x
av/ abc bv abc

" <b+\3/abc c+\3/abc> (a—i—f/abc c+\3/abc>

bvabc cvabc av abc cvabc
B (b—a) (c—b)(c—a)abc B (b—a) (c—b)(c—a)

a’b?c?v/ abc abcv/ abc

Takum oGpasoM, Tpoiiku umced (as, bs, c3) u (a4, by, ¢4) nMUbGO coBHANAIT,
JIM0O OTIIMYAIOTCS! HA C/IBHT TIO IMKJLY. O
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IIpuMeHeHue: cyMMa KOCHHYCOB

HPI/IMeHI/IM Hall MCTOA [Jis1 BBIYUACIICHUSI CYMMBbI

Y cosz—i—\j/cosz.—ﬂ-—l-\3/cos5—7r
7 7 7"

Iycrs as = cos(w/7), bs = cos(37/7), ¢s = cos(57/7).

ps = — (cos(m/7) + cos(3w/7) + cos(57/7)) =
—cos(mw/7) + cos(3mw/7) + cos(57/7)

= - sin(w/7) =
sin(m /7)
_ sin@2@/7) + sin(4w/7) + sin(—2m/7) + sin(67w/7) + sin(—4mw/7)
- 2sin(m/7) -
_osin(w/7) B
= asinan 2

AHAJIOTMYHO MOXKHO YCTAHOBHTh PaBEHCTBA
g = —1/2, rs =1/8.

ootomy ps/rs+3+/r2+qs = —1/4+3/4—1/2 = 0, 1. ¢. uncna cos( /7),
cos(37/7) u cos(57/7) TOXE YNOBIETBOPSIOT YCJIOBHIO (3), U MPOCTOE BBIYH-
CJICHHE J]aET PaBEHCTBO

3 5 377 -5
’cosz+\3/cos—7r+\3/cosl:3—\/_ :
7 7 7 2

OTy€T 00 M3yYEHUM KPUBOW JIpaKOHA

Anexcanap Hukntun
Pycnan CaBuenko

OnpeseJieHne KpHBOIl /IpaKkoHa Konen

Cnoxum GyMaXHYIO IIOJIOCKY IIOINOJIaM, HOTOM €IE
pa3 1nomnoJsiaM, IIOTOM €LIE U T.Jl. 3aT€M Pa3BEPHEM €€ Tak,
9T00Bl B MECTaX CrHOOB IOJIyYHMJIMCh IIPSIMBIC YIJIBI, ¥
TIOJIOKMM Ha TUIOCKOCTE. Buji cBepxy Gysiet siomanoit; ona  Puc. 1. Kpusasi jipa-
HasbIBacTCsl KPUBOLl OpAaKoHa. xona LLL.

Hauajio
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I10JIOCKA

———crub L

———crub R

——— w6 LL

Puc. 2. Ilponecc ckiia/ibIBaHus! TIOJIOCKA

Ha puc. 1 mokasana xpuBasi jipakoHa, uMeionias 8 pébep u 9 eepuiun; Ham
OyzeT y/100HO M300paXkaTh yIJIbl 3aKPYIJIEHHBIMA (OCOOEHHO €CIIM HECKOJIBKO 3Be-
HBEB JIOMaHOHM MMEIOT OOINyIo BeplMHY). 3Ta KpHBasi, Kak Mbl YBHJIM JIQJIbIIE,
umeer umst LLL .

HazoBéM umciio ckila/ibIBaHMil NOJIOCKU CHIENeHbio KPUBOH JIPaKOHA; KpUBasi
creneHn n uMmeer 2" pébep. Ha xakzoM mare MOXHO CKJIQ/IBIBATh B O/IHY MJIH
JIPyTyIo CTOPOHY, NO3TOMY CYIIECTBYIOT pasjInYHblC KPUBBIC OJIHOM M TOM Xe
CTCIICHH.

Y1o6HO CYMTaTh, YTO HA MOJIOCKE BHIOPAHO HAIIpaBJICHHE (TAaKWM 0OpasoM, y
HeE €CTh HAualo W KOHey) W UTO HadaJio HemojBIKHO. Crub (IIOBOPOT BTOPOI
noJsioBUHBI Ha 180°) mo wacoBoil cTpelike obo3HauaeTcss R, a IpoOTUB YacoBoi
crpesiku — L. 3amucaB GyxBel L u R B mopsiike BBIIOJIHGHUS NEHCTBHI, TIO-
JIydnM umsi KpHUBO# JipakoHa. MHOrza Mbl OyseM roBOpUThH «KpuBas A» BMECTO
(KpHBasi C IMCHEM Aby.

Bce pébpa KpuBO#i MMEIOT O/IMHAKOBYIO [UIMHY; COCCIHHE
obpasytor mpsiMoit yroi. ITo3ToMy KpHBYIO MOXHO TOJIOXKHTh
Ha KJjeTyaryio Oymary Tak, 4ToObl Bce pEbpa Jiekalln Ha Jiu-
Husix ceTkm (puc. 3). Takyio ceTKy Ha30BEM cemkoli KpUBOM
JIpaKoHa.

IMpoiiném 1o Hamei KpUBOii JpakOHa M3 Hayasla B KOHEI, 3a-
TIMCBIBast TIPU KaXKJIOM TOBOPOTE HAIPaBO ¥, a IPU KaXKJIOM MIOBOPOTE HaJieBo — .
[Nony4yeHHyI0 TIOCIIEZI0BATEIFHOCTS HA30BEM 3anucwio kKpuBoil. (Hampumep, kpu-
Bas Ha puc. 3 mmeer 3anmchk llrllrr.) MoHO TpeACTaBIATh ceGe TOJIydeHHE
3allUCH TaK: UJis 1O CJIIOXKEHHOH (U elE He pa3BEPHYTON) IOJIOCKE, Mbl IOBOpa-
ynBacM B crubax Ha 180° uepe3 JIeBbIi WIIM Yepe3 MpaBblil 6OK; COOTBETCTBYIONIAS
NIOCJIC/IOBATEIILHOCTh OYKB [ W ¥ GyIeT 3aIiChI0 KPHBOIA.

Puc. 3. Cerka
xpuBoit LLL .

HOJ'lyquI/Ie 3alIMCH KpPIBOfI ApaKCcHa 110 UMCHHA

Nmsa ogHo3HAYHO OIpEACIIICT KPUBYIO U, CJICNOBATCJIbHO, e€ zammch. Kak xe
TIOJIYYUTh 3aIllACh IO uMeHHn? 3TO0 MOXHO CAcJiaTh MHAYKTUBHO, U J1aXXC ByMs
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croco0aMy: YHMTasi MMsl CJIeBa HATPaBO WIIM CIIpaBa HayeBo. JlpyrmMm clioBaMmu,
3Has 3aIlICh KPUBOU C MMEHEM A, MOXHO IIOJIyYHTh 3alUCH KpUBBIX 0A U Ac
(3neck o — 910 R mym L). D10 nenaercs clienylomuM oGpasoM.

INosyyeHue 3amucH U W300pakeHUs] KPUBOI ¢ HMEeHeM O A

[Tycrs kpuBasi ¢ umeHeM A umeer 3anuch a. Torja 3a-
NIACBIO KpHBOii ¢ uMeHeM LA GyzeT cioBo ald, a 3aluchio
KpuBO#i ¢ mMeHeM RA Gynert cioBo ara (Tae yepes s 00o-
3HA4YaeTcs CJIOBO, KOTOPOE MOJIy4YaeTcs U3 S, 3allICAHHOIO
B 00paTHOM NOPSiJIKE, 3aMeHOi ¥ « [). JlelcTBUTENBHO,
npejcTaBuM cebe, UTO y HaC MMEETCs CIIOKEHHasl OyMak-
Hasl TI0JIOCKA, KOTOPYIO MBI TOJIBKO COOMpaeMcsi pa3Bopa-
YWBaTh. Puc. 4. JIBe xommm

Pa3BepHEM TOJIOCKY, HE TpOTrasi CaMoro IEPBOTO Cri- KPHUBOH ¢ MMeHeM L
0a (xak Ha puc. 4). Mpl nosnyumim KpuByio A, a cru6 o I[OCJIE pa3BopoTa Jia-
ocraJicsi HepasBEpHYThIM. Korja Mel ero pasBepHéM, aBe IOT KpUBYIO C HMMe-
KOIIMU KpUBO# A paszensitesi, oOpa3oBaB TpsMoit yron B HeM LL.

TOYKe cruba, ¥ MoJyuuTcs Kpusas ¢ uMeHeM o A. E€ 3a-

OKCh JEJIMTCA Ha YacTH: IUIM IO KPUBOH, JOIUIA JI0 KOHIIA, CHEJaJd IHOBOPOT
O 1 NOLLIX TI0 TOH K€ KPUBOH Ha3ajl, IIPOXO/isl IIOBOPOTHL B OOPaTHOM IOPSI/IKE
(11pu 1poxozie Haza/l JICBBI IIOBOPOT CTAHOBUTCS IPaBbIM U HA00OpOT).

INoJiyueHue 3anmch U U300paXkeHUs1 KPUBOI ¢ MMeHeM Aq

OkaspIBacTCs, YTO 3alUCh KPUBOW AQ MOXKHO TOJIyYUTh CIIMSHAEM WCXOJl-
HO# 3amucu ¢ (KOHEYHOM) mocienoBatenbHocTeio [rlrl ... (mpu o = L) wim
rirlr ... (mpu o = R). Hanpumep, nepexon ot xpusoit LLL x xpusoit LLLR
BBITJISIJUT TaK:

3amuch kpusoit LLL: / / r / / r r
NOCJIEIOBATEIIBHOCT: 1 v 1 v 1 r
sammuch kpugod LLLR: v | I | v v 1 1 r I 1 r r r I

B camom nene, 3amich KpUBOM ¢ IMEHEM A — MOCJIEAOBATENBHOCTh TIOBOPO-
ToB (Ha 180°) BJOJIb IOJIOCKH, CIIOKEHHOM B cOOTBETCTBUM ¢ A. COTHEM HOJIOCKY
emé pas, nobaBuB crud Q.

Ipn 3TOM 3amMCh W3MEHHTCS: CTapble CTUOBI OyIyT YEpE/IOBAaThCSI C HOBBI-
MU, TIpAYEM HOBBIE TIOBOPOTHI Oy/AyT IO OYEpeAd TO HAJIEBO, TO HampaBo. (3To
0COGEHHO TOHSTHO B TOT MOMEHT, KOT/Ia MBI Pa30THYJIM TOCJICAHNIA Crub /1o mps-
MOTO yIJia; MBI XOIUM IO COTHYTOH MOJIOCKE TyZa-Cloia: B OJIHY CTOPOHY IpH
3TOM IIOBOPOT y HOBOTO Cruba Oy/IET JIEBBIM, a B JIPYr'yl0 — IIpPaBbIM.)
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YT0 >KEC MIPOUCXOAUT TIPU STOM C CaMOM
KpuBOii? B pesyibraTe mocieHero cruta
KaXk7ioe peOpo CTapoil KpHUBOii JeJIUTCS Ha
JIB€ TIOJIOBUHBI, 0Opasylolue IpsiMoi yroi
(puc. 5), u mepexoj; OT CTapoil KpUBOW K
HOBOU 3aMEHSICT I'MIIOTEHY3Y [ByMsi KarTe-
TaMH: Ha/l K&K/bIM peOpOM CTapoil KpuBon
HaJICTPauBaeTCsl IPSIMOYIOJIbHbIA paBHOGE-
JIPCHHBIA TPEYTOJIbHAK, ¥ HANpPaBIICHUS 3THX HAOCMpoeK depelyloTcs (puc. 6).

[lpum 3TOM pacmoJioKeHHE HA/CTPOEK (ClieBa WIIH
cripaBa oT pebpa Ccrapoil KpMBOM) 4epe/yeTcsi OJIHOBpE- VoL
MEHHO C HAalPaBJICHAEM CaMuX pEOep CTapoii KpuBoii (ro- L
PM3BOHTAJIFHOE FUIM BEPTUKAJIBHOE).

3aMeTHM, uTo MaciuTab n3o6pakeHus mpn Takom me- PAC. 6. Hancrpoii-

pexojie MIMEHseTCs B v/2 pa3, a ceTka ToBopaumpactess K Ha PEOPax KpuBoH
Ha 45° ApaKona.

Puc. 5. U3 xpuBoit LLL monyuaer-
csi kpmBast LLLR.

IMoueMy KpuBasi ipakoHa He MPOXO/JMT JABAXKABI MO OJHOMY W
TOMY e peOpy CeTKH

Bynem nokaspiBaTh MO MHAyKImHU OoJice CHIIBHOC yTBepkicHUE: (i) kpmBas
JipakoHa He TPOXOIMT JBaXXIBI 1O OHOMY pebpy, 1 (ii) ecim 1Ba e€¢ mepneH/u-
KyJISIpHBIX pebpa IpOXo/sT 4epe3 OJIHYy W Ty )K€ BEpIIMHY CETKH, TO OHO W3 HUX
BXO/IUT B DTy BEpPIIMHY, a JIpyroe u3 He€ UCXOIHUT.

J13151 KpUBBIX IIEPBO# CTEIECHM 3TO OYEBHIHO.

[lar uapyknuy: mycTs Kpusasi ¢ uMeHeM A obuazaer >1uM cBoiictBoM. [lo-
Ka)KEM €ro JUIsi KpuBoi ¢ umMeHeM Aa (rue @ — 3to L wim R).

HoBasi xpmBasi 1IeJIMKOM pacHoJIOKEHAa B CETKE, s
o0pa3oBaHHOM JMaroHajisiMu TpexHel cetkd. [lo- |
3TOMy Yy KaX/JOro pebpa HOBOW CETKH €CTh TOJIb- N
KO /IBa BO3MOXHBIX crocoba obpasoBammsi (W3 JByx ~—  <-------

CMEXHBIX CTOPOH IIPEXHEH CETKH, €CJIM OHU OBUIM  Pppe. 7. Ha/ICTpoiKH Tiep-
pEOpamu CTapoli KpUBO# (C NO/IXO/ANICH OPUEHTAIN-  yreq Ky iSpHBIX PEOEp HE
¢i). Ho, 1Mo mpemoNOKEHMIO HH/YKIAN, BO3MOK-  coprapyT.

Hble pEOpa-IpapoAMTEN HANpPaBJICHBl HO-pa3sHOMY

OTHOCHTEJIPHO OOINell BEpUIMHBI: OJIHO BXOJAUT, a Jpyroe mcxozuT. Kpome To-
TO, OZIHO M3 HHUX TOPM30HTAJIBHO, @ JIPYyro€ BEPTUKAJIBHO, NMODTOMY HA/CTpPONKa
y oxuoro pebpa cieBa, a y Apyroro — cmpasa. JIerko HOHSITB, YTO B TaKOi
CUTyallu!l HAJICTPOMKM Iepecedbcsl He MOTYT (pHcC. 7).

Ocrasioch Jl0Ka3zaTh coxpaHeHue cBoiicTBa (ii). Bepumubl y HOBOW KpuBoO#
JipakoHa OBIBAIOT /IBYX THIIOB: OCTaBUIMECS OT HPEIbIAyIIcHi KPUBOM W BEpPUINHBI
Hazicrpoek. B mepBoM ciryuyae coxpanenue cBoiicrsa (ii) ciuenyer u3 (i).
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Bropoii ciyuail (HOBBIC BEpIINHBI): pEGpa OHON HaI-
CTPOMKHM, OYEBU/IHO, HANIPABJICHBI B Pa3HBIC CTOPOHBI; €CIIH
K€ OJJHAa TOYKa CJIY>KUT BEPIUIMHON cpa3y /JBYM HaJCTpPOii-
KaM, TO POJMTENIM HAJCTPOCK IPOTUBOIOJIOXKHO HaIlpa-
BJICHB! (MHa4e OBl HA/ICTPOWKM HE NEPECEKIINChH), U CBOM-
crBo (ii) coxpansiercs (cM. puc. 8).

Puc. 8. Bzaumno
NICPIICH/NKYJISIPHBIE
pEGpa HaiCTpOEK.
Beckoneunnie KpHUBBI€ /IpaKOCHa

[Mycts nana GeckoHEYHasi BJIEBO MOCJEIOBATEILHOCTD ... QO . .. 0000 W3
O6ykB R m L. 115 Bcskoro m ciioBo A(m) = Qpy, . . . Qa1 SIBISETCS UMEHEM
HEKOTOpOI KpHBO# ipakoHa. [Ipy 3ToM 3amuchk KpuBoii ¢ uMeHeM A(m ) sBIsET-
Csl HAYaJIOM 3anucH KpuBoil ¢ umeneM A(m + 1). [Tosromy kax/jas ciiejyiomas
KpUBasi IPOJOJDKAET Npeblayiyio. OObe/iMHEHNE UX BeeX 06pa3yeT HeCKOHeUHyo
Kpugyio OpakoHa C UMEHEeM . ..Q, ... 00 . SIcHO, 4yTo GECKOHE4Hasi KpuBasi
JIpakOHa He TIPOXOIUT JIBXK/Ipl IO OJJHOMY pebpy. B camom nese, mHaue HeKOTO-
poe e€ KOHEYHOE Hadallo MPOXO|IIo OBl IBaXK/IBI IO dTOMY pebpy.

BreimycTrM m3 OJHOM TOYKM YETBHIPE O/IMHAKOBBIE OECKOHEUYHBIC KPUBBIEC /Ipa-
KOHa (B YETHIPEX HANpaBJICHUsX). JIETko 3aMETUTh, YTO 3TU YETHIpE KpUBbHIC HE
uMeloT obmux pedep. B camom zesie, ecom obuiee pebpo ecTh y JIByX COCETHUX
KPHBBIX, TO OHO OyZeT OOIWM [JIs HEKOTOPBIX WX KOHEYHBIX Havajl ¢ WMCHAMMU
A(k). Otn nBa Havana BMecre obGpasyoT kpuByio ¢ umenem BA(k) (rue B paBuo
L wm R), a HuKakasi KpuBasi [pakoHa HE MOXCT HPOXOIUTH BBl 1O OJf-
HOMy pebpy. Ecim ke mepecekaioTcsi KpUBBIE, BBIXOASIINE B MIPOTHBOIOJIOKHBIX
HAIPaBJICHUSX, TO OJIHA W3 [IBYX JPYI'MX KPHUBBIX HaXOJWTCSl BHYTPH 3aMKHYTOTO
KOHTYypa, 9TO HEBO3MOXKHO, T.K. OHa GECKOHEYHA.

Utak, 3TH YeThIpe KpUBBIE Nepeceybcsi He MoryT. OKaspIBaeTcsl, 9ToO (3a HEKO-
TOPBIMH HCKJIIOUCHHUSIMH, O KOTOPBIX HIDKE) OHM IOKPBHIBAIOT BCIO CETKYy. UTOGHI
yOEIIMTBCSL B 3TOM, MBI JIOK2)KEM, UYTO (32 HEKOTOPHIMH HCKIIIOUCHHSIMU) YEThIpE
KpuBbIe ¢ nMeHeM A(i), BBINyIICHHBIC W3 OJJHON TOYKW, MOJHOCTHIO NOKPHIBAIOT
KBa/IpaT C LICHTPOM B 3Toi Touke (M 4eM OoJiblne i, TeM OOJIbIIE CTOPOHA KBa-
npara). [lpm nokaszarenbctBe mMst A(i) yZnoOHO UMTATh ClicBa HamnpaBo (Kak B
TIpEBIIYIIEM pas/ielie), IPUMEHSIS CIEAYIONYIo JIEMMY.

Jlemma 1. [lycms uemsbipe Kpueble ¢ umenem S, 8bInyujeHHbvle U3 OOHOL MOU-
Ku, nokpulearom keadpam pasmepa 21 X 21 ¢ yenmpom 6 HauanbHoUl mouke.
Ilycme S" = SaB nonyuaemcs us S dobasnenuem cnpasa 08yx NPOU3EOJIbHBIX
oyke (L unu R ). Toz0a uemvipe kpuevie ¢ umenem S’, svinyuwjennvie u3 oo-
HOlUl mMoyKu, NoKpwlearom keaopam paszmepom (41 —2) x (41 —2) ¢ yenmpom
8 HAuaNbHOU MmouKe.

Jokaszamenscmeo. U3 obmero Hauana O BBIXOAAT YETHIpE KPHUBBHIE C IMEHEM S.
Ham ynoGHO M3MeHUTH opHeHTaluio pe6Ep Ha JABYX U3 HUX (IPOTUBOIOJIOKHBIX);
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TOT/]a YETHIPE KPUBBIE MOXKHO COC/MHHUTH B /IBC KPHBBIC Ha €/IMHUILYy OOJIbLICH
CTENeHN (MBI IeNaJIk 3TO, JI0Ka3biBasi OTCYTCTBHE OOIMX pEbGep); B 3TUX OOBEH-
HEHHBIX KpHUBBIX Touka O OyZeT CepeiuHOi.

3ameTHM, YTO TOCJIE TOTO COOJIO/IACTCS PACCMOTPEHHOE BHILIE TPABHIIO: M3
ZIBYX TICPIICH/IMKYJISIPHBIX pEOep ¢ oOlIell BEpIIMHOM OIHO SIBJISIETCS BXOASIIHM,
a Jpyroe ucxojsmuM. B camom siese, pébpa NpOTHBOIIOJIOKHBIX KPUBBIX HE MMeE-
10T OOIMX KOHLIOB, a PEOpa COCEAHMX KPUBBIX MOXKHO CUMTaTh PEOpaMH O(HOH,
B/IBOoE Ooslee JUIMHHOMN, KpuBOii. B yacTHOCTH, ecii ueThipe pebpa OrpaHUYUBAIOT
KBa/[paT CETKW, TO WX HAIPaBJICHUS COTJIacCOBaHB! (OHM OGPasyioT LUKII).

[Mepexon ot S k Sa coOTBETCTBYeT HaJCTpoiike pébep y S, W mpaBmia co-
TJIaCOBaHMs HaNpaBjicHUs peOpa M HANpaBJICHUS] HA/ICTPOHkM (M TO, M Jpyroe
4epelyeTcsl BJI0JIb KPUBOI) rapaHTUPYIOT, YTO M3 YETHIPEX pEOEp LKJIA /(Ba TIPO-
THBOIIOJIOXKHBIX HaJICTPamBaIOTCsl BHYTPb, a /1Ba IPyTruX — HapyxXy. (31ech cyme-
CTBEHHO, YTO y JIByX KPMBBIX U3 YETHIPEX M3MEHEHa OpreHTanus.) TakuMm o6pasoMm,
€CJIM UMEJICS TIMKI 13 pedep (CTOPOH KBajipata), TO HpH A0OGABJICHWM HAJCTPO-
ek (T.e. mpu mepexoje or S Kk Sa) [MaroHaii 3TOro KBajjpata Oy/yT HOKPHITHI
YETHIPbMS HOBBIMH PEOpamu.

[pu cnenyromeM nepexoze (oT Sa k Sa ) y kaxioro n3
9THX pE6Gep MOSBUTCS HA/ICTPOIKA; TIPU 3TOM MBI YKE 3HaEM,
9TO HepeceKaTbCsl OHM HE MOTYT, TO €CTh BO3MOXKHA JIMOO
KoH(purypanus puc. 9, 1mbo cummerpuuHas cil. B obomx VA I
Cllyyasix CPE/IHMC JIMHUM KBa/IpaTa MOKPBITHI MOJHOCTHIO, a
CTOPOHBI — HAIOJIOBHHY.

BcrioMHMM yCII0BHE JIEMMBIL: TI0 IPE/TIONI0KEHUIO UMEET-

cs kBazpat 2/ x 21 Ha ceTke, B KOTOPOM Bce péGpa CETKH
HOKPBITHl KpuBbiME ¢ umeHeM S. Iocie nepexoma x So3, XBa/paTuka.
KaK Mbl 3HAEM, CPE/[HUE JIMHUM BCEX KBA/[PATOB ceTKU BHYTpHU (2] X 21)-xBajpara
OyZyT HOKPHITBL. Taxoke OyayT NOKpBITHI M BCE CTOPOHBI DTHX KBajIpaToB (3a HC-
KJIIOYCHHEM YaCTH I'PAHUIIBI GOJIBIIOTO KBaJparta): K KaXK/I0i CTOPOHE TIPUMBIKAIOT
IIBa KBaJjpaTa CETKU, NOKPHIBAIOIMX ¢¢ HANOJIOBUHY (M Ge3 mepeceucHmil). Takum
00pa3oM, KpUBbIC C IMEHaMH Sa: 3 TIOKpBIBAIOT KBazpaT 4/ X 41, 3a HCKIIOYECHUEM
(BO3MOXHO) TIepuMeTpa, Tak uto kBajapaT (4] — 2) x (4] — 2) 3aBejloMO HOKPHIT
noJiHocTeo. Jlemma 1 nokasana.

IMpexze yeM BO3BpaIaThCsl K OECKOHEUHOMY BJICBO MMEHH M COOTBETCTBYIO-
Inel KpHUBOH, cziesiaeM emé O1HO HaGJIIo/ICHHAE:

Puc. 9. Haxcrpoii-
KN HA JuaroHalisix

Jlemma 2. Ecnu ums Kpueoii cocmoum u3 namu cuMeono8 U HaYyuHaemcs Ha
RR unu LL, mo uemblpe makux Kpueblx NOKpblearom keaopam 4 X 4.

Lokazamenscmeo. 3TO MOXHO IIPOBEPUTH NepeOOPOM BceX 32 BO3MOXHOCTEH.
[NepeGop MOXKHO COKpaTHTh, €CJI 3aMETUTh, 4TO KpuBble RR m LL natot moxo-
JKWE KapTHHKHW, a TakKe 4TO B HEKOTOPBIX M3 CJIy4YacB YETHIPEX CHMBOJIOB yXKe
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Puc. 10. [IByxpaTHasi HaJCTpOMKa COXPaHSIET BUJL KPUBOi

JOCTAaTOYHO.
PaCCMOTpHM TCIIEPh OECKOHEYHOE BJICBO MMS U COOTBETCTBYIOIINE OECKOHEY-
HBIC KPHUBBIC. TyT BO3MOXHBI /1Ba IPUHIUIINAJIBHO Pa3HbIX Cllydas:

e uMsl KpuBOH (... Q300p(01) CONEPKUT GECKOHEUHOE YHCIO TOACIOB RR
mm LL. B oToM ciiyuae geThlpe KpHBBIC IOKPHIBAIOT BCIO CETKY: IO JeMMe 2
TaKoe IOJICIIOBO JAET yepe3 TPH Liara u3MeJibueHust (Kbl ar COOTBETCTBYET
100aBJICHUIO CIIpaBa OZIHOHM OYKBBI, TO €CTh NOCTPOCHHIO HAJCTPOEK Ha PEOpax)
KBazipaT 4 X 4, KoTopsii 3aTeM (1o yemMme 1) na€r kBaapar 6 X 6, 10 x 10 u Tak
Jajee.

o ums kpuBoii umeet By . .. RLRLRLa, . .. oy (uepenytommecss L u R ¢
HPOU3BOJIEHBIM OKOHYAHHMEM). B 3TOM Cilydyae 4eThpe Takmx KPUBBIX HE IOKPbI-
BAIOT INIOCKOCTb.

YT06bl yOeIUThCS B 3TOM, paccMoTpuM KpuByio ... LRLRLR wu 3ameTnm,
YTO OHA LICJIMKOM JICXKWT B yriie B 45°. B 3ToM Jierko yGequThCs MO0 WHIYKIIAW:
KpHBasl TAKOTO THIIA 3aIllOJIHSIET NPSMOYTOJBHBI PaBHOOECIPCHHBI TPEYTOJIBHIK,
HAYMHASICh B OCTPOM YIJIE ¥ KOHYASICh B IIPSIMOM, U €CJIM IIPOJOJDKUTH IOCTPOCHUE
Ha OJIMH IIar, TO JIBa TaKUX TPEYroJIbHUKA BMecTe 06pasyIoT GOJIbIUME TPeyIoJib-
HEK (puc. 10); Ha clieiyioleM Inare MoJIy4aeTcsi TpEYTONbHIK, OPACHTAPOBAHHBIN
KaK HMCXOJHBIN, HO BJjBO¢ GOJIBIIETO pasMepa, UTO W 3aBepIlacT INar MHIYKIAH.

Yto mpomsoin€r mpu noGasBiieHuu k 3amucd ... LRLRILR TNpou3BOJIBHOTO
okonuanus? Hayt GeCKOHEUHOMN KPHBOIA, IOMEIAIOIICHCS B Yrodl 45°, BBIIOJHSCTCS
KOHCYHOE YWCIIO IIaroB HaJICTPOMKHM; SICHO, UTO IOJyUCHHAs! KpHBasl BEIXOIUT 3a
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Ipeielibl 3TOrO YIJla Ha OTPAHMYEHHOE PACCTOSIHUE U IIOTOMY TaK)XKE MOXET ObITh
LEJIMKOM 3aKJII0YEHa B Tako# yroJji. Clie/10BaTeJIbHO, /IJIS 3aN0JIHCHHUS! TIOCKOCTH
HY’>XHO KaK MHUHMMYM BOCEMb TaKUX KPHBBIX (Tak kak 360/45 = 8).

Taxkum 06pa30M, MbI IIOJIyYNJIA TIOJIHBIA OTBET:

Teopema. Eciu beckoHeuHas 81e80 3anucb OeCKOHeuUHOU Kpueoll OpaKoHa co-
depacum bGeckoneunoe yucino ¢ppazmenmos RR unu RL , mo yemvipe maxux
Kpuevle, 8binyujeHHvle U3 OOHOU MOUKU, NOKPbIeaiom NIOCKOCMb (mouHee,
cemky) Oe3 nepekpbvimuil u HanodceHuil. B npomuenom cinyuae uemvipe ma-
Kux Kpuevle (KaK ux Hu pacnonazaii) niockochib NOKpbiMb He MOZym.

[Tomumo >toro, Hame omnucanue KpuBbiX ... RLRLRIR mno3Bosisier 3ame-
THTh, YTO TAKAMHA KPUBBIMHA MOXXHO-TAKM 3aMOCTHTE IJIOCKOCTh, TOJIEKO MX HY>KHO
HE 4YeThlpe, a BoceMb (puc. 11).

ARSIRNIR \_/‘_-/_1,_\_.,
| | | | | | |
7 -~/ N
= =N = \\ I,_ \\ N
| | |
| ) !
RS 7

Puc. 11. Bocemp kpuBbix Bujia . .. RLRLRI. Takxe 3amOJHSIOT MJIOCKOCTb.

N30paHHble pelleHUs 1 KOMMEHTapUy K 3aJadaM

R T
e

CucTeMa 0003HAYCHHI TaKOBA: HOMEP M.n WMEET PellicHUEe r-oif 3ajiaud B
7-OM JIHCTKE.

1.6. [la, MOXHO CTapTOBaTh C paBeHctBa 1 = 1 + 1 + 1, mocue wero He-
CKOJIBKO Pa3 3aMCHSITh ipo0k L ¢ HanGOJBIMM 3HAMCHATENEM HA 7 + o + 2
yBeﬂI/quBaﬂ TEM CaMbIM 4YHUCJIO CJlaraCMbIX Ha 2.

1.7. 3aMeTuM. 4To l_}_l 3 L_{_L —_ 2 L+L —_ 2 l_}_l_{_i 1

S : 3T T 7 M T T 21035715 20579 Tas T 3
OTciozia BUIHO, UTO

| = 1 1 1 1 1 1 1 1 1
_3+5+7+9+11+15+35+45+231'
3nech 9 ciaracMblX, IIO3TOMY MOXKHO aHAJIOTMUYHO 33ja4e 1.6 3aMEHHUTH caMylo
MalleHBKYIO JIpoOb Ha cyMMy 9 npobeit, uto nacT kak pas 17 npoGeit.

4.6. OnuHakoBO — Kak ObLIO Obl MHAYE YCTPOEHO InepeceucHue? (3amerum,
4YTO IPHUMEPHI NIEpPECEUCHNs €CTh; YKa3zaHUE TaKOro IpUMepa — Xopoluasi 3ajada
10 «MOCKBOBEJICHHION . )

5.8. Her. Eci 651 5TO OBLIIO BO3MOXHO, TO CyMMa JUJIMH J{yT Ha BBITYKJIBIX
y4YacTKaX IpaHMIB! Obula OBl paBHA CyMMe JUJIMH JyT Ha BOTHYTBIX Y4acTKaX, 4To
HEBEPHO IS Kpyra.
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6.6. MOXHO U30JIMPOBAaTh HOXKKKM KPOBAaTH €MKOCTSIMH C BOJIOH, a Hajl KpoBa-
TBIO Pa3MECTHUTh OallJaxWH C 3aTHYTHIMH BHYTpb KpasiMH, /€ TOXE HaJIATa BOJa
(cM. puCyHOK).

(xpyxok B MIIHMO) Cob6paB focTaTouHOE KOJIMYECTBO Kymiop, hupMa Ha-
Yajia 3BOHUTH 11O WX HOMEpaM, IIpejylarasi IpAoOpecTy Takylo KymHiopy.

7.7. HyXHO OCyIIECTBJISITh ICJICHAE TIONOJIaM: B IIEPBOM IYHKTE JOCTaTOYHO
IIPOCTO cHpammBaTth «BoJblle JIX TBOE YUCIIO, YEM. . . », Ha KaXX/JOM 1Iare yMcHb-
masi JJIMHY OTpe3ka BJBOE; BO BTOPOM ITYHKTE€ MOXKHO OTTaJiblBaTh IO OJIHOIMA
JIBOMYHBIE LIAPPHI YKCIIA.

(xpyxok B MITHMO) Hampuwmep, «5 3aranan oguo m3 aAByx umcedt: 1,5 u 2,5.
TBo¢ umcino Gosbie?».

13.1. [IlepBslii: OH KJIaZIET MOHETY B IEHTP CTOJIA U JIaJIbIIE TIPHJICPXKUBACTCS
CMMMETPUYHOM CTPaTEInu.

13.2. KoneuHo, K ILIOXO NOJACTPMXKEHHOMY — BE/lb IMEHHO OH CTPHUI BTO-
poro.

13.4. BuieBo: /1Bepu y HETO C «HEBU/IMMOI» CTOPOHBHI.

13.5. Bebipe3aB noaxopsiiee OTBEPCTUE, MOXKHO Pa3sBEPHYTh JIMCT B OYEHB
JUIMHHYIO JICHTY (CM. PUCYHOK).
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13.7. Moxuo nostyuuts VI # I nim V1 = I, T.e. \/T =1.

13.8. Hu oxnoii, Hamucano |1| = 1.

13.9. Tax MOXHO IPEACTaBUTE JI000OE YNCIIO, BEIb a = (a — D! 41971,

28.3. (a) Moxno: ((2 : (3 :'5) : 7)) : 11) : 13. (6) Henp3a: kak
HHU paccTaBiisiii cKkoOkuW, umciio 3 Becerzna OyzaeT B 3HaMeHatelie. (B) Hampmmep,
(2:3:5):7=2:(3:(5:7))) (morom Mmoxuo nodasuth 11 n 13).

28.4. (a) MOXHO NMOJIyYUTh T€ W TOJIKO T€ KOMOMHAIMM MHOXHUTEJICH, B
KOTOpPbIX 2 B yuciureie, a 3 B 3HameHarejie. PopMallbHO 3TO HA/I0 JJOKA3bIBaTh
MHJIKIUEH [0 YKCcily MHOXHUTENIEH, 9To TpebyeT akKypaTHOro paccyxaeHus. Ec-
JIM HaJIo PacCTaBUTh B @ : b : ¢ : ... CKOOKH Tak, YTOObl ¢ OBUIO B UHCIHTEIIC
(HAIIOMHMM, YTO a B YuCiWTelie, a b B 3HaMEHATEJE), TO MOXHO HPUMEHHThH
MPEJIIOJIOKEHNE MHJIYKIIMK, CYMTasi BHEIMHEH onepaumeit a : [b : ¢ : ...]. Ec-
M ¢, d,...,e IOIKHBI ObITh BCC B 3HAMCHATEJIC, a [ B YHCIMTEJIE, TO MOXHO
paccTaBuTh cKoOkm Tak: ((a : b) : ¢c) :d) :le: f:...], rie KBajpaTHast CKOO-
Ka CTPOMTCS 1O NPETOJIOKEHAIO MHAyKIuH. [losTomy Beero apobeit 2* = 16
(xaxxnoe m3 uucen 5,7,11,13 MoxeT OBITh B JIBYX IO3MIMSIX).

(6) U3 pemenus npeapllyliero MyHKTa CJELYeT, YTO IIPOM3BEICHUE ECThb
(2/3)'6.

29.5. Kaxsplii cienan He Gosiee 8 pyKONOXKaTHil — MOITOMY BCE BapHaHTHI
ot 0 5o 8 peasmzoBanbl. Tot (Ta), KTO cienaii(a) 8 pyKONOXKaTHii, MOXall PyKy
BCEM, KpOME CBOEH >KeHbl (Myxa), modtomy O pykomnoxartuil caeyiana (ciesain)
MMEHHO €TO0 XeHa (MyX). AHAJIOTWMYHO, y TOTO (TO#), KTO cziejiail 7 pyKOmoXa-
THIA, XeHa (MyX) czenajna (czienan) ogHo, y Toro (Toit), kTo 6 — 7Ba, y TOTo
(toi), k10 5 — 3. 3naunt, Muccuc Bpayn cnenana 4 (3T0 €AMHCTBEHHOE, UTO
OCTAJIOCh).

31.4. TlocMOTpHM Ha OCTATKM IO MOAYJIO 7: oHU OyayT 4, 6, 5, 2, 0, mosTomy
500003 cocraBhoe. (IIpenpyiyiee 4ucio ToXE COCTaBHOE, OHO JejuTcst Ha 31,
HO 3TO TPYZAHO OOHApPYXKWTE.)

34.3. Ecim paccrosiHue paBHO 1, ckopocTs — 1, M CKOpOCTh BeTpa — X,
TO B TEPBOM Cllyyac BpeMs ToJiéTa paBHo 1, Bo BTropom 2/(1 — x?), a B Tpe-
TheM 2/4/1 — X2, TO eCTh BO BTOPOM TpeByeTcs GOJIBIIEr0 BCEro BCEro BPEMEHH,
3aTeM HJET TPETHil cilydail, a MEHbIIC BCErO BPEMEHH HOTpeOyeTcsi B IIEPBOM
ciydae.

34.4. Ecnu durypa HeBblyKJlasi, €€ MOXHO 3aMEHUTh Ha purypy ¢ GoJibiuei
IJIOINAJBI0 U TeM XXe nepuMeTpoM. [losToMy ¢(urypoil MakcmmalibHOR ILIOIIA-
Jm Oyner npsimoyronsHuK. Cpein NIPSIMOYTOJIBHUKOB C IIEpPUMETPOM He Golee 19
HaunOOoJIBIIYIO IUIONIA/(b UMEET NPSIMOYTOJIBHUK 5 X 4 (mjomaap paBHa 20, nepu-
metp — 18). Iepumerp 19 HEBO3MOXEH 1O COOOPAKCHUSIM YETHOCTH.

34.5. 31 uudpa. C ozmoii croponsl, 2'%° = 10241 > 10%, a 3naunr, uncyo
coziepxut He Menee 31 mudps. C apyroit cropomsi, 10241 = 1031 . (1,024)10,
a 1,024% < 1,1'° < 10, Tak uro 31 nudpbl JOCTaTOYHO.
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34.9. Jlio6Gbie coMHOXHUTENH, GoNpIme 3, MOXKHO pa3OWTh Ha MCHBIINE, HE
yYMEHbIIasi TPOU3BE/ICHNS]; COMHOXUTENN 1 GECIOJIe3Hbl, TaK YTO MOXKHO CUUTATh,
YTO CPEIM COMHOMXMUTEJIEH BCTPEYAIOTCs TOJIBKO JIBOMKM M Tpoiiku. Ecim cpemmn
COMHOXMTEJIEH €CTh TPU JBOMKH, UX MOXXHO 3aMCHUTh HA JIBE TPOWKHU (IIpOM3BeE-
JICHAC TOJIPKO YBEJIMUMUTCS). Tak 4To HamOoJIblee MPOM3BE/ICHAE OyIET 31222

34.10. CpasuuBas nociezoBaTeibHOCTE OUOOHAYUM C TEOMETPHUYECKON MPO-
rpeccueit 1,2,4,8, ..., MOXXHO 3aMETHUTh, YTO €€ COTHII UYJICH HE NPEBOCXOAUT
2% (cm. 3ajauy 34.5). C /pyroii CTOPOHBI, 32 WICHOM X YEpe3 OJMH WJET WJIEH,
HEe MeHbIIM# 2x, modToMy 2n + 1-blii wieH nocienoBaTesbHocTd Gubonauyun He
menpme 2", a 24 = 2° . (219)% > 100 - 1000* umeer ne menee 15 nudp B
JIECSITUYHON 3aIlACH.

34.11. YmHoxas 4ucio, OoJibliee euHuLbl, Ha 1,001, MBI yBeJIMYMBacM €ro
kak MuHuMyM Ha 0,001. [Tostomy rogurcst n = 10 000.

34.12. Ilockombky 0,999 x 1,001 < 1, rogurcs 10 Xe 71, 4To U B 3a7aue 11.

34.13. Ha30BéM TOUYKy X JOCTYIHOH, €CJli B HEE€ MOXHO IPHUBE3TU CKOJIb
yroguo GoJpmoil 3amac OCH3MHA, 3aKOHYMB IMyTh B X. SICHO, YTO eci TOY-
Ka X JIOCTyHmHa, TO W Touka X + 10 mocrymna (W3 A JUTPOB B TOUKE X HE
MeHee 3A/5 NUTPOB MOXKHO IEPEBE3TH B TOUKYy X + 10, Tak Kak Ha HEPEBO3KY
yxonuT He Gosiee 2/5 Gensuna B Gake). CienoBaTesbHO, J1i00ast TOUKa JOCTYIIHA,
TO €CTh MOXHO JI06paThcs /10 Kpasi MyCTHIH.

34.14. Pemecnne Ge3 OICHKH BPEMCHH /IO OCTAaHOBKHW: IEPBBIA (CTOSIIMI C
Kpaio) coJilaT MOBOpauMBacTCs He GoJiee OIHOTO pa3a — IOBEPHYBINNCH JIMIIOM
HapyXy, OH 06oJice HE MOBOPAYMBACTCS. AHAJIOTMYHO, TOCJIE TOTO, KaK IEPBBIi
coJi/IaT mepecTal HOBOPaYMBaThCs, BTOPON OT Kpasi COJIIaT MOXKET COBEPIINTH HE
6oJiee OHOTO NOBOPOTA, U T.J.

Onenka 2": m306paxasi BIPaBO CMOTPSINETO CAWHMICH, a BJICBO CMOTpSIIE-
0o — HYJIEM, Mbl BU/JIIM, 4TO KaXK/Iblii 1IAr 3aMeHsIeT HecKoJibko rpynn 10 nHa 01,
TEM CaMbIM yMCHBINAsI YUCJIO (KOTOPOE M3HAYAJIBHO HE Gouibmie 2™).

Ouecnka n%: cHOBa TIPEJICTaBMM TIOCJIE/IOBATEIILHOCT COJIZIAT HAbOpOM W3 71
HyJIell ¥ eJUHUL. Y00HO NpecTaBisATh cebe, uTo 1 u 0 copTHpyoTCs «CaMoo0-
CILy’KUBAaHUEM» . HYJIM CTPEMSITCS BJIEBO, a €/IMHULBI BIpaBo. [lepBbiil HYJIb 3aiMET
TIPE/ICJIbHOE TIOJIOXKEHUE 32 1 AroB (WJIM MEHBIIE), IOCJE 3TOTIO €IIE yepes n
1IaroB CBOE MECTO HENPEMEHHO 3aiMET BTOPOH, U TaK JIaJiee — BCETO MEHee >
11aroB.

Tounast onienka ectb n — 1. YMEHbIIMTE €€ HEJB3sI — POBHO CTOJIBKO 1IArOB
notpebyeTcsl, €CJId B cCaMOM HavaJle €/IMHCTBEHHBIN HYJIb CTOUT cripaBa. [lokaxeM,
4yTOo (1 — 1) MWAroB AOCTaTOYHO IS JIIOOON HayallbHOW KOH(PUTYpaluy.

Jlemma: k-ii ciieBa HyJib BCTAaHET HAa CBOE MECTO C 3a/Iep>KKo# He Gosiee (kK —1)
TI0 CPaBHEHMIO C OECIpENsTCTBEHHBIM JIBIDKCHHMEM. B caMoM fiene, st mepBoro
HyJIsl JIBIOKCHUE GECIPENsTCTBEHHOE; k-My HYJO MOXeT HoMemats (kK — 1)-ii,
€CJI OHM OKaXXyTCsl PSJIOM JI0 OKOHYaHWs JiBkeHusi (kK — 1)-ro Haneso. Ho B
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STOM CJIydae PacCTOsIHHE MEX/ly HUMH IIociie BCTpeur OyJieT He 60Jiee e/IMHUILIBL,
W TIOTOMY K- HyJIb BCTQHET Ha CBOE MecTo uepe3 Imar mocie (k — 1)-ro.

W3 jileMMBI BUIIHO, 4TO POCT 3aJCPKKM KOMICHCUPYETCsl COKpAICHUEM IyTH.
TakuMm obpa3zoM, KaxaoMy HyIo noTpebyercs He Gosee (n — 1) maroB, 4TOOBI
BCTaTh Ha IIPE/IHA3HAYCHHOE €MY MECTO.

34.18. JlioOble ;Ba pasHbIXx MHOXecTBa A U B rupb MMEIOT pasHblil Bec,
nockouibky nHaue A\ B u B\ A apyr jpyra Gbl ypaBHosemmBaim. [Tosromy Bee
BECa — PA3JIMYHBIC LICJIBIC YKCJIA, @ YACJIO NOJAMHOXKCECTB OOJIbIIE MUJUIMOHA.

34.19. 763 -852-941. B camoMm jeiie, 9 NOJDKHO CTOSITh B pas3psiliec COTEH
(MHaYe MepecTaBUM Tyjla U yBelnnumM npomsBesienne). Ecim 8 He B paspsizie coTen
Apyroro 4mcja, To OOMEH NPUBOIUT K YBEJIMYCHHIO (ITOCKOJIBKY OTHOCHUTEIIBHOE
BJIMSIHAC YBEJIMYCHHS B CTapIIEM pa3psizic OoJibine, 4yeM B Jiiobom jipyrom). To xe
nnst 7. Teneps BUHO, 4TO 6 HAJI0 TOCTaBUTh B pa3psifi JECATKOB, MPUYEM TyAa,
r7e 5To (OTHOCHTENIBHO) BaXKHee BCEro, TO eCTh K 7 M Tak JiaJee.

35.5. Ecrb Tpu BapuanTa oTBeTa (B 3aBUCUMOCTH OT TOT'O, KaKUE /[BE BEPLIMHBI
He emexabie): (0, —2), (0,0); (2,4), (3,3); (=2,0), (—3,3)-

35.8. 3apauva cdopmysimpoBaHa HEKOPPEKTHO — pellcHuil HeT. UToOwl mpo-
THBOpEYMs He OBUIO, HY>KHO 3aMEHUTh CBOOOJIHBIN WicH Ha 6 (uies Obula B TOM,
YTO TIKOJIBHUKM JIOJDKHBI 3TO camm 3ameTuTh)! OTBeT (mpm Koa(dunmente 6):
a=-4b=1.

36.1. Tlnowams Takoro TpeyrosibHuKa paBHa |ps — rq|/2. IosTomy ero mwio-
wa/p kparna 1/2. Jlerko 3ameTuth, yTo MUHUMYM 1/2 jocturaercs.

36.2. Tliowanp paBua (I +n)/2+ k — 1.

36.4. VYka3zaHme: pa3pexpT€ €ro Ha CJIOM TOJINMHOM 1, KaX/Iblii M3 KOTOPBIX
TIpe/ICTaBIIsIeT cO0O0M Tpanenuio Uil TPEYrOJIbHUK.

36.5. 1/6. [eiicTBUTCNBFHO, MAHAMYM O0si3aH, OYEBHU/HO, JAOCTUTAThCs Ha
TeTpaszape. A nns ob6péMa TeTpasdapa ecTh (pOpMyJia, BBIpAXKAIOIasi €ro 4epes
KOOp/IMHAThl BepliuH. 2Ta opMyJla HalOMUHAECT (POpMYyJly U3 3ajiauu 1, TOJIBKO
B 3HaMeHaTeJie OyzeT He 2, a 6. OTMeTHM, YTO (hOpPMYJIbl, aHAJIOTHYHOH (hOPMYJIBI
JUIsl TUIOCKOCTH, HET: CyWIECTBYET TECTPad/p, BHYTPH M Ha TPaHUIEC KOTOPOTO HET
LIEJIBIX TOYEK, KPOME BEPIIMH, 0OBEM KOTOPOTO CKOJIb YTO/{HO BEJIUK!

38.3. 8!

38.10. Ecym Mbl HaHm3BIBacM OYyCHMHBI Ha HE3AMKHYTYIO HUTh, TO MMEETCS
15!/(3!- 5! - 7!) BapuantoB. JlioObie Gychl MOXHO HECKOJIBKMMU CIOCOOaMu pas-
pe3aTh U NPEeBpPaTUTh B HE3aMKHYTYIO HUTB.

3aMeTnM, 4TO MpHU KaXKJ0oM U3 15 noBopoToB Oyc koHGUrypanus (paccraHoB-
Ka LIBETOB OyCHH) He MOXET Iepeitu B ceOsi. B mpoTuBHOM cilyyae HpHILIOCH
Obl pacrpe/ciINTh KpPacHble OyCHHBI TIOPOBHY IO 3 MPOMEXYTKaM MEX[y KEi-
TeIMU OycHHaMH (a 5 He jeymTcd Ha 3). AHAJIOTWYHO, IPH OCEBOW CHMMETPHUU
KOH(UTypalys TakKe He MOXKET IepedTu B cebst (OChb CUMMETPUH JIOJKHA OBl-
Jla OBl TIIpOHTH M 4Yepe3 Oeliylo, M Yepe3 KpacHylo, M 4epe3 CHHIOI0 OyCHHBI, 4TO
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HEBO3MOXKHO) .

CrenoBaTelbHO, KaX/IbIM OycaM COOTBETCTBYET PoBHO (15 - 2) He3aMKHYTBIX
HWUTEH ¢ HaHM3aHHbIME Gycmukamu. Otset: 15!/(30 - 3!-5!-7!).

38.11. n!/n=(n—1)!

38.14. Yto6bl ykasaTh pasjeciicHAEC k OJMHAKOBBIX GOKaJIOB Ha # pasHbIX
TpyHI, MOCTaBUM OOKajbl B psiji U Jjo06aBuM (n — 1) pasgenuteneit (OThedsio-
mme GoKaJbl OIHOW Tpynmel 0T GOKajoB Apyroi). OcraéTcst MOACUNTATE UHCIIO
crocoboB BRIOpaTh MecTa uisl pazaesmrenein. OTBeT: Cn" IRE

38.21. Ecim nagpm nepxar moj 60eM BCe OISt [IOCKHM, TO JIMOO HAa KaXKzon
TOPU3OHTAJIM €CTh IO JIaJibe, MO0 Ha KaXKJO# BepTHKalM ecTh 1o Jaase. (Mna-
4ye Ha NepeccYeHUH HEOUTBHIX TOPU3OHTANI U BEPTHKAIM €CTh HeOHMTasi KIIETKa.)
[Mosryyaem 8% + 8% — 8! (mayo BHIUCCTD 8!, Tak KaK /IBaXK/[bl IIOCUUTAHBI CIIOCOOBI
PacCTaHOBKM, B KOTOPBIX Ha KaK/JOH BEPTHKAJM M HAa KaXJIO T'OPU30HTAJIA €CTh
1O JIaJIbe).

38.22. Kaxas Touka NepeceyeHMsl AWAroHalleil COOTBETCTBYET YETHIPEX-
YTOJIbHEKY, 06pa3’oBaHHOMY M3 BEpIIMH MCXOHOTO, Tak 4To oTBeT C2.

39.2. 3, 3T0 (NIOJOXKUTEIBHBIA) KOPEHb ypaBHEHHS X = /6 + Xx.

39.3. (vV5-1) /2; 10 (GOJNPBIIMI €IMHUIIBI) KOPEHb ypaBHeHUs X = 1 4 %

39.7. (1+ \/5)/ 2. MoXHO 3aMeTUTh, YTO 3Ta 3ajla4ya yxke Obula (B CBSI3H C
LIETHOH JIpoOBIo U3 €IWHAUL], CM. 3a/iauy 39.3).

40.1. Jlapeit MOXHO MOCTaBUTE § (IO YKCITy BepTHKAJIEH I TOPU30HTANIEH).
CrnonoB 14 (nmaronaneil ofHOro HampaBlieHHsI 15, HO M3 [IBYX OJHOKJIETOYHBIX
MOXHO 3aHATh TOJBKO OJIHY; IIpUMEp — CJOHBI Ha nojsx al—gl m a8—g8).
Kopomneii 16 (B xaxxaom kBazapate 2 X 2 He Gosiee oxnoro). Koneii 32 (6onpie
HEJIB3s, T.K. CyIIeCTBYeT MapIIpyT KOHs, OOXO/SIMIA IOCKY, U COCE[HHE B OTOM
MapIIpyTe KJIETKM HE MOTYT OBITh OJJHOBPEMECHHO 3aHATHI; IpPUMEpP — KOHH Ha
BCEX MOJIAX ofHOTrO IBeTa). Mepseit 8 (He OoJiblie, ueM sazeil; npumep: a3, b6,
c8, d2, e4, f1, g7, h5).

40.2. [1ns pacCTaHOBKHM Jiajieii ecTh 8! ciocoGoB. [1Jisi pacCTaHOBKY CIIOHOB —
28, Jlna xomeii Bcero 2 crnoco6a: B MapupyTe, o6XOAIIEM BCIO JIOCKY, MOXHO
BHIOpATh BCE UETHBIC MIIM BCE HEUETHBIE KJIETKH; 3TH CIOCOOH! JIETKO OMICaTh: BCE
OeJible KJICTKA W BCe UEpHBIE.

40.3. Yxazamme: OceBasi CHMMETpPHSI HE MOXET IICPEBECTH PacCTaHOBKY B
cebsl.

40.4. Ha Bcex paccTaHOBKax JICHCTBYET I'pyIlla CUMMETPHiA U3 8 2JIEMEHTOB.
Bce opOuTh YETHBI, KPOME OJIHOM (ecin KOH(PUTYpalysl yCTOWINBA OTHOCUTEIILHO
BCEX CHMMETpHIii, TO KOPOJI HE MOTYT CTOSITh y CPETHUX JIMHUI JIOCKH, a TaKkKe
B CEpEJIMHHOM KBajpaTe).

40.5. (A})?/3.

40.6. (a) (AD?/41 — 8- (AD)?/31+ C? - (ADH2/2! — C§ - (AD? + Cf;
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©)8—8-71+CZ-6!—...+1.

40.7. (a) n; (6) 2n —2; (B) [(n + 1)/21%; (1) [(n®> +1)/2] npu n >3 1
n npu n < 2. Bee paccyx/ienns aHaJIOTHYHEI JIOCKE 8 X 8 (KpoMe TOCIIE/IHETO,
KOTOPOE MCIOJIb3YyET BO3MOXKHOCTh 00X0/1a JIOCKH 1 X 1 KOHEM IpH n > 4).

40.8. (a) n!; (6) 2"; (B) 2 mpu u€tHOM 1 > 6 U 1 pm HEUE€THOM N > 5.

41.28. Ywciio 2002 na€r ocraTok 2 HpH JICJICHNH HA 4, 2 B NIPOM3BE/ICHUN
(x —y)(x + y) oba COMHOXUTEJISI MMEIOT O/INHAKOBYIO YETHOCTD.

41.29. Cymma /Byx KBAaJpaToOB HE MOXET /laBaTh OCTaTOK 3 10 MOAyJIO 4.
CyMMa TpEX KBaJ[paTOB HE MOXET J1aBaTh OCTaTOK 7 MO MoayJo 8.

42.4. Tlo MHIYKIIMKM MOXHO Jl0Ka3aTh, 4TO (2 — \/5)" = a, — b, \/5, IIe
a? —3b2 =1.

42.12. (a) Tlpu n > 5 u n = 1. Jokasaresmetso. Ecim 2" > n? u n > 4,
to 2"t =2.2" > 2n% > n?+2n+ 1, mockoJibKy n? > 2n + 1 18 Takux A.
(6) Cum. pemenue mynkra (B). (B) [lpu n > k m n = 1. [lokazaresbeTBo. Basza
maaykmam: k*¥*1 > (k + 1)%. Tokakem m 310 yTBep*)/eHue npu k > 2 1O HH-
JIYKIWH. 34 > 43, nmosToMy 6a3a mHAyKIMH ecThb. [lycts (m—1)™ > m m-1 g
osnauaer, uro m > (-2-)"™, Ho mociennee BrIpaxenue Goubie, uem (L)
TOATOMY m™*tl > (m 4+ 1)™, 4ro joKasbIBacT wiar manyknun. [Ipomsseném
miar MHYKIWMA JUJIs OCHOBHOTO yTBepxaeuus. Ilycrs k" > n* u n> k. Torma
kntl = k- k" > k-n* > (n+ 1*, nockompky (1 -+ %)k < (1+ %)k <k
(cM. 6a3y mHAYKIMHA). YTBEpXKICHHUE J0KA3aHO.

42.15. Tyt ecTh HeUpeBUIACHHAS NPOOJICMAa: HA/IO IOKA3hIBAaTh, YTO HOBas
OKPY’>KHOCTh TIEpeceKaeTCsl cO CTaphIMU B 2k TOUKax, TO MOSIBIIsieTCsl 2k HOBBIX
yacTeil. [OTO HEBEPHO, €CIIM HE Mpe]NoJiaraTh, 4TO TNpPEABIAYINNE OKPYXHOCTH
TIONIAPHO MIEPECEKAIOTCsl, HATIPAMEP, €CIIA TIEPECeYb JIBe KOHIICHTPIYECCKUE OKPYXK-
HOCTH OKPY>XHOCTBIO GOJIBIIOTO pajinyca, MPOXO/SIIei 4epe3 NEHTp. ]

43.1. OueBuJHO, MOXET, CM. PUCYHOK (LICHTpaJlbHasl [IbIpKa B KBajpare 3 X 3
3aTSATUBACTCA) .

43.2. Her, npencraBuM cebe, 4TO KaXkzast 9YEpHas KJIETKa pa3MasbIBacTCs IO
IATH KJIETKaM (OHa M YeThIpe cocesia), W B Kax/oi kieTtke 1/5 wepHOoTH. Torma
B HOBBIX YEPHBIX KJIETKAX OYy/IET KaK MUHUMYM 3/5 YepHOTBI, U TOSTOMY WX HE
Gosie 5/3 crapbix.

43.3. (pemenne JI. AnToHEHKO) Pa300BhEM BCIO MIIOCKOCTh HA ¢KPECTBD M3 5
KJIeToK. Ecim B KaXJIOM KpecTe 3aKpacWTh B YEPHBIN IIBET I[CHTpPAJIBHYIO, TIpa-
BYIO M BCPXHIOIO KJICTKH, TO Ha CJICAYIONEM Iare BCs IUIOCKOCTh CTaHET YEp-
Ho#. IlooTOMy ecim B3sITh IEpeceYeHUE DTOM KapTUHKM ¢ OOJIBIIMM KBa/IpaTOM
Ha IUIOCKOCTH U CJieJiaTh OOpIop IO KpasiM, TO MOXHO IIOJYy4YUTh KOI(PPULIMEHT
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YBEJIMYCHUS, KOTOPBIA Oy/ET CKOJIb YIOZHO
Ommsko x 5/3. Kcratu, uist n-MepHOro Ipo-
CTPaHCTBA TOXXE MOXKHO TOJIYYUTH OIICHKY Ha
mpupocT 3a ofuH mar. OH He TPEBOCXOIHT
2,1"_"_"11, W 5Ta OLICHKa TouHa (JJisl JIOKa3aTellb-
CTBa MOXXHO MOCTPOUTH pa30HEHNE HA KPECTHI,
YTO TIPOIIE BCETO C/EJIaTh MO WH/{YKIIUH).

43.4. Her. Pazo6pém BCE MIIOCKOCTh HA
kBazipaTel 2 X 2. Ecnm kBajipaT ObUI ITyCTHIM,
OH OCTAaHETCs! MyCTHIM HAaBEKH.

43.5. TlomensieM TpaBmila WIpe: OyneMm
CUNTaTh, UTO OIHAX/BI CTaB UCPHOM, KJIETKA YXKE HE MCHSET IBeTa. SICHO, 4uTO
€CII Ha 1-OM Ilare 1o CTapbiM NpaBHWJIaM KJIETKa OKasblBajlach YEPHOI, TO OHa
TeM GoJiee OyneT YEPHOU Ha 1-OM IlIare UTPHI NIPU HOBBIX NpaBmilax. Byznem Bban-
CJISITh Ha Ka)KJIOM IIIare 3BOJIIOLIMHN YHCIIO 711, PAaBHOE KOJIMYECTBY YEPHBIX KIIETOK,
U YHCIIO M, paBHOE KoJmdecTBy Hap (Oenast KJleTKa, 4E€pHast KJIETKa, UMEIOIasi C
9TOM GeJIoit KieTkoi oblyio cropony). [IpoBepum, uto umciio n = m + 1/2m,
HE BO3pacTacT B XOJ€ dBoJoLMH. B camoMm jielie, ecii Kakasi-TO KJIETKA CTajia
9EpHO#, TO OHa /100aBIJIa CIMHAIY K TIEPBOMY CJlaracMOMY, a BO BTOpOE cJlarac-
Moe BHeCJIa TIOJIOXKATEIBHBINA BKJIA/l, HE TIpeBOCXosmui 1/2, U OTpUIaTEIIBHBIHA
BKJIaJl, HE MEHbIIMA 3 /2.

Mpenmnosnoxnm, uTo cHavaja GBUIO /1 YEPHBIX KJIETOK, a TOCJIC HECKOJIBKHX
aroB ux crajo 7y > 3ny. OGo3HauUMM TaKke uncio nap (Gesiast kierka, yépHast
KJIETKA, MMEIOIasi C 3TOH OeJioi KIIETKOH oOLlyl0 CTOPOHY) B HadyajlbHBIA M B
KOHEYHBI MOMEHTHI 3BOJIIOLIUM Yepe3 np U ny. Torja MMEIoT MeCTO HepaBeHCTBa
3m < ny < n{ +1/2n, < np +1/2m, otkyna ny > 4n;. Ho 510 HEBO3MOXHO,
TIOCKOJIBKY y JII000# 4EpHOU KIICTKH HEe Oosiee 4 Genbix coceneil (n1a m Booobine
cocezeit).

AHaJIOTHYHOE pacCy>/ICHUE ]ISl n-MEPHOTO MPOCTPAHCTBA JI0KA3bIBAET OLICH-
Ky cBepxy n + 1.

43.6. [la, MOXET.

KitoueBass xoHcTpyknms: Paspermm miioc-
KOCTh Ha OCCKOHEYHBIE TIOJIOCKH MIUPHWHBL 3, y
KaX/IOl M3 KOTOPHIX CpejHmil cTosben mycT, a
7IBa KpaifHUX pacKpalleHbl, KaK IlaxMaTHas J0C-
ka. Toraa oTa ¢urypa 5BOJIOIAOHAPYET HEPUO-
JIMYECKH C MEpUOJOM 2 (B €€ «IllaxMaTHOM» ya-
cTr 4€pHBIC M GeJIble KICTKA MEHSIOTCS MECTa-
Mu). Bo3eMEM nepeceueHne JaHHOM KapTHHKH C
60JIBIIMM KBaJIpaTOM, a IO KpasiM CJIeJIaeM Yep-
HBIA GOpIIoP.
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Torna sBosmonwst 6yAeT IPOUCXOAUTD TI0-PYTOMY: IIOJIyYECHHBIH IIPSMOYTOIIb-
HUK CTaHET MEJJICHHO 3aTSTUBAThCSl UEPHBIM, HauMHasl ¢ KpacB. TakuM oGpa3oM
MOXXHO TIOJIyYUTh U3MEHEHHE, CKOJIb YTOMHO OiiM3Koe K TpEXKpaTHOMY. OTMETHM,
YTO B 71-MEPHOM IIPOCTPAHCTBE MOXKHO aHAJIOTMYHO JI0Ka3aTh, YTO OLCHKA n + 1
TOYHA.

43.7. MoxeT — ecid K YepeAyIomuMcsl YEPHBIM B OEIIBIM MOJIOCKaM B GOJIb-
IIOM KBajipaTe J00aBUTh BEPXHIOIO U HIDKHIOIO KPBIIIKM, TO TIOCTENIEHHO KBaJ[paT
CTaHEeT YEpHBIM. TakuM 06pa3oM MOXXHO HOJIyYUTh YBEJIMUYEHHE, CKOJIb YTOJHO
GJIM3KOE K JIBYyKPaTHOMY .

43.8. Ilo MOHOTOHHOCTU JIOCTaTOYHO IIPOBEPUTh, UTO MCUYC3HET, CKAXKEM,
GoJIbINo# KBa/IpaT (WUIM TPEYTOJIbHUK — PaBHOOC/IPEHHBIN NPsSMOYTOJIBHBIA Tpe-
YTOJIbHAK YMCHBIIAECTCS B pa3Mepax.

44.1. Tlnowans pocku pasua JI ().

44.2. (a) 1+ 2x +x?%; (6) 1+ x + x2.

44.3. [lns paccranoBku k naneit Ha nocke /] HaJio paccTaBUTh I JiaJicil Ha
nocke [y m k — i naneit Ha nocke /[fp, mostomy JIx (A) = 5 JI; (L) Tk —i (L),
a IMECHHO 3TO M TpebyeTcs JIoKa3aTh.

44.4. B xax/10/l pacCTaHOBKE JiaJibst 10O CTOUT Ha K, Jmbo Hetr. CooTBeT-
CTBEHHO, OCTaJIbHBIE paccraBiisiorcst 6o Ha /I, nmbo Ha /];.

44.5. n(n —1)/2. To, 4TO 3TOro XBaTUT, OYCBUHO: 3a n — 1 Bompoc Haii-
JI€M, TJie CTOUT JiIa/ibsi B NIEPBOM psijly, 32 n — 2 BoIpoca — BO 2 psily | T. 1.
Jloka>keM, 4TO MCHBIIE BONPOCOB HEAOCTATOYHO. Byznem wmrpaTth HeuecTHO: MOKa
BO3MOXHO, OTBEYATh HET», BBIPE3asi M3 JIOCKM COOTBETCTBYIONINE KJIETKH M CJIe-
Jis1, YTOOBl HA OCTABIIEHCs JIOCKE MOXKHO OBLJIO PacCTaBUTh HY)XHOE KOJIMUCCTBO
nazeii. Ham Haso GyneT OTBETUTH «/lay TOJIBKO B TOM cCllydae, €CIM Ha COOT-
BETCTBYIONIYIO KJIETKY OOSI3aTEJIFHO HYXKHO HOCTaBHUTH Jiajpio. [loaToMy, ecim
OTra/IBIBAIOINMI MIHIUMI3HUPYET YMCIIO BOMPOCOB, TO «/1a» OTBEUATH HE MPHIETCS.
Iocne mocnenHero Bompoca ocTaéresl JI0CKa, Ha KOTOPOM BCE 71 JIaJiel MOXKHO
PacCcTaBUTh €JMHCTBEHHBIM CIIOCOOOM. be3 orpanmueHns O6IHOCTH MOXXHO CYH-
TaTh, YTO OHM CTOSIT IO JWaroHajim (JIIoOyI0 PacCTaHOBKY JIaJiIci MOXKHO CBECTH
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K 3TOMY Cllyd4alo, IEpEHyMEpOBaB CTOJIOIBI M CTPOKM Jocku). M3 smoboit mapel
KJICTOK, CAMMETPUYHBIX OTHOCUTEJIBHO JMAaroHayl, HeOOXOAMMO OBIJIO CIPOCHTh
XOTsl OBl TIPO OJIHY: MHA4Ye BO3MOXHBIX PAcCTaHOBOK JiaJiel ObLIO Obl HE MEHBIIE
2. MosTomy 3asano MuaumyM n(n — 1) /2 BompocoB.

44.6. MoxHo 56O HCIOJB30BaTh 3a7ady 44.9, nubo MOCTPOUTh OGUEKIUIO.
Crpoum Ouexuuio nHAYKTUBHO. O603HAYMM KBaJPaTHYIO JIOCKYy n X n uepe3 K.
Ilpu stom K,, = K,,_; U Y, (xBajpar pa3busaercsi B 00be/JMHEHHE KBa/(paTa
MEHBLIETO pasMepa u «yrosika» Y, ). Hanee, [, = /[,_1 U I, (anarpamma /],
€CcTh OOBC/MHEHUE TIPE/IBIYIEH auarpaMmbl u mojiocku I1, mowab 2n — 1).
MoxXHO cunTaTh, YTO GHEKIMS MEX]y PAacCTaHOBKaMH, HE 3aJCBAIOIMMA Y, U
IT,,, nocrpoena. 3adukcupyem HEKOTOPYIO paccTaHoBKy (k —1)-o# sauen B [,
(o603H2umM €€ s). Tenepb pacCMOTPUM BCE CIOCOOHI JIOMOJHUTD S /IO PACCTAHOB-
ku k naneit B [],; 101 3TOro HYXKHO TOCTaBUTh OJIHY JIaJIbl0 B HIDKHIOIO CTPOKY.
Takux cnocoGoB 2n — k: B HIDKHEH CTPOKE POBHO CTOJIBKO KJIETOK ITOJXOJST
IUisl J1a/1b1. 3aHyMepyeM Kak-HuOy/b 5TU KIeTKH. Ecim najips cTOUT Ha KIETKE C
HomepoM [, 1 < [ < n, TO MOCTaBUM Jia/Ibl0 HA [-yIO KJIETKY BEPTUKAJIbHOM CTO-
POHBI Y, BBIYEPKHEM BEPTUKAJb M TOPU3OHTAIb 3TOM KJICTKA W Ha OCTaBIICHCS
YacTH peaji3yeM pacCTaHOBKY, COOTBETCTBYIOIYIo S. Ecim ke Jlajipst CTOMT Ha
KJIETKE ¢ HOMepoM | > n, TO pealli3yeM PacCTaHOBKY, COOTBETCTBYIOIIYIO S, B
K, \ Y, — crannapraom kBappare. Cpenu n — 1 KieTku Y, pacrmosioyKeHHBIX
Ha TOPH30HTAJIbHOU CTOPOHE, €CTh © — k MECT, Ky/la MOXKHO HOCTaBHTb JIa/IbIO.
IMocrasum Jiajeio Ha (/ — n)_—oe U3 3TUX MECT. BI/I.eKTI/IBHO.CT]) O4YCBH/IHA.

44.7. J(BUA) = 3 _JI,(B)(j — p)!Ci P - C, P, Peiictsurenno,
ecyi B yactu B crout p m3 j sazeit, To ocraBumMXCs JiaJie HA/IO PacCTaBUTh,
BBIOpaB B yactu A (j — p) u3 (m — p) ropusoHTalyiet U (j — p) U3 n BepTUKaJeh
(cunTaeM, 94TO M — pa3Mep IO BEPTUKAJIM) U NIPUBE/S X B COOTBETCTBHE.

44.8. OO6e yacT: 3TOrO PaBCHCTBA PABHBI UHCIY PACCTAHOBOK 11 HE GBIOIMX
Jpyr apyra Jiajiei Ha juarpamme lOura co crpokamu by + p, ..., by + p. dus
TIpaBOil 4acTW 3TO Tak, uOO HAJl0 BHIOpaTh MECTO B KOPOTKOH CTpOKE, MOTOM B
cienyomei u T. 1. JleBag 4acTh MOKa3bIBacT, KaKk CYATATh MO-JPYrOMY: MOXHO
PaccTaBUTh K Jiajicit BHYTPH MICXOJHOM MarpaMMbl M IOTOM m — k B OCTaBIIEMCsI
TIPSIMOYTOJIBHUIKE .

44.9. PaccmoTpuM PaBEHCTBO 3a/1auu 44.8, kak paBEHCTBO JIByX MHOI'OYJICHOB
oT p. Torna 10ka3pIBaEMOE YTBEPXK/ICHAE OUCBHIIHO.

44.10. OueBU/IHO, YKCIIO PACCTAHOBOK Kk YEPHOMOJIBHBIX CIIOHOB HAa JIOC-
ke 2n + 1 X 2n + 1 co cionom Ha moJie al paBHO umcily paccTaHoBok k — 1
GEJIOTOJIBHBIX CJIOHOB Ha JIocke 2n X 2n. Jlajiee, 4mMCllo paccTaHOBOK k u€pHo-
TIOJILHBIX CJIOHOB Ha Jiocke 2n + 1 x 2n+1 6e3 xietkn al paBHO umcily croco6oB
PaccTaHOBKM k GEJIOTOJIBHBIX CJIOHOB Ha jocke 27 + 1 X 2n + 1 (3710 cnenyer
n3 3anaum 44.9). [ootomy YC (x, Kyp41) = BC(x, Kap41) + xUC(x, Kyp) 1
YC(x, Kzn) = (HC(X, K3n41) — BC(x, K3n41))/ x.

H36pannbie pewenust u Kommenmapuu K 3adavam 193

44.11. Tlo 3ajaue 9 aBe AmMarpaMMbl 3KBHUBAJICHTHBI TOIJJa U TOJBKO TO-
r7a, Korna ux S-HaGophl COBNMA/AIOT. 3aMETHM, YTO €CJIM CTPOKH JUarpamMmsl /[
pazIMyHbl W HE paBHBI HyJo, To e€ S-Habop S(/) obGpasyeT HeyOHIBAIONIYIO
MOCJIE/[OBATENILHOCTh HATypaJibHbIX umcel. [lainee, ecim k auarpamme /] ykazan-
HOTO BH/ia JI00aBUTH HECKOJIBKO MYCTHIX CTPOK, STO HE CKaXETCs Ha €€ JiaJIeiiHOM
MHorowiene. Onnako S-HaGOp U3MEHUTCs, @ UIMECHHO K Habopy J06aBUTCs yObl-
Batomwmii ¢parment 0, —1, —2, .. ., mocje KOTOporo GyAeT MATH HEKOTOpas He-
yGbIBarolast HocJie/I0BaTesbHOCTh. OCTalIOCh 3aMETUTh, YTO eciin S-Habop npous-
BOJIBHOM JINarpaMMBbl COJIEPKUT OTPHUIIATEIIBHOE YUCIIO K, TO OH COJEPXKHUT TaKKe
u Bee uncnia k + 1, ..., —1,0. Tenepp cnoco6 HOCTpoeHUsI OUEKIMHA SICEH: JIJist
33/IaHHOM JiMarpaMMmsbl ocTponM e€ S-Habop, BO3bMEM TaM HaMMEHbIEE OTPHLIA-
TEJIPHOE YMCIIO N ¥ YNOpsiiounM HaGop Tak: cHavanma n,n +1,...,0, a notom
BCE OCTAaJIbHBIC YUCIIa B OPSIKE HeyObIBaHus. J{JIs1 Takoit S-1moclie/joBaTeJIbHOCTH
MBI MO)KEM TOCTPOUThH AWArpaMMy C PasJIMYHbIMA HEHYJICBHIMH M (GBITH MOXET)
HECKOJIBKVIMH HYJICBHIMH CTPOKAMH.

44.12. Tlycts A, A’ — COOTBEICTBEHHO 10CKa W €€ JIONOJIHEHUE B IIPsi-
MoyroJpHuKEe m X n. Torma mo ¢opMylie BKIIIOUCHHS-MCKIIIOUCHUS TOIYYacM
JAx, A = S i (A) (=)  frn_kn—k(X), THE fom n(X) — Naneiiubiii MHO-
TOWICH TPsSIMOYTOJIEHAKA m X n. I103TOMy JOTOJIHEHNUS! SKBUBAJICHTHBIX JIOCOK
OKBUBAJICHTHEI.

44.13. (0) Ykazauume: k-oe JiaJIciiHOE YUCIIO DTOTO MPSMOYTOJIBHAKA PAaBHO
Ck.ck . k.

44.14. OGoznaumm uepe3 [y, 41 310 umcio cnocobos. IMokaxem, uro f, —
n-oe uncino Pubonauun. Jloka3aTeibCTBO: NMPOBEpUM, UTO fri1 < fn + fu-1.
BriGpocuM kileTKy k m3 ontuMaibHOM Jocku /] ™. TIOCKOJIBKY BEpHO PaBEHCTBO
Jdx, A" = J(x, 4" + JI(x, 4)) (cM. o6o3HaueHust B 3ajiaue 4), TO J10CTa-
TOUHO npoBeputh, uto JI (1, 1) < JI(1, 1"2). A 310 BepHO, OCKOJIbKY €CJIH
B /' n — k xuerok, TO oHa cCOCTOMT M3 He OoJiee ueM k — 1 CBSI3HOU KOMIIO-
HEHTHI, U JI00aBJICHUEM He GoJice k — 2 KJICTOK MBI BOCCTAHOBHUM CBSI3HOCTD. JLJIst
JMarpaMMbl B BHJIE «JICCCHKM» HEPABEHCTBO fni1 < fn + fn—1 oOpamaetcs B
PaBEHCTRBO.

44.15. Mycts a,(x), b, (x) — MHOrOWIEHBI JiJIsl 3TUX JOCOK. Torma koad-
ULIMEHT MHOI'OUWICHA d, (X) 1pU xk paseH C,{L K41 ([1okazaTesbCTBO: JI00aBUM
K JIOCKE CIpaBa O/iHy KJIETKY; NYCThb €CTh PAaCCTaHOBKA (HA MCXOJHOW JOCKe) k
kopodneii. Torma KieTka cripaBa OT KaXXJOro KOpoJisl IycTa. 3HAYWT, Hama 3a-
Jlaya SKBHMBAJICHTHA TaKoii: Ha Jiocke W3 n + 1 — k KieTok BhOpath k (ecim
3TO CJIEJIaHO, TO MOXKHO KaX/1ylo KJIETKY Y/BOHTh M B JIEBYIO IIOCTaBUTh KO-
poJisi; OOpaTHO, PACCTaHOBKA KOPOJICH yKa3plBacT, KaKUE KIICTKHA HAJIO «CXJIOM-
HyTH»).) Kpome Toro, b, (x) = a,(2x) (oueBuHO). MHOTOUJIEH A, (X) Ha3bIBa-
ercst MHozounieHom Dubonauuu M yNOBIETBOPSCT PEKYPPEHTHOMY COOTHOUICHHIO
a,(x) = a, 1(x) + xa,_»(x); a,(1) — uncyio OuboHayYM.
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45.1. C noMopIo NEPBOM TPAHCIIO3UIMK IOJIOKUM IIEPBbIA LIap B NEPBbIA
AMEK (€CJIM OH TaM HE JIEXWT), C MOMOIIBIO BTOPO TPaHCHO3MIMA — BTOPOM
map Bo BTopoii suwk u 1. 1. [locue (1 — 1)-# Tpancnosunum nepseie #1 — 1 mapos
(a 3HAUWT W TOCJE/HMI, n-il map) Oy/eT JeXXaTh B CBOEM SIIUKE.

45.2. To >xe paccyXX/IcHAE, HO NIEPBbI/ 1Iap NMpUIETCS NepeMellaTh HocTe-
TeHHO (Ha 3TO YHIET n — 1 TpaHCHO3MIMS MJIM MEHBIIE), MOTOM MBI 3aiiMEMCs
BTOpbIM (HE OoJjice n — 2 TPaHCHO3MLMN) M T.[|.; BCEro INOJy4dTCsl HE Ooiiee
(m—1)+n—-2)+...4+1=n(n—1)/2 rpancno3uumii.

45.3. MoxHo cBecTH 3ajjady K 3ajade 45.2, ecli IIOMEHSATh POJISIMH LIAphl
U 4IUKKA (WM CYMTATh, YTO MBI NEpEMeENNacM SINUKH, a Mapbl HETOJBUXXHBI).
IMo-npocToMy: €Ciii HA TIEPBOM MECTE JIEXKNT Iap ¢ HOMEPOM i, TIOJIOXKHM TyJia
map ¢ HomepoM i — 1, 3areM i — 2 u Tak Jjajiee, oka He OyJeT map ¢ HOMEPOM
onuH. ([lasiee aHAJIOTMYHO C IIApOM Ha BTOPOM MeCTE U T. J1.)

45.4. Ortser Ha mepBblii Bompoc: n — 1. IlpuBen¢HHOE BBINIE paccyXIcHAC
TIOKa3bIBAET, YTO BTOTO JIOCTATOYHO. MEHBIINM KOJINYECTBOM OOOMTHCH HE yIacT-
csi. JIeCTBUTENIBHO, PACCMOTPUM LUK (IEPBBIA IIAp JIEKUT BO BTOPOM SIIUKE,
BTOpOIi IIap — B TPETBEM, ..., (n — 1)-il wmap — B n-M, n-ii Wap — B IEPBOM.
[NpenmnosnoxuM, 9To MOXKHO 000iTHCh MeHee 4eM 11— 1 Tpancnosunueil. CoemHIM
OTPE3KOM KayK/Ible /[Ba SIIMKA, yYacTBYIOIIME B KaKoi-HUOY/(b TpaHcnosunun. [lo-
JIydeHHBIH Tpad OyneT HECBS3HBIM, TaK 4TO CYIIECTBYET HEIyCTOe COOCTBEHHOE
TIOZIMHOXKECTBO SIIUKOB, TaKOE YTO LApPhl NEPEMEINAIOTCS TOJBKO BHYTPH HETO.
Ho naiinércs Takoit HoMep k, 4TO k- SIIUK BXOQMUT B 3TO IIOJMHOXECTBO,
(k +1)-it — ner; npu 3ToM k-i map He nonaaér Ha cBo€ mecro. [IporuBopeune.
OtBeT Ha BTOpOIi 1 TpeThil (OHM OIMHAKOBEIE) BOmpoch!: #n(n — 1) /2. Beime Mul
BUJIEJIH, YTO 3TOro XBaTUT. [lepecTaBuM Imapsl B 0OpaTHOM NOPSi/IKE: NIEPBBI ap
TIOJIOXKUM B n-H SIIMK, BTOpoi wap — B (n — 1)-#, ..., n-i wap — B IEPBbIil.
Kaxwue /1Ba mapa HE BO3BMH, OHHM JICKAT B HENPABIJIBHOM IOPSJIKE: 1ap ¢ 6O0JIb-
IIMM HOMEPOM JIEXKUT B MeHbIIeM sike. [Ipy onHOR TpaHCno3unyu ¢ COCEHUMU
SIUKaMK MBI HCIIPaBUM MaKCHMYM OJ(Hy IIapy IlapoB, a Bcero map n(n —1)/2.

45.5. Hanpumep, Tak:

1234 — 2134 — 2314 — 2341 — 2431 — 2413 — 2143 — 1243 —
1423 — 4123 — 4213 — 4231 — 4321 — 4312 — 4132 — 1432 —
1342 — 3142 — 3412 — 3421 — 3241 — 3214 — 3124 — 1324 — 1234.

45.6. [lokaxkeM cyllecTBOBaHHME TaKOi MOCJIE/I0BATEJIBHOCTUA IO MHIYKIUH.
[TpenmonioxkuM, 9To Il 7 MapoB oHa cymecTtByeT. g n + 1 mapoB aenaem
TaK: NMEPEMENIAEM TIEPBBIN AP HANPABO JIO YNOpa, MOTOM [JEJIAEM OJMH Har Ipo-
Leayphl ¢ Wapamu 2,3, ..., n + 1, IOTOM IlepeMellaeM NEPBLIA 1ap HaJIEBO /10
ynopa, ONTh J€JIacM OJIMH INar IpoLeaypsl ¢ mapamu 2,3, ..., n+ 11 1. 1.
[ockoJIBKY YHCIIO INAroB B NpOLCAype YETHO, Iepell MOCICAHAM IaroM (IpHBO-
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JIOUM 1apet 2, 3, . . ., n+1 B UCXOQHOE MOJIOKCHNE) NIEPBBIH map OyIeT CTOSATH
Ha TIpaBUJIBHOM MECTE, M TMOCJIE 3TOro Iara BCE BEPHETCS B MCXOAHOE MOJIOXKE-
Hue. HanpuMep, /U1si 4eTBIPEX MApOB MOJIyYUTCS KaK pa3 MOCJIEOBATEIBHOCTD,
NpUBe/IEHHAs] B PEIICHUM K NPEABIAyLIeH 3a/1a4e.

45.11. IlepecranoBka packJjia/IbIBacTCsi B IPOU3BE/ICHUE LIMKIIOB, IO3TOMY
ZIOCTaTOYHO PEIINTH 3a7[ady JUIsl IUKJIA. A IIMKJI €CTh BpalllcHHUE 110 KPYTy, KaKOBOE
€CTb KOMITO3UIIUSI JIBYX OCEBBIX CHMMETPHI (KOTOPBIE UMEIOT MOPS/IOK 2, TO €CTh
COCTOSIT M3 IMPOCTBIX OOMEHOB).

45.14. Hapucyem rpag, KoTOpbIii IOKa3bIBacT, Kakasi OykBa B KakKylo Iepe-
xomut. OH Gyner cocrosTh U3 1MKIOB. Ecym N — HamMeHbliee KpaTHOE [UJIVH
3TUX LMKJIOB, TO nocsic N urepaumii BE BEpHETCS HAa KPYI'W CBOSI.

45.15. Bpamenue AB MOXHO paccMaTpuBaTh KakK IIEPECTaHOBKY (IIOJIE3HO,
YTOGBI MIKOJIBHUKA YETKO OOBSICHIUIN, YTO WI'PacT PoJib IApoB, a YTO SIIUKOB);
Ka)k7lasi TIEPeCTaHOBKa MMEET KOHEYHBIN MOPSJIOK (Z0Ka3aTeJbCTBO aHAJIOTHYHO
3ajiaue 45.14). OOBICHEHUE «IIOCKOJIbKY YKCJIO BO3MOXHBIX IIOJIOKECHUI KyOuKa
KOHEYHO, pe3yJsibTaThl (AB)" u (AB)™ st KakKux-T0 M U 1 COBIAJIAIOT, a TOT/Aa
(AB)™ ™" npuBOJHMT B MCXO/HOE MOJIOKECHUE» HE BIIOJIHE KOPpeKTHO ((AB)™ "
TIPUBO/IUT B MCXOJHOE MOJIOXKEHUE HE TOT KYOHK).

45.16. bBynem cumraTh, 4TO MycToe MeCTO — 3TO (humKa ¢ HoMepoM 16.
Torna moboe mepemenieHne siBisieTcs Tpancnosunueii. Ho urobe ¢mimka ¢ Ho-
MepoM 16 ocranachk Ha CBOEM MecTe, HEOOXOAMMO YETHOE UHCIIO TPAHCIO3UIUIA
(KOJIMYECTBO TMEPEMEIICHNMI 3TOM (PUINKK BBEPX JOJDKHO OBITH PABHO KOJIMUYECTBY
TIepeMENICHUI BHU3, a KOJIMYECTBO NMEPEMEIICHIUN BJIEBO — KOJIMYECTBY TEpEMe-
mennit BrpaBo). [To3ToMy pesysbTaT HE MOXET ObITh TNOJIyYeH (MHAuUe YETHOE
YHCJIO TPAHCHO3MLUNA — Te, 9TO MBI ciiellany, mimoc 14 < 15 — npuBen€r HaC B
HCXOJIHOE IOJIOKEHHUE, a 10 3a/1aue 45.8 370 HEBO3MOXHO). JIpyroii Bapuanrt: ec-
JI IIEPEYnCIISTh (PULIKA 3MEHKON (IepBasi CTpOKa CJICBa HAIIPaBoO, BTOpasi CIIpaBa
HAJICBO, TPEThs CJIEBA HANpaBO, YCTBEPTasl CIpaBa HAJICBO), UTHOPHPYs IyCTOE
MECTO, TO YETHOCTh TaKOi NMEPECTAaHOBKM HE OYAET MEHATHCS (TP TOPH30HTAJIb-
HBIX IEPEMEIICHUSX MOCIIE/IOBATEIEHOCT HE MEHSIETCS, a TIPU BEPTUKAJIBHBIX OJIHA
dullKa NepecKakuBaeT 4epe3 YETHOE YKCIIO MECT).

46.13. JlioOble [1Ba COCEHUX CTYJa JAIOT «Iapy» C BeposTHOCTHIO 5/9. Ilap
cocesnux cryibeB 10. CuienioBaresisno, orser 50/9.

46.14. [106aBuM B KOJIO/y JIOIOJIHUTENIBHYIO 53-10 KapTy (JKOKEp) M CBEp-
HEM €€ B KOJIBIIO, TO €CTh BBUIOXKUM Bce 53 KapThl O Kpyry. JI>kokep NOKa3bIBacT
MECTO «CKJICHKIM»y. Unciio KapT /10 MOsIBJICHHSI IEPBOTO Ty3a TENEph COOTBETCTBYET
YHCIIy KapT MEX/y /PKOKEPOM M COCEJHUM C HUM (II0 YacOBO# CTpEJIKE) TY30M.
YeThipe Ty3a M JOKOKEp JACJST KOJIOAY HA TMSTh MHTEPBAJIOB, CyMMa JUJIMH KOTO-
phIX paBHa 48. B cmily cmMMeTpuM MaTeMaTHYECKHE OXKHUJIAHWSI JUIMH BCEX IISITH
WHTEPBAJIOB paBHBI. 3HAUNT CPEJIHEE PACCTOSIHME OT JPKOKEpa 710 MEpBOTO Ty3a
paBHO 48/5.
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46.17. IlpenBapuTeNbHOC 3aMEUAHKC: CTPATETHS B 3TOW UIPe — STO BEPOST-
HOCTh p, C KOTOpOii Hy>kHO HasbiBaTh 1. HyxHo monoGpats Takoe A, 9TO KasK/(blii
UTPOK MOT OBl TapaHTUPOBAaTh MaT. OXXWJAHWC BHIUTPHINA HE MeHblIE HyJs. Ha
CaMOM JieJie€ Mbl YBUJIUM, YTO KaX/Iblii UTPOK MOXKET 0OECIEUnTh cebe MaT. OXKHUJia-
HEE poBHO 0 (MaT. 0)XMJaHUC BHIATPBINIA HE 3aBUCAT OT CTPATETHH NIPOTHBHIUKA).
B uacTHOCTH, MBI JIOJDKHBI II0JIy4aTh HYJIEBOM B CPEJHEM BBIMIPHILI, €CJIM HPO-
TUBHUK C BEposiTHOCTBIO 1 roBopur 1 mum ¢ BepositrnocTeio 1 roBopur 2. Jlerko
3aMETUTh, YTO €CJIM HAlll BHIUTPHII PaBEH HYJIIO JUISl «YMCTBIX» CTPaTeruil mpo-
THBHHKA (KOTJ]a OH C BEPOSTHOCTBIO 1 Ha3bIBAacT OJHO YHCIIO), TO HYJIEBBIM OyZET
Halll BBIATPBIN M JUIs JIIoGOH npyroil crparerum NpoTuBHUKA. C TOYKH 3pEHHSA
TIEPBOTO MI'POKA HAIIM YCJIOBHUSI DKBUBAJICHTHBI YPAaBHCHUSIM!

-p+ 1A -p)A=0,
pA—2(1—-p)=0.

C Touknm 3pCHUS BTOPOI'0 UI'pOKa HCO6XOI[I/IMO BBIIIOJIHCHUC yc.HOBI/Iﬁ

p—(1—-pA=0,
—pA+2(1—p)=0.

Pazymeercsi, cucTeMbl DKBHUBAJICHTHBI. Peinast Jo0yio U3 HUX, HaxouuM A = V2.
48.3. Pa300nEéM CTOPOHBI KJIETOK HA TIApHl, BHIXOJSIINE W3 O/{HOM BEPIINHEI

BIpaBo U BBepX. CTpaTerust BTOPOro UIpoka COCTOMT B TOM, 4TOOBI OOBOJUTH

CTOPOHY, COCTABJIFIOINYIO Napy € TOH, KOTOPYIO TOJBKO 4TO OOBEN HEPBBIN.

48.4. Ortser: 4950. Ionoxum I(n) = n(n — 1)/2. 3ameTuM, YTO UMEET
mecro paBenctBo I(m + n) = I[(n) + I(m) + mn, nosroMmy eciu npubGaBuTh K
CyMMe BCeX umcel Ha Oymaxkke cymmy 3HadeHumit [(k) s Bcex MMEIONIMXCsl Ha
JIocKe umcell k, To ToJiyueHHasl BeJIMuMHa He m3MeHsiercs. CHavasa 5Ta BeJIMIMHA
paBHa I(100) = 4950, a B KOHIIC OHa CTaHET PaBHOM CyMMe BCEX IPOM3BE/ICHMIA
(nGo umciia Ha JI0CKe paBHBI eauHune, a (1) = 0).

49.10. na n = 3 (n = 5) crpoum adurnyo wiockocts Hax F3 (Fs), a B
KauecTBE Psi/IOB, KOJIOHH, IIKOJI U KJIacCOB OEPEM pasHble IYUKH HapaulelIbHbIX
npsmeiX. I{ist 7 = 4 TO e caMoe € UCHOJIb30BAaHUEM T10J1s U3 4 3Jj1eMeHTOB. [l
n = 6 3TO, TOBOPST, HEBO3MOXHO («OPTOrOHAJIBHBIC JIATUHCKHUE KBA/IPaThI»), HO
KaK 5TO IPOBepUTh Oe3 nepebopa (M Kak BBIIOJIHUTE Nepebop 3a pasyMHOE BpeMs,
IyCTh C TOMOIIBIO IPOrpaMMbl), He sicHo. OTMETHM, 4TO /Il HEYETHOTO 71 KOH-
CTPYKLIMSI BOSMOJXKHA JIaXKe €CJIU HOJISt U3 1 DJIEMEHTOB HE CYIIECTBYET: IIOMECTUM
B KiieTKy (a, b) xBajpara n X n mKoJbHKUKA 13 kiacca (a + b) mod n u Kok
(a — b) mod n. Torna ycioBue BBIIOJHEHO, W BCE IIKOJIBHUKA 3a/1€ACTBOBAHBI
mo pasy, b0 COOTBETCTBYIOLIasi CUCTEMA YPaBHEHMII IO MOAYJIIO /1 OJHO3HAYHO
paspemmMa (4mucio 2 o6paTUMO IO HEYETHOMY MOZYJIO).
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49.17. CroubIl U CTPOKU KBa/IpaTa COOTBETCTBYIOT TOUKAM M IIPSIMBIM IPO-
€KTUBHOM IJI0CKOCTH (C 7 1 13 TOukaMu), a 3aKpallCHHBIC KJICTKH — OTHOIICHUIO
«JIexuT Ha». Ha camoM Jiesie oTa oneHka TowHasi. [1ycTh CTOpoHa KBajipaTa paBHa
n, a crojbnpl coxepxar ai, . .., d, 3aKpameHHbIX KieTok. [locumraem wumcio
CriocoGOB BBIOpATh /IBC 3aKpallCHHBIE KJICTKH B O{HOM cToJibue. B k-oM croinbne
U3 aj KIETOK MOXHO BbIOpath aBe ay(ayp — 1)/2 cnocoGamu, 1103TOMY YHCIIO
coco6oB paBHO Y g ax(ax —1)/2. C npyroii CropoHsl, 110 YCIIOBUIO NPOSKLIAK
Ha HEPBYIO CTPOKY BCEX STHX Map PasiIMYHbl, IO3TOMY WX YHCJIO HE MPEBOCXO-
mat n(n — 1)/2. Bocronp3yeMcsi HEPaBEHCTBOM O CPEJJHEM apH(PMETHYECKOM T
CpeIHEM KBaJIPaTHYHOM (JUlsi KPaTKOCTH OGO3HAYMB § = 3 7, a;):

n n 2 2

; apap ~1/2=y B2
=1

> — —s/2.
= 2 2n

Mostomy n(n — 1)/2 > s?/2n — s/2, otkyma s> — ns — n?>(n — 1) < 0.
JIMCKPUMUHAHT 3TOTO KBAJpaTHOTO TpéxwieHa paen D = n? + 4n’(n — 1).
Mycts n = g> + g+ 1. Torna D = n*(4g% +4q + 1), a xopHu TPEXUICHA CyTh
(n£+n2q+1))/2, 1.e. —ng n n(g + 1). 3naunt, s < n(qg + 1), 9yro n Haér
(npu g = 2, 3) HY>XHBIC OLICHKH.

51.24. (a), (6) 761 4+ 1547t,t € Z. Ilynkt (B) OKa3aJyicsi HCYAAYHBIM — HE
SICHO, 4TO MMEETCs B Bujy. B JNECHCTBUTEIILHOCTH MOXHO PacCyXJaTh TaK: JJIst
B3aHMHO IIPOCTBIX MOAYJICH CHCTEMa PaBHOCHJIbHA OJHOMY CPAaBHCHMIO IIO MOJY-
JIo, paBHOMY IIpOHM3BEIICHUIO MOyJIcH. [1J1s1 He B3aMHO TIPOCTBIX OyzeM AeiCTBO-
BaTh «B JIpyI'OM HAlpaBJICHUM»: Pa3JIOKUM BCE MOJYJIM Ha MPOCThIE MHOXXUTEIN
U 3aMCHHM KaXXJI0O€ CPaBHEHHE HAa CHCTEMY CPaBHEHHH IO MOJYJISIM, KaXK/bIA W3
KOTOPBIX €CTh CTEIEHb IPOCTOro umcia. Ilociie 3TOro BO3MOXHBI [Ba Cllydas:
JmOO0 JUIsl KaXJIOro IPOCTOI0 YMCIla BCE CPAaBHEHUS 110 MOJYJIO €TI0 CTENeHEH
PaBHOCHIIBbHBI O/IHOMY (CaMOMy OIDaHMYMTEJILBHOMY) M3 HUX (TOT/la CUCTEMA PaB-
HOCHJIBHA CHCTEME CPaBHEHMI 11O B3aUMHO IPOCTBIM MOZYJISIM), JIMOO /il KaKo-
ro-TO IPOCTOrO YKCJIa CPaBHEHUS 10 MOJYJIIO €TO CTENEHEH HECOBMECTHBI (TOor/ia
HECOBMECTHA U MCXOJ/IHAsl CUCTEMA).

51.25. Ecim m u n B3aMMHO NIPOCTH, M K TOMY XK€ HE SIBISIIOTCA 00a He-
4ETHBIMU (B HOCJEIHEM Cllydae IIBET KIIETKH COXpaHsieTcs). B camoM jene, ecim
3TO TaK, TO MOXKHO C/BHHYThCS Ha 2n U 2m B JIOOOM HAIpaBJICHUM, a MOTOMY
u Ha 2. IloaTOMy MOXHO c1BUHYThCSL Ha (m mod 2, n mod 2), T. €. nonacTb Ha
cocezHee moJie. Ilociie TOrO JIErKo MomacTe Ha Jiro6oe HoJIe.

51.26. HamGoxpmasi cymMMa, KOTOpYIO Helb3sl ymnatute — ab — a — b.
MBI 3HaeM Bce pelleHMsl ypaBHEHUs: ax + by = ¢ B LieJIbIX 4uCiIax Jyist Jiio6oro
3aJlaHHOrO C (peIleHusl €cTh, T.K. YHCNa B3aUMHO HpocThl). HazoBéM 6a3z0BBIM
peuenreM To, JuIst kotoporo 0 < x < b — 1 (takoe, oueBmaHO, Hainéres). [lo-
KakeM, 9To ecit § > (a — 1)(b — 1), To s MOXHO yIUIaTHTh Ge3 cjau, T. €.
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$ MOXXHO IIPEJICTaBUTh B BUJEC ax + by ¢ HEOTpULIATCJIBHBIMEA X U Y. SICHO, 4TO
11 TOT0 HEOOXOIMMO M [IOCTAaTOYHO, YTOOBI B 6a30BOM IPE/CTAaBIICHAN S 9UCIIO
y 6buI0 HeorpunatensHo. Ho by > (a —1)(b—1) —a(b —1) = —(b —1).
Llenoe umcno, koTopoe kpatHo b u He MeHbine, yem —(b — 1), ¢ HeoOXoUMO-
CTBIO HEOTPHIIATEJIBHO. JIOKa)keM Teleppb, YTo B 6a30BOM IPE/CTABIICHAM YHCIIA
ab — a — b uncio y orpuuaresnsto. B camom jsenie, eciim ab —a — b = ax + by,
0 a(b—1—x) = b(y+1), orkyna b | a(b—1—x). Ho pa3 a u b B3a-
UMHO mipoctsl, T0 b | (b — 1 — X), uro Bo3MOXHO Jiuis ipu X = b — 1. Ho
Torna y = —1. JlokaxkeM mocliefinee yTBepXkJeHUE. MBI yXe 3HaeM, 4TO Hpej-
CTaBIMOCTh OIpEJEIISEeTCS 3HAKOM YHCla y B 0a30BOM IIPE[CTaBJICHHM YHUCJHA S.
[Iycts s He mpexcTaBumo, T.¢. ¥y < 0. Kak Mbl TOJIBKO YTO BBISICHWIIM, B 6a30BOM
npezcTaBlieHny yucia ab — a — b wncno x pasno b — 1, a uncio y pasno —1.
IMosToMy ecimt BbIUECTh Oa30BBIE NPEACTABIICHUS, TO TOJIyYUTCA IIpE/CTaBIICHUE
JUIsl PasHOCTH, KOTOpPOE BHOBB SBIISICTCSI 6a30BBIM, NMPUYEM YUCIIO y ISl 3TOTO
TIPE/ICTABJICHUS. HEOTPULIATEIIBHO.

52.4. JlefcTBUTENBHO, €CJIM U3 NIyTH AXuiuleca BbIYECTh CYMMY IIyTH yepe-
TIAXM ¥ PACCTOSIHMS OT 4Yepelaxu [0 AXumiuleca, TO 3Ta BEJIMYMHA MOXET TOJIBKO
BO3pacTaTh (OHa HE yOBbIBaE€T MpPH CMEHICHUM AXMIuleca M OCTaéTcsl HEM3MEHHOM
TIPU CMEIICHUY YEPETaxu).

52.5. Ha ceBepHblii oJioc 3a BpeMst 12\/5, c/ies1aB 0ECKOHEUHOE YUCIIo 000-
POTOB (COCTaBJISIOIIHE CKOPOCTH TIO IIMPOTE ¥ JOJTOTE B /2 MEHBIIE CKOPOCTH).

52.6. HecioxHO TPOBEPUTH, YTO PACCTOSIHAEC MEX/y KOpabiisiMu yObIBacT ¢
TON e CKOPOCTBIO, C KOTOPO# NIEpHEH/NKYJISIpHAasi OEpery cocTapiisiiolnasi pac-
CTOsIHMSI BO3pacTaeT. 3HAuUUT, B KOHLE paccrosinue Oyner pasHo 1/2.

52.7. B aToM ciyuae BpeMsi ABIDKEHHS OT TOUKHU 1 710 TOUKH 2 paBHO BPEMEHH
npwxenust ot 1/2 no 1, or 1/4 no 1/2 u noToMy JIBIOKCHHE HE MOXET HAYaThCs
3a KOHEYHOC BpeMsl.

52.8. 3a 20 MunyT yaii ocTbUI (CUMTasl pa3HOCTh TEMIICpPATyp) B 8 pa3, 3HAumT,
B 2 pasa OH OCThIHET emE 3a 20/3 MUHYT.

52.9. [lomnossér. Ecim MepHUTh €r0 CKOPOCTh OTHOCHTEJIBHO IHYpa B JI0JISX
mHypa (¢GopMalbHO I'OBOps, M3y4YaTh OTHOLICHUE KOOPJWHATHl MYypaBbsl K JUJIMHE
IHYpa), TO €ro CKOPOCTh YOBIBacT Kak 1 /¢ 1 MOTOMY OH JOMIET 10 JII06O0i TOUKH
IHYpa.

52.10. 3a Bpems 1/n paccrosiHue OT Hayajla KOOPJMHAT YBEJIMYMIOCH Obl
B 14 1/n pa3, ecim Gbl TOUKa /IBUTaJach C MOCTOSIHHON CKOPOCTBIO; Ha CaMOM
JieJie OHa yCKopsieTcd, IIO9TOMY OHO YBEJIMUHUTCS B OoJIblliee YHCIO a3, OTCIo/a
nepBoe HepaBeHCTBO. C Jipyroii cTopoHsl, /10 Toukd 1 4+ 1/n oHa nBmxercs He
menee 1/(n 4 1) cexynanl (6pUI0 GBI PaBEHCTBO, €CII OB CKOPOCTH OBIJIa Kak B
KOHIIE JIBYDKEHHsI) To3ToMy 10 Toukd (1 41/ n)""'1 OHa JIBIDKETCSI He MeHee 1
CEKyH/IBI.

52.11. Bpemena npoxoxjenus orpe3kos 1 — 2, 2 — 4, 4 — 8 u Tak najee
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OLICHMBAIOTCSI CBEPXY T'€OMETPUYECKO IIPOTrpeCcCreil co 3HaMEHATEJIEM 2 B IIEPBOM
cllydae M OT/JCIICHBI OT HyJIsl BO BTOPOM.

53.3. MoXHO IIPOBECTH OKPY>KHOCTE C LIEHTPOM B OJIHOM M3 TOUEK, Kacalollly-
10Cs1 IIPSIMOii, ¥ IPOBECTH KacaTeJIbHYIO K HEl M3 TOYKH, CHMMETPUYHOM BTOPOH
JIaHHOM TOYKeE.

Hpyroe pewenue (npugymai P. CaBuenko): o60o3HauuM uepes B; Touky, cum-
METPUYHYIO TOUKE B OTHOCUTEIIBHO IIPSIMOM; IIyCTh M — IpsiMasi, apaJlieiibHasi
HCXOJ(HOM M JieJisiliasi IEPICH/MKYJISIP, OIYIICHHbIN U3 By Ha npsiMylo, nomosam.
[MocTponm Ha oTpeske AB; Kak Ha JjiaMeTpe OKpYXXHOCTh; mycth X, ¥ — e€ Tou-
KM IlepeceucHust ¢ psmoit mi. [lepeceucHue UCXOHOM NpsiMOil ¢ oTpeskamu AX
n AY jacr jiBe TOYKM — JUIsl OJIHOM M3 HUX YroJl NMaJICHUs! BBOE OOJIbIIE yrJiia
OTpaKEeHHMsl, JUlsl JIPYroi CyMMa yrila TMaJiCHHUsl M YJBOCHHOTO YIJla OTPa)KCHUS
paBHa 180°.

53.15. HM300pasuM HCXOAHBIC JIyYH CIUIOIIHBIMH, a NOBEPHYTHIC — IIyHK-
TUpHbIMH. Ecim yTBepxkeHME 3a/1aul HEBEPHO, TO BHYTPb KaXK/IOI'O CILIOIIHOTO
yriia monajET poBHO OJMH MOBEPHYTHIA Jiyd. IlycTh 00pa3 HyJIEBOTO CIUIOIIHOTO
Jiyya monafi€t Mexay k-piM U (k + 1)-bIM CIUIOMIHBIME JiydaMu. DTO 3HAYMT,
YTO Yrojl MEXJy HYJIEBBIM M K-bIM JlydyoM MeHblie 120°, a Mexy HYJICBBIM U
(k+1)-piMm — Gogpie. Tor/a Jo0ble k COCE/IHUX CIJIONIHBIX YTIIOB MeHbie 120°,
a mobeie k + 1 — Goubie. Ho nepBoe neBozmoxuo mpu k > 10, a Bropoe —
npu k < 10, mockoibky 3 - 120° = 360°.

54.16. Paccmorpum rpad, B KOTOPOM BEpIIMHAMU SIBJISIIOTCSI MOCJIE/IOBA-
TEJIBHOCTH 13 6 HyJIeH M €WHMNILI, a OPHCHTUPOBAHHBIC pEOpa MEX/y ITOCIIC/I0Ba-
TEJILHOCTSIMU 1, j COOTBETCTBYIOT TIOCJIEJOBATEILHOCTSIM U3 7 HyJICH M €MHUII,
y KOTOpBIX IepBble 6 OMTOB €CTh HOCIENOBAaTENILHOCTE i, a MoclieHue 6 OUTOB
€CTh IOCJIEC/IOBATENFHOCTD j. Torna B kKaXk[0f BEpUIMHE UYHCIIO BXOASIMHUX pEGEp
PaBHO 4HCIly MCXOZSIIUX, U Tpad CBSI3€H, IO3TOMY MOXKHO HAiTH LIMKJI, IPOXO/si-
muii o BceM pédpam emHOX/bl. [1o TakOMy IIMKIly MOXKHO OYEBH/IHBIM 0Opa3oM
MIOCTPOUTh Hy>KHOE PacIOJIOKCHAE HyJICH W CIMHUAIIL.

54.17. Teopema XoJijia 0 IPEACTaBATENISAX. BOT 0/1HO M3 BO3MOXKHBIX JI0Ka3a-
TeyibeTB. [IpuMeHsieM MHIYKNMIO 10 YHCIy KPYXKKOB: IYCTh Y Hac N KpYyXKOB, a
IJis J1I000T0 MEHBIIETO Y¥ClIa KPYXKKOB BCE Jloka3aHo. PaccMoTpuMm ziBa ciryyast:

(1) ycioBue TeopeMbl [yisl JIIOOOI0 MEHBIIETO YUCJIA KPY>KKOB BBIIIOJIHEHO C
3armacom: o0LIee YMCIIO MIKOJIbHUKOB, B HUX 3aHUMAIOIMXCsI, XOTsi Obl Ha 1 6OJib-
e 4uciia KpyXKoB. Torna B OHOM KpYy>KKE Ha3sHAuMM CTapoCTy IIPOHM3BOJIBHO
U yZJaJuM KpY>KOK (M CTapoCTy) M3 PacCMOTPEHHS, [JIsl OCTABIIMXCSl BBIIOJIHEHO
yciioBre Xoiula (YUCIo MIKOJBHUKOB MOIJIO YMEHBINUTHCS TOJIBKO Ha 1, mpume-
HSIEM TIPEJIOJIOKEHNAE WHJYKIIUN).

(2) ecTb HEKOTOpOE CEMEUCTBO M3 k KPY>KKOB Ipu k < N, KoTopbie coziepaT
BMECTE POBHO Kk IKOJBHUKOB. [IOMETHM 3TH KPY>XKH M 3THX IIKOJIBHUKOB. To-
rJa Jiioboe ceMeiCTBO M3 | HEMOMEUYCHHBIX KPY>KKOB COJICP)KHUT IO KpaitHel Mepe
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| HEIIOMEYCHHBIX IIKOJILHMKOB (MHA4Ye BMECTE C IIOMCUCHHBIMU OHM OBl HapyllH-
Jm ycioBre Xojuia). TeM caMbIM MOXXHO NPHUMEHUTH MPEANOJIOKECHAC MHAYKIIAN
OTZEJIBHO K TIOMEUCHHBIM U HETIOMEUCHHBIM IIKOJIBHUKAM.

54.18. Cnencreue TeopeMsl Xouia: eciiy Obl 71 MIKOJBHAKOB PEINFII BMECTE
MEHEE YeM 7 3ajiad, MOACYET pEdep BHISABIII OBl IPOTHBOPEYHE.

54.19. PaccmMoTpuM IpoU3BOJIBHYIO BeplnHy Vi . M3 HE€ BBIXOAUT GECKOHEYHO
MHOTO O/IHOIBETHBIX p&bep. OcTaBMM WX KOHLBI (M Vi), @ OCTaJIbHBIC BEPIIMHBI
BeiOpocuM. Ilycts v, — oxmn m3 3THx koHNoB. ITocmMoTpum Ha 1Bera pedep,
COE/IMHSIONIMX €r0 C JPYTUMHU, OCTaBHM TOJIBKO OJHOLBETHBIE M Tak jaiee. [lo-
JIYMTCs TIOCJIENOBATENBHOCTD Vi, Va, . .. C TaKAM CBOWCTBOM: PEOpa v;—Vv; Ipu
(pvkCHpOBaHHOM [ M TIpM BCEX j > | MMEIOT OXMH M TOT e 1BeT. Haspas ero
«IIBETOM» BEPIIMHBI Vi, OCTABUM OECKOHECYHOE MHOXECTBO O/[HOLIBETHBIX BEPIIUH,
7 OHO OyZeT TpeOyeMBIM.

54.21. [l mepBoii 4acTH JOCTaTOYHO IATH TOYEK: €CIIM MX BBIMyKJasi 000-
JIOUKA SIBJISICTCS TPEYTOJIBHUKOM, TO 00€¢ OCTaBIIMECS TOYKM BHYTPH HETO M JIs
JIAHHOT'O TIOJIOXKEHMS O/IHOM M3 HUX JIETKO 3aMETHTh, YTO Ky/ia Obl HY IIOIIajia BTO-
pasi, BCE paBHO IOJIyYMTCsl YETBHIPEXYTOJIbHUK. Jlajiee HaJ|0 IPUMEHUTH TEOPEMY
Pamcesi: eciim k-3JIeMEHTHBIE TIOIMHO)KECTBA GECKOHEYHOTO MHOXXECTBA Pa3zOUTHI
Ha KOHEYHOE YHCJIO KJIACCOB, TO MOXKHO OCTaBUTh OECKOHEYHO MHOTO DJIEMEHTOB
Tak, 4YTo0bl OHM O0Opa3OBBIBAJIA TOZIMHOXKECTBA TOJIBKO OJJHOTO Kilacca. Pa3o6pém
YeTBEPKM TOYEK HA J[Ba Kjlaccax — oOpasylolye BBIMYKJIIBIA YETHIPEXYTOJIBHUK
n He obpasylonme. BeCkOHEYHOTO MOJIMHOXKECTBA BTOPOTO TUMA OBITE HE MOXET
(10 /10Ka3aHHOMY), 3HAUYMT, €CTh OECKOHEYHO MHOTO TOYEK, JIIOOBIC UYETHIpE W3
KOTOPBIX JIEXKAT B BEPIIMHAX BBIMYKJIOTO 4-yrosibHUKa. Jlerko BujeTh (MHIYKIWS
1o n), 4To JIOOBlE 71 JIeXKaT B BEpIIMHAX BBITYKJIOrO n-yrojbHUKa. OcTaliock
Jokazath Teopemy Pamcest unnykumeit no k. s k = 2 s1o yxe nokazano. Ec-
Jm JioKazaHo s k — 1, [uig laHHO#M TOYKM Vi pa3’obbEéM Bce HE cojepikamue
€€ (k — 1)-moaMHOXKECTBA HA KJIACCH B 3aBHCHMOCTH OT TOIO, KAaKOM KJIACC OHM
o0pa3yloT C JaHHOW TOUYKOM M NPHUMEHUM NPENOJIOKCHUE MHAYKIMU U yIaJluM
JmmHNe Toukm Jlanee i Kakoi-JmOO TOUKM V, U3 OCTaBIIMXCSl Pa3o0bEM HE
conepxkamme e€ (kK — 1)-mOJMHOXKECTBA Ha KJIACCHI, M TaK Jajiee. 3aTeM TOYKH
Vi, V2, . .. JICJIATCS Ha KJIAcChl KaK paHblle, W BbhIOMpacTcsi GECKOHEYHBIH KJlacc.

59.4. Oro cyoxkHas 33/1a4a; O/lHO U3 pelleHuii TakoBo. Paccmorpum cirydvaii-
HBI TIpoIiecC, TP KOTOPOM K ITyCTOMY MHOXXECTBY 00aBJISIETCSI 1O DJICMEHTY,
TIOKa HE MOJy4uTCsi Bc€ MHOXeCTBO. [Ipy 5TOM BEpOSITHOCTh NPOMTH Yepes HEKo-
TOPOE MHOXECTBO X MHHHMMAaJIbHA, KOTZIa X COCTOHUT U3 5 3JIEMEHTOB (IOCKOJIBKY
BCE MHOXXECTBA JIJAHHOH MOIIHOCTH PaBHOBEPOATHBI M OJHO U3 HUX 0O0s3aTEIIBHO
TIOSIBUTCSI, 2 MSITHAJIEMEHTHBIX MHOXECTB GoJibiie Beero). Ecim ecTs HECKOJIBKO
HECPaBHUMBIX TIOMHOXKECTB, TO COOBITHSI (IIPOMTH Yepe3 HUX» HECOBMECTHBI, H
TIOTOMY YHCJIO TaKUX MOJMHOXKECTB HE OOJIbINE YKCIIA MSITUIJIEMEHTHBIX TTOJIMHO-
xectB. Otset: Cjp.
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59.21. Paccmotpum kakoil-HUOYAb KOHTpHpuMep. Haiiiém snieMenT, KOTophlit
BXOJIUT B O/IHO M3 BBIPAXXCHWH M HE BXOIMT B JIPyroe, M OCTaBUM B KaXK/OM
MHOXECTBE TOJIBKO €ro (WJIM HUYEro HE OCTaBUM, €CJIM STOTO 3JIEMEHTa HET).
[MoslyyeHHBI# HAGOp MHOXECTB TaKXke Oy/leT KOHTPHIPHMEPOM.

59.22. 3apaua 59.21 jenaet nepeGOp KOHEYHBIM.

59.23. PaccMoTpuM BCEBO3MOXHBIE HAOOPbI MHOXECTB, KaXK/10€ M3 KOTOPBIX
Jmbo 1ycTo, JIMOO CONCPXXUT OofuH ((PUKCHPOBAaHHBIN) 3jieMeHT. 3ajgava 21 mo-
Ka3bIBACT, UTO BBIPAXKCHHUS, COBIAJAIOINE HA BCEX TAKMX HAbOpaX, COBMAZAIOT
Becioly. Konnuectso nabopoB paBHo 2" — 1 (HabGop, IJic Bce MHOXECTBA ITyCTBHI,
HE MOXXET OBITh KOHTPIIPIMEPOM), TMOTOMY KOJIMYECTBO Pa3iIMYHBIX BHIPXKCHUI
He Goupie yem 22" . Ha caMoM Jiejie X POBHO CTOJIBKO (JIOCTATOYHO HAIKMCAThH
BBIp2XXCHIE, KOTOPOE Ha OTHOM HabOpe HEMyCTO, a HA OCTAJIRHBIX MYCTO, a TOTOM
O0BE/IMHATh TaKUe BBIPAXXECHUS ISl HY>KHBIX HaGOPOB).

60.7. (@) 1+x+x>4...+x"+...(0) I—x+x>—x>+.. . +(-1D)"+...
®) 1+x/2—x2/8+ ...+ (—1)”’1(22”—,,",3!mx’l + ... (OMHOMHAJIBHBIN PaL ISt
a=1/2). (0) 1+x+...+x"+...= (1 —x)"!, no3TOMY KOpEHbL U3 3TOr0
psna pasen (1 — x)71/2 =1+ x/243x2/8+ ... 4 Co-Dlxn

60.9. [loxaxeM, 4TO n-ble KO3(PUIMECHTH B JICBOH U NPaBOil 9acTSIX PaBHBL
Ecim o6o3naunts (1) = t(t—1)-...-(t— k+ 1), To nokaspBaeMyio dhopmyiy
MOXKHO 3amucath B Buzie (a+8), = Y7o C,f (@) k (B) n—k- D12 bopmyna Harmo-
MuHaeT 6mHOM HpIOTOHA, 1 Ha caMoM Jielie €€ MOYKHO TOYHO TaKhM JKE CIIOCO0OM
J0Ka3aTh MHAYKLKEH 10 1. Boilee u3smuoe (HO TPy HO HAXO[AMMOE) PEIICHUE Ta-
KOBO: Mbl XOTHM JIOKa3aTh PaBEHCTBO J[ByX MHOI'OYJICHOB OT & ¥ [3, KOTOPOE BEPHO
TIPY HATYypaJIbHBIX 3HAUYCHUSIX NMEPEMEHHBIX (MO0 ISl HUX yKa3aHHOE CBOMCTBO OW-
HOMHAJIFHOTO psijila €CTh B TOYHOCTH (popmyiia 6mHOMa HpioToHa) — a 3HaumT,
U [uis Jo0bix. (JlJisi MOJIHOTHI KapTHHBI JIOK&XEM, YTO €CJIM MHOrowieH P or
IIBYX IIEPEMCHHBIX PaBEH HYJIIO BO BCEX TOUYKAX C HATYPaJIbHBIMU KOOPAMHATAMH,
TO OH TOX/ICCTBCHHO paBeH HyJo. JlelcTBUTENBHO, 1iisl (pukcupoBaHHOro 1 € N
KOPHHM MHOTOYJICHA OT O/{HOM MepeMeHHOM f, (x) = P(x, n) — Bce HaTypaJlbHBIE
4ncla, U MOTOMY OH TOXIECTBEHHO paBeH Hyino. [lostomy juis smoboro a € R
KOpPHH MHOTOwIeHa g,(y) = P(a,y) — Bce HaTypaJbHBIC UKCJIA, 3HAYUT, OH
TOX/IECTBEHHO PaBeH HYJIIO, YTO W TpebOBaJoCh.)

61.6. Ortser: 18 xyckoB. Cnoco6 ¢ 18 xyckamu Takoi: Hpe/CTaBUM s10J10KU
orpeskamu [0, 1],[1,2],...,[6,7] u pa3nenmm [0, 7] Ha 12 paBHbIX uwacteir. To-
yek jiesienns Oyzner 11, a kyckoB 7 4 11 = 18. [lokaxem, uro MeHble 18 KyckoB
ObITh He MOXeT. PaccMoTpuM Tpad OTHOIIEHHS «/IOCTalics KyCOK» Ha IPOH3BeE-
JICHUY MHOXKECTB LIKOJILHUKOB U 516J10K. Ecim kyckoB Menblne 18, To 3TOT rpad
(umerommit 7 4 12 = 19 BepiuuH) He cBsi3eH. B Kax/10ii KOMIIOHEHTE BXOZSILME B
He€ sI0JI0KH I0JIKHBI OBITh pa3/iciiCHbl IOPOBHY MEX/1y BXOJSIIAMHU B HEE IIKOJIb-
HUKaMH, YTO HEBO3MOXHO, TaK Kak 7/12 He Ipe/cTaBisieTCs B BHJE Jpodu C
MEHBUIUMHU YHCJIUTENIEM U 3HaMeHaTeJieM. BooOie, npu JiioObIX p M ¢ MUHIMAJIb-
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HOE umciIo KyckoB paBHO p + g — HOMI(p, q). (310 xopolmii J10NOJIHUTEIIbHBIA
BOIIPOC. )

61.20. Ha xaxjioM Iiare ompejieiiseM 3HauCHUs! TPEX (PYHKIMI Ha O4epen-
HOM IIEJIOM YHmclie. 3HaYCHUE OJ{HON M3 (PYHKIMEA MOXKHO BBIOpaTh NIPOU3BOJIBHBIM
(410 ObecHeUnBacT CIOPBHEKTUBHOCTD: B Ka4eCTBE 3HAYCHUSI HY)KHO OpaTh HEOXBa-
YCHHBINA 3JIEMEHT 7 C HAUMEHBIINM HOMEPOM), MOCJIC YETO 3HAYCHMSI OCTAJIbHBIX
1Byx (PyHKIMIT MOXHO 10/100paTh G€3 HapylIeHUs] MHBEKTUBHOCTH. [Ipm 3TOM Ha
POJIB TIEPBOY (PYHKIIMH HY>KHO II0 OYEPE/IM HAa3HAYATh BCE (HAIPHUMEP, MO KPYry).

61.21. Her: nycts f paBHa HyJo Bciony, kpome touku 0, rae f = 1. Torna
o6passl MEOecTBa Z\ {0} mox neiictBreM ynkuwmii fi u f GyAyT CHMMETPUYHBI
(OTHOCHTEJILHO HYJISI), TIO3TOMY TTOTOMY 3HauYeHHMs f1 M f3 B Touke 0 Takxe OyayT
CHUMMETPHUYHKI 1 JanyT B cymme 0, a e 1.

62.18. (a) HepepHo (06pa3ssl Ipy HapajljielIbHBIX MEPEHOCaX B MOJXOASINEM
HalpaBJICHUN He nepecekaioTcs). (0) HeBepHo (06pasbl Ipu roMOTETHSX HE Tepe-
cekatorest). (B) Bepro. Kaxoii 6ykBe T mocTaBEM B COOTBETCTBUE TPEYTOJIbHHK
C palOHAJIBHBIMYA BepIIMHAMU (00¢ KOOP/MHATH! BEPIIMH JIOJDKHBI ObITh paryo-
HAJIBHBI) TaK, 4TOOHI MepekazmHa OyKBbl | Iepecekalia JIB€ CTOPOHBI TPEYTOJib-
HUKa, a BEpTHKaJlbHAsl «HOXKa» — OCTABIIyIOCsl CTOpOHY. [IByM Hemepecekaio-
ImpMcsi OyKBaM HE MOXKET COOTBETCTBOBATh OJIMH M TOT )K€ TPEYrOJIbHUK, a ofluee
KOJINYECTBO TPEYTOJIBHUKOB CYETHO.

62.25. (a) (0) B obomx cnyyasx oTBeT «Ja». Hampmmep, MOXHO paccMma-
TpuBaTh nojMHOXecTBa (Q (MO0 TO MHOXECTBO TOXE CYETHO), M JUist KAXK/OIO
JICUCTBUTEJIRHOTO YHCJIa @ B TICPBOM CJIydae B3sITh B KauECTBE ITOJMHOXECTBA
KaKyIo-JIM0O0 I10CJICZI0BATCIIBHOCTh PAllMOHAJIBHBIX YMCEJ, CXO[SIIYIOCSl K HEMY
(ckaxkeM, OOpBIBAaTh €O JIECATHYHYIO 3aIICh B Pa3HBIX MECTaX), a BO BTOPOM CIIy-
Yae — MHOXKECTBO BCEX PAllMOHAJIBHBIX YMCEJl, MEHBIINX a. BhIoJiHEHNE yCI0BUI
o4eBH/IHO. Jpyroe peleHne: NoCTPOMM GECKOHEYHOE JIBOMYHOE JIEPEBO B OTOXK/IC-
ctBuM N ¢ MHOXECTBOM €ro BepmmH. Kaxkzoit 6€CKOHEUHO! JIBOMYHOM MOCIIE0-
BaTEJIbHOCTH IIOCTaBUM B COOTBETCTBUE OUCBH/IHBINA NyTh B JicpeBe (BBIXOMUM U3
KOPHSI M Ha K2)X/IOM IIare UJEM BJIEBO, €CJIM WICH MOCJIE0BaTeIbHOCTH paBeH 0,
1 BIPaBO B IPOTHBHOM ciydae). JIio6ble /iBa TaKUX IyTH MMEIOT KOHEYHOE YHCIIO
o0mux BeplMH (IIOCJIEC NEPBOTO PACXOX/ICHUSI OHM yXXE HE BCTPETATCS) — IIO-
STOMY NpPHMEp B NEPBOM CJIydae roToB. [1Jisi BTOPOTO Cilydasi IO Kax/IOMy HyTH
TIOCTPOUM MHOXXECTBO BEPIIVH, JICXKAIUX (JIEBEE» DTOTO MyTU. YCIJIOBHE BBINOJI-
HsleTcsl, ubo uHaue B JiepeBe Obu1 Obl 1MKJI. (B) Her, He MoxeTt. BribepeM kakoe-
HUOY/Ib TIOJMHOKECTBO A, npuHajuiexaniee cemeiicty. Ecom AA B = A A C,
to B = C (mockoneky B = ((AA B) \ A) U (A\ (A A B))); takum 0Gpa3om,
MHOXECTBO M3 HAIEr0 CEMENCTBA OJHO3HAYHO 3a/1a€TCsl CBOEH CHMMMETPUYECKON
pasHocThio ¢ A. OcTaJioch 3aMETHTh, YTO KOJIMYECTBO KOHEYHBIX NMOJIMHOXECTB N
CUYETHO.

68.2. M3 400 moapsa uaymux JeT 97 sSBISIOTCS BUECOKOCHBIMH, 2 OCTaBLIACCS

H36pannbie pewenust u Kommenmapuu K 3adavam 203

303 — mer, TaK 4To caBUT cocTaBiisieT 97 -2+ 303 = 497, uro neymrcss Ha 7. C 1
stHBaps 1 roza (monenensHMK) 1o 31 nexabps 400 roga (BockpeceHse) cpenu 13-x
uncell uMeeTcs: 685 MOoHe/eNIBHIKOB, 685 BTOpHUKOB, 687 cpen, 684 ueTBepros,
688 maraun, 684 cy66ot, 687 BockpeceHmil. Takum oGpasom, 3a >tm 400 et
(a 3HaumT, W BoOOIIE, pa3 3TO MOJHBNA mepuox) 13 umciio yame Bcero ObIBacT
HSTHULICHA.

69.12. D(x)sin7x, rne D — ¢dyuxknus Tupuxie.

69.13. (a) la: mycTh B yKa3aHHBIX TOYKAX 3HAYCHHACM OYy/IET HYJIb, @ B OCTAJIb-
HbIX — exuauna. (6) Ilycts B Touke 1/n 3HaueHme Gyzner 1/n, a B OCTaJIBHBIX
HYJIb.

69.15. Her. MHOXeECTBO TOYEK pa3phiBa MPEJCTABIMO B BUJIE CUYETHOTO O0B-
€/IMHCHYS 3aMKHY ThIX MHOXECTB (rze KosieGanue ne Mensine 1/n). Just R\Q stu
MHOXeCTBa Oy1yT HUT/e He MIOTHBIMU. Torna m R mpencraBuMo B BHJIE CYETHO-
ro oOBEJIMHEHNS HAT/IE HE MIIIOTHBIX MHOXKECTB, UTO HEBO3MOXKHO: OY/IEM CTPOHTh
BJIOXKCHHBIC OTPE3KHU, KOTOPHIC HE MEPECEKAIOTCS C GOJIBIINM KOJIMYCCTBOM HAIINX
HUT/IC HE IIOTHBIX MHOXECTB.

71.3. BoiGepeM HEKOTOpOE MPOCTOE p W PACCMOTPHM HOCIEAOBATEIHFHOCTD
uncen 2p+1,4p+3, ..., 28p+2% —1,. ... Ecim cpem BUX ecTb COCTaBHEIE,
TO MOXXHO B3$ITh IIpeJblAYyIIEE TI€PE]| IEPBbIM U3 TAKUX B KQUECTBE g. A COCTaBHOE
Haiinéres: Bes p | 27 'p + 2P~ — 1 no manoit Teopeme Depma.

71.5. Bo-nepBbIX, IPOU3BE/ICHUAE /IBYX KBaJPAaTUUYHbIX BBIYCTOB — OUYCBU/I-
HO, BBIUET. YMHOXCHHE Ha (PUKCHPOBAHHBIA HEHYJIEBOH 3JIEMEHT — IlepecTa-
HOBKa OCTATKOB. 3HA4UT, IPOM3BE/ICHAE HEBBIYETA HAa BBIYET — HEBBIYET (MHAUE
TIPU YMHOXKCHUM Ha (PUKCHPOBAHHBII BBIUET CIIMIIKOM MHOTO HEBBIUETOB). Teneps
AHAJIOTUYHO II0JIyYaeM, 4TO IPOU3BE/ICHUE /IByX HEBBIYETOB — BBIYET.

71.6. OueBHIHOE CIIEACTBHC y>KE CIICJIAHHOTO. MOXXHO TaK)KE YMHOXXHUThH 3TO

BbIpPO)KCHME Ha CUMBOJI Jlexan ipa HeKoToporo HeBblueTa. C OJJHOI CTOPOHBI, 3HAK
CyMMBI U3MEHUTCS, C JPYIOil CTOPOHBI, 1O 3ajaye 71.5 mosyuurcs Ta xKe cymMMa
C TIEPECTaBJICHHBIMU YJICHAMM.
71.7. Ecym uckomoe uncio 0603Haunth yepe3 N, To BEpHO paBeHCTBO N =
fo (1 (155)) = p+ SR (REE0) = pr5l0 (5) == (57) =
=p- (—1)?~D/2 E;pHCTBEHHBIM HEOUYEBH/IHBIM [IEPEXOJ0M 3/1eCh SIBIISIETCS
PaBEeHCTBO z’k’;ﬁ(“”‘);#) = ’,’;3 (’%) Ono BepHO, NOCKOJIBKY IIpeoOpa3o-
Banue k — (1 — k)/(1 + k) GuekTUBHO OTOGpaXKaeT MHOXXECTBO OCTATKOB, HE
paBHBIX —1, B cebs.

71.8. (6) PaccmoTpmm MHorousien xP ! —1 = (x(P~D/2 _1)(x(P~-1/2 4. 1),
PaBHBII HYJIIO IIpH BeexX X # 0 (1o Moayiuo p). Jlio6oii BbIYeT — KOpPEHb IEPBOro
coMHOXMUTeJIs. [103TOMy J1I060I HEBBIYET — KOPEHb BTOPOTO.

71.9. CnencrBue 3amaun 71.8: —1 sBJISACTCS HEBBIYETOM, a €CJId g Wi b
He JeNuTcd Ha p (T.e. obpaTuMo MO MOAYNIO p), TO MoJiyyaercsi, 4ro —1 —
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KBa/IpaTUYHbINA BbIYeT. MOXHO CKa3aTh TO XK€ CAMOE MHAYE: /Jisl TAKOTO p UHCIIO
(p —1)/2 neuéTno, Tak uto aP !+ bP~! nemmrcs ma a? + b%. Ho aP ' + bP!
cpasauMo ¢ 0, 1,2 no Moayimo p mo Majoi TeopeMe depMa (B 3aBUCUMOCTH OT
TOTO, JICJISATCS JIM Ha p uncia a u b).

71.10. [IpenmosioxkuM, 4TO UX KOHEYHOE YHCIIO; MYCTh Py, ..., Pn — BCE
oti uncaa. Torna uncio 4p2p2 - ... - p2 + 1 He NMEET HU NPOCTHIX JEIUTENCH
Buna 4k + 1 (IOCKOJIBKY HE JieJuTcst Ha p;), HU 4k + 3 (1o 3ajaue 71.9).

71.11. [docraTO4HO JI0Ka3aTh, YTO YHUCJIO a?+a+1 (mpu Jir0OOM a) HE uMe-
€T MPOCTHIX JieamTeliel Bujaa 3k + 2 (a JaJblie MOJIOXUTh @ = 3py . . . Py, TAE
P1, - - -, Pk — Bece npocteie uncha Buja 3k + 1). Ecim a’+ a+1 = 0(mod p)
st npocroro p = 3k + 2, 10 a® — 1 = 0(mod p), T.€. IOPSIIOK a ACIUT
n3 up—-—1=3k+1, 1.e. paser 1. 3naunr, a = 1(mod p), nosTOMY
a’+ a+1=3(mod p), uto necomectumo ¢ a> + a + 1 = 0(mod p).

72.13. TIlpexne Bcero, pasiloxeHHe 1o (popMyJie OGMHOMa IOKa3bIBAET, 4TO
a, Bo3pacTaer u a, < b,. Kpome Toro, sicio, 4to b,, Bo3pacTact U OrpaHHYCHA,
TO3TOMY Ka)k[iasl U3 IOCJIeIoBaTeNIbHOCTEH cxomutcs. HakoHenl, W3 pasnoeHust
1o GMHOMY Clie/lyeT, 4YTO Juisl JiIoGoro (pukcupoBaHHoro kK m n > k uucio ap,
OLICHMBAETCSI CHU3Y I10CJIE/I0BAaTEIIbHOCTBIO C npeneiomM by .

2 13

72.15. Tonoxum a; = 13—9, b = %. 3ametum, uto b? — a? = B>

N3 storo CIICNy€T, UYTO JJIsi HECKOTOPOIo mMi; € N umMmeeT MecTo BKIIIOUEHHE

[mi + 1, m + 2] C [a}, b]]. Honoxum a, = \/my + 1, by = \/m; + 2.

3amerum, uto by — a3 > a3(by — ay) > ay/3 > ay /3 > 2. Tosromy Jis Heko-
TOporo m; € N BBIIOIHEHO BKIIOYEHHE M1y + %, my + %] C [a23, b23]. [losoxum

as = {/my + %, by = {/my+ % Iponoikast B TOM e Jtyxe, IOCTPOUM TOCIIe-

JIOBATEJIBHOCTh BJIOKEHHBIX OTPE3KOB [dy, by], 1UIsl KOTOPBIX {x”} S [%, %] npu
moboM x € [ay,, b,]. OcTanock B3STh UX OOIIYIO TOUKY.

73.14. Mycts M = {ay, ay, . . .}; dynkumst f(x) = Y, <, 2~" MOHOTOHHA
U pa3pbiBHA B TOYHOCTH B TOYKax MHOXecTBa M.

75.8. IlpuHumMn MakCMMyMa JIOKa3blBacT €JMHCTBEHHOCTh (€CJIM KaX/10€¢ 4Yu-
CJIO PaBHO CPE/IHEMY apU(PMETHUYECKOMY COCEICH, TO MAKCUMYM JIOJDKEH JJOCTH-
raThCsl Ha Kpaio, TaK YTO €CJIM C Kpasi HyJlM, TO W Be3/¢ HyJiM). A 3HauuT, U
CYIECTBOBaHME €CTh (ajbTepHaTuBa Dpearoyibma).

78.8. Her (manpumep, misa f(x) = x* npu x = 0).

78.16. Her. Hampumep, mycts f(x) = x + x2D(x), tne D — dynxuus
Hupuxiie. Ecnm TpeGoBath, 9T00H (pyHKIMs GbhuTa muddepeHnmpyemMa B OKpecT-
HOCTH TOYKM d, TO 3TO TOXE HEBEPHO: MOXHO B3siTh f(X) = X + x2sin(1/x).

78.17. [a. IocTpouM mocJenoBaTeNbHOCTh QyHKIMIA f,, Ha oTtpeske [0, 1],
rpauKy KOTOPBIX SIBISIIOTCS JIOMAHBIMU C BO3pacTalollUM YHCIIOM 3BeHbeB. [Ipn
3TOM Oy/IEeM CIIEJIUTh 32 TeM, YTOOHI (a) fj,41(X) oTImyanock ot f,(x) He Goliee
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yem Ha 27" npu JiioGom X; (6) BEpIUMHBI JIOMAHO# [, OCTaBAJICH BEPIIMHAMU
U Bcex MOCIIENYIOIMX JIOMaHbIX; (B) HAKJIOH BceX 3BEHBEB JIOMaHOU f, IO Mo-
JyJio 6pu1 Gosblie 1. (DTO JIETKO CleJlaTh MO MHIYKLUHU, B3SB B KaueCIBE [y 41
MEJIKIiA, HO KPYTOii 3Ur3ar BOKpYT f,.) IlpenenbHas (pyHKnMs cymiecTByeT U He-
IpepblBHA (Ipejie)] PABHOMEPHO CXOASIIEiics NOCIIE0BaTEIbHOCTH HENPEPhIBHBIX
¢ynkumit), Ho He JuddepeHUpyeMa HA B KaKoi TOuke. DTO ClIE[yeT U3 TOrO,
uro ecim f juddepennupyema B Touke a, To orHouenus [f(g) — f(p)1/(g—p)
npu p < a < g AMCIOT IIPE/IC)I IPA P, ¢ — A ¥ MIOTOMY OI'DaHUYCHBI.

79.1. Cuurast KOOpAMHATHl TOYEK (KpOME KOHIIOB) NEPEMEHHBIMH, 3alMIIEM
CHCTEMY ypaBHEHHWiI (OHa 3aBHUCHT OT TOTO, CEPEJMHON KaKOTO OTpe3Ka SBJISIETCS
Kax/1ast Touka). Takasi cuCTeMa UMEET €IMHCTBCHHOE pelicHUe (IIPUHLIMIT MAKCH-
MyMa): MyCThb Xi,...,Xn U Y1, ...,Yn — [IBa pelIcHUs, BhIOECpEM HanbOOJIbIICE
U3 umces |x; — y;| (M3 paBHBIX — TO, TZie X; MakcuMaibHO). CorjacHo ypas-
HEHUSIM, X; W Yy SIBJISIOTCSl CEPEIMHAMM OTPE3KOB [Xj, Xk] W [y;, yk], Ipu 2ToM
|x; — yj| Be Goxbme, a |X; — yix| MeHbIe |X; — y;|, 4ero He MoxeT ObITh. A pa3
CHCTEMA MMEET €IMHCTBEHHOE PELICHNE, TO OHO PALIMOHAJIBHO, IIOCKOJIBKY TaKOBBI
KO3(P(PULUECHTBI.

79.2. Her, mockosbKy Bee kK03 PUIMEHTH CUCTEMBI paBHBI +£1 mnm +2, Bce
OIIpe/ICIIMTENH, BXOJAIYE B paBuila Kpamepa, He Tak BEJIMKH.

79.3. Ecim kxakag-To CHHsisl TOUKa JIEKUT IO OJHY CTOPOHY OT HEKOTOPOM
IpSIMOM, a Bce 3€JIEHBIE — IO JIPYTyIo, TO PacCMOTPHM CaMylo JAJIBHIOI0 OT
NpsIMOM M3 3TUX CHHUX TOYEK (a M3 OJMHAKOBO YJAJIEHHBIX — Kpainion). Ona
NOJIKEH OBITh CEPE/IMHOM OTpE3Ka, OJIMH M3 KOHLIOB KOTOPOW JIOJDKCH OBITH emé
JaJIbllie Y/IJIEH OT NPSIMOM, 4TO BEAET K HPOTUBOPEUMIO.

79.4. AnanormuHoe paccyx/IeHUAE NTOKA3BIBAET, YTO KOOPIMHATHI CUHAX TOYEK
OIIPE/IENIAIOTCS CUCTEMOM YPaBHEHMI C €IMHCTBEHHBIM pELICHHEM (CaMa CHCTEMA
3aBUCAT OT TOIO, KAKME TOYKHM OKa)XyTCs KOHLIAMH OTPE3KOB C CEPEIMHAMH B
CHHHUX TOYKAaX).

79.5. Kaxnas BepimHa (CHHSISI) SIBJISIETCSI CEPEAIMHON OTpe3ka C KOHIIaMH B
OIHOHM M3 HOBBIX TOYCK (3¢JIEHON) WM B Jpyroil cmHedl BepumHe. OcTaérest Boc-
TIOJIB30BaThCS 3ajjaucii 79.4.

79.6. Tlosepuém A'B’'C’'D'E’ Tak, uro6bl OH Tiepeinén B ce0st; B CHILy €UH-
creenHoctt 1 ABCDE joipken nepeiitu B ce6si.

79.7. Cwm. pemenne 3a1aun 79.6.

80.1. 3ameTmM, 4TO MOXHO M3MECHHUTH BEC BCEX TUPhb HA OJIHO ¥ TO XK€ YHUCIIO,
HE Hapylllasi yCJIOBUS, a TAK>Ke Pas3/IeJIUTh (€CIU JIEJIUTCS) Ha OJHO U TO Xe YUCIIO.
YéTHOoCTh J1I000¥ TMpH paBHA YETHOCTH CyMMbl BCEX TUpb (OCTaBIIMECS ACISTCS
TIOPOBHY), MO3TOMY OHHM JIMOO BCE HEUETHHI, JINOO Bce YETHBI. B mepBom ciyuae
MOXXHO BBIYECTh €IMHUILY, BO BTOPOM TOJICNINTh HA 2, U yMEHBINATh CyMMAapHBIA
BeC TUph, IOKAa OH HE CTaHET PaBHBIM HYNIO (MHYKIWS).

80.2. VYcnoBus Ha Beca TUpPh NIPEJCTaBISIOT cOOOM CHCTEMY OJHOPOHBIX
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JINHEHHBIX ypaBHEHMI (IIPH /IaHHOM CIOCOO€E pa3/IcICHHs] TUPh HA PaBHBIC Ky4H).
Ecym ona mMeeT pelneHme, KpoMe paBHBIX BECOB, TO MMEET U palliOHaJIbHOE (a
CJIEZIOBATEJILHO, U LIEJIOE) PEUICHHUE C TaKUM CBOMCTBOM.

80.4. AmnaJOrM4YHO Ciyyalo JIByX Ky4 PaBHOI'O BECa C PaBHBIM YMCJIOM TUpb:
€CJIU €CTh PELICHHUE, T/Ic HE BCE PaBHBI, TO ECTh M TAKOE LIEJIOYACIICHHOE PEIICHUE.
B HEM Bce umciia CPaBHHMBI 1O MOJYJIIO 71, BBIYTEM OCTaTOK, Pas/ieiiMM M TaK
Jaliee.

81.1. PaccmoTpuM «camoe OTPULIATEJIBHOE» YKCJIO B TaOJIMLIE: €CIIM OHO BHY-
TpH, TO BCE E€I0 COCEIM HE MEHEE OTPULIATENIbHBI U MOXKHO CIBHUHYTHCS K Kpalo.

81.2. B oToM cilyuae B Tabuuie HE MOXET ObITh HM OTPULIATENBHBIX (IO
3a7auc 81.1), HU MOJIOKUTEIIBHBIX YUCE]l (QaHAJIOTUYHO).

81.3. Ilo 3agaue 81.2 cucrema UMEET €JMHCTBEHHOE PEIICHUE, 3HAUUT, OHO
PallOHAJIBHO.

81.4. CnenctBue 3anaun 81.2 u «ansTepHaTUBB PpeAronbMan.

81.5. Cuuras noreHnMabl BEPIIMH (KPOME MCTOKA U CTOKA) NEPEMECHHBIMU,
TIOJIy4YaeM CUCTEMY JIMHCHHBIX YPABHCHWIA: KaXK/blii IOTCHIUAJI PABCH YCPEIHEH-
HOMy IIOTEHIMAJly cocezieil (C BecaMu, OOpaTHO NPONOPLMOHAJIBHBIMA COIIPOTH-
BiieHUsIM). Eciiu B UCTOKe M CTOKe MOTEHIMAJl PaBEH HYJIIO, TO OH BE3JIC paBeH
HyJI0 (He MOXET JOCTUTaThCS MaKCHMYM), OTCIOZla CllelyeT €JUHCTBEHHOCTh (1
Pa3pelMOCTh) .

81.6. PaccmoTpuMm sHepruio kak (yHKIHIO TIOTCHIIMAJIOB B BEPIIMHAX (KpoMe
MCTOKA M CTOKa). Ecim dukcupoBaTh BCE MOTEHLMAIIBI, KPOME OJJHOTO, TO 3aBUCH-
MOCTB OT DTOTO OCTaBIIErocst Oy/eT KBaZIpaTUYHOM, U €€ MUHAMYM JIOCTHTacTCsI
KaK pa3 B TOUKE, 33/1aBAEMOI COOTBETCTBYIOIMM ypaBHeHHEM. OcTagTCsl BOCIOJIb-
30BaThCs TEM, YTO MUHAMYM JIOCTHTaeTCs (€CJIM XOTS OBl OJIMH U3 MOTEHIAAJIOB
BEJIUK, TO Ha O/IHOM M3 COIPOTUBJICHUI OOJIbIIasi pa3HOCTh HOTEHIIMAJIOB, IO3TO-
MY DHEPTrHsl CTPEMHTCS K OECKOHEYHOCTH, JlaJlee T0JIb3YEMCsl KOMIIAKTHOCTBIO).

81.7. Comporusnenne Moxuo onpenesnuts kak U/I, rne U — pasnocts
TIOTEHIAAJIOB MEXK/y MCTOKOM M CTOKOM, a I — TOK B NOJABOASIIMX IPOBOJAX
(cyMMa TOKOB C Y4ETOM 3HAKOB B CTOKE MJIU MICTOKE; JIETKO MOHSITh, YTO OHU OfIU-
HAKOBBI JUISl ICTOKA M CTOKa). Jlajiee MOXXHO IPOBEPUTh, YTO CyMMapHasi MOII-
nocts pasHa Ul = U?/R (B ka/10M CONPOTHBJICHAN OHA PABHA IIPOM3BE/ICHUIO
Pa3HOCTH TOTEHIMAJIOB M TOKa HA HEM, IPH CYMMHUPOBAaHMY IO CONPOTHBIICHUSIM
Bc€ cokpawaercst 1 ocraéres Ul). [IoaToMy CONPOTHBIICHME MOXKHO OIIPEJCIIATH
kak U2, nenéHHOE HAa MHHEMYM BBbIJIENISEMOM MOIHOCTH TIO BCEM MOTEHIIMAJIAM
B BEpIINHAX, a 3TOT MAUHUMYM TOJIBKO YMEHBIIAETCS, KOTJa O/{HO U3 COIPOTHBIIE-
HUl YBEJINYMBAIOT (IIOCKOJIBKY OT 3TOr0 MOIIHOCTh YMEHBINAETCS JUIsl KaXKJOIro
Habopa TMOTEHIINAJIOR).

82.3. B kaxnoii u3 3ana4 82.1 — 82.3 BEIMIPBIBACT XKEJAIOIUN HETPUBAAJIBHOE
peienue. B ciiyyae n = 2 mepBblil MOXET cZielIaTh CTPOKY WIIM CTOJIOEI] U3 HyJIeH.
J17151 Heu€THOTO pasMepa JIOCKH y HETO €CTh CUIMMETPUYHAsI CTpaTerusi. A UMEHHO,
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OH JIOJDKEH 3aHATh LIEHTP M €CIIM BTOPOM CTAaBUT YKCJIO B CPEJHIOI0 CTPOKY, TO
CTaBHUTh UYTO yTOJIHO Ha CHMMETPUYHOE MECTO B TOM K€ CTpOKE. A MHa4Ye CTaBHUTh
TaKoe >K€ YHCJIO B KJIETKY, CUMMETPUUYHYIO OTHOCHTEJIBHO CpelHEel cTpoku. Tak
OH TIOJIyYHT [BE OJIMHAKOBBIE CTPOKH (M JlaXKe IIOJIOBUHHBIA PaHI).

82.4. Ortser B 5TOH 3a/1a4€¢ HAM HEU3BECTEH.

83.1. Onnoponnas cucteMa ypaBHeHWI Jjaxke Hajl [F, mMeeT HeTpHUBHMaJILHOE
pEIlCHUE, €CIIM HEU3BECTHBIX OOJIbIIE, YEM YpaBHECHMIA.

83.2. 2m*n-1 CocrosHus JaMmiouek oGpa3yloT BEKTOPHOE HPOCTPAHCTBO
HaJ| TI0JIEM M3 JIByX DJIEMEHTOB; HAC MHTEPECYyeT JIMHEHHasi 000JI0uKa BEKTOPOB,
COOTBETCTBYIOIIUX CTpoKam M crosibuam. E€ pasmepHOoCcTh paBHA m + n — 1:
CyMMa BceX BEKTOPOB paBHA HYJIIO (KaXk/las JIaMIIOUKa BXOJUT JBaXK/(bl), a JIPYTHUX
3aBHCHMOCTEH HET (OCTaBHM JIMING JIAMIIOYKH IO BEPXHEMY M JIEBOMY Kpalio, MX
m + n — 1 1 UX JIETKO NIEPEBECTH B JIIOOOE 3aJ]aHHOE COCTOSIHHE).

83.3. Uwuciio 2eMEHTOB B BEKTOPHOM IPOCTPAHCTBE HAJl MOJIEM M3 JIBYyX
3JIECMCHTOB €CTb CTCICHb JIBOMKH.

85.3. Jlus matpun 2 X 2 1 3 X 3 pasjio)KECHUS TaKOBHI:

det (Z 2) — (= b)) =(a—b)a+b)

c
det al =3abc—a* - b - =

o o
ISE e T~ )
=l

=—(a+b+c)a®>+b*+c*—ab—ac— bc) =
=—(a+ b+ c)(a+ be + ce?)(a + be® + ce),

I7ie € — KOpEHb CTEHNEHW 3 u3 efuHUNBL. [list OOJBIMX 71 OTIPEACIMTENb €CTh
TIPOM3BE/ICHUE JIMHEHHBIX MHOXKUTENIEH Buja (ag +aa; + ...+ ala i+...), e
Q. — KOPEHb CTCNECHU 7 W3 €MHMLBI (71 TaKUX KOPHEW JIAI0T 1 MHOXKUTEJIEH).
B camoM jiedie, eciii OIMH U3 MHOXWTEJIEH oOpalaeTcsi B HyJlb, TO JJIOMHOXXCHUE
STOrO PaBEHCTBA HA (¢ CABUTACT €T0 MO KPYry, TaK UYTO JIMHEIHAsi KOMOWHAIIWS
crpok ¢ koapuimentamu 1, a, @?, . . . pasna nysio. OTCIO/[a HETPY/IHO BBIBECTH,
YTO OIPEICIIUTEND JCJIATCS HAa KaXK/bliA U3 3TUX JIMHEHHBIX MHOXUTEIICH U Jaxe
Ha ux npomsBesieHre. OcTanock BOCIOJB30BAThCS COOOPaKEHUSIMU CTEIIEHHU.

86.8. Kak maremaTnk mpaB, KaKk MPOTPaMMUCT —— HET, TOCKOJIBKY ¢MAIIMHHOE
CJIOXKCHUE» MOXKET ObITh HEACCOLIMATUBHBIM.

86.20. (a) Henp3s. Ecom (3+4i)" =5", 10 2+ D" =0Q2+D"2- ",
TO ecThb (2+i)" = (2—i)", 4TO NIPOTUBOPEUYUT CIMHCTBEHHOCTH Pa3JIOKEHUS Ha
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TIPOCTBIC MHOXKUTENM B KoJbIEe Z[i]. MOXHO TakXe 3aMETUTh, UTO IOCIIEC/I0Ba-
TEJILHOCTE (2-+ i)" mod (2— i) epro/IMYHa C TIEPHOJIOM 2: TIpH YETHOM kK MMeeM
(2+i)* =1(mod 2) — i, npn neuéTHOM k MMeem (2+i)* = (2+i)(mod 2) —i.

Jlpyroe pelieHue UCIONB3YET TOT (haKT, 4TO COS #7X — MHOrowieH 1, (cos x)
¢ uesbiMu ko3 dunuentamu u crapumm kodddunmentom 2" 1 (muorowien Ye-
ObEBa). PanmoHaJibHBI KOpeHb ypaBHERHs 1, (s) = 1, cTajio GbITh, HE MOXET
UMETh B 3HAMEHATeJle HMATEPKU.

87.11. Haiiném oTpe3ok, Ha KOTOpOM TOYHasl BEPXHsisl TPaHb 3HAUYCHUI HE
Gospuie 1/2 (Tako#l ecTh, HOCKOJIBKY BEpPXHHE CyMMBI cTpeMsTcs K Hyio). Un-
TErpajl 1o TOMy OTPe3Ky 00s13aTeJIbHO PaBEH HYJIIO, II03TOMY HaWJETCS BJIOXKEH-
HBI{ OTPE30K, Ha KOTOPOM TOYHAsl BEPXHsis I'paHb He Oosiblie 1/4 u T. 1. 3HaueHne
B 0OlLIell TOYKE ITUX OTPE3KOB HE MOXET OBITh IIOJIOKUTEIIBHBIM.

88.16. Takmx ¢ynknmii HeT. B camom jiesie, Ha KaxaoM U3 Jayueit x > 0 u
x < 0 ypaBHEHHE MOXHO SIBHO pemnTh. OYEBHU/IHO, YTO CKJICHTh HUKAKHE 7IBa pe-
meHnst He moJiyuntcsi. Bojiee m3BICKaHHOE pelneHME WCMOJIB3YeT (HEM3BECTHYIO
IIKOJIbHMKAM) TeopeMy [lapOy: mpom3BojHAs MPUHMMAET BCE NPOMEXYTOUHBIE
3HAYCHYSI.

88.17. f(x) = ae*. [eiictButesbHo, npousBojuas ¢yukuuu f(x)/e* paBua
HYJIIO.

88.18. f(x) = asinx + bcosx. PopMyJia U3 yKazaHHs BepHA: IIPOU3BOJI-
Hasl JICBOM 4YacTH JICHCTBUTEJIFHO PaBHA HYJIO. 3aMETHM TEHEPh, YTO YPAaBHCHUIO
YIIOBJIETBOPSIT CHHYC M KOCHHYC, a TakXe WX JInHEiHble koMOnHanumu. [TosTomy
dynkmms g(x) = f(x) — f(0) cos x — f/(0) sin X ToXe yIOBJICTBOPSIET ypaBHe-
HUIO, IprYéM obpalnaeTcst B HyJie B HyJIb BMECTE O CBOel pon3BoziHO#. OTciona
g’ +g?=0,1.¢.g=0.

90.12. Hanpmmep, f(x) = xlnx,

91.1. IIpocroii npuMep HEMHTEIPUPYEMON IIPOU3BO/HOM BO3HUKAET 11O IIPUYU-
HE HEOTPaHMYECHROCTH: Hanpumep, Gpyrknms x2 sin(1/x?) Belony mdbdepenupy-
eMa, a e€ NIPOU3BO/IHAsl B OKPECTHOCTH HyJIsl He orpanuueHa. MaTerpan ¢ynkuum
«CUTHYM» (3HaK) HeE SIBJISIETCSI, OUYEBUHO, M PepeHIIPYEMBIM B HYJIE.

91.14. 3ameruM, uto X2 — %6 + % > sin(x?) > x2 — "6—6. osTOoMY
|sin(x?) — x% + %6| < %, U NOTOMY C HY>XHOW TOYHOCTBIO MHTEIpajl paBeH
1/3 —1/42 = 13/42. Jus nyskra (a) J0CTATOYHO B3SITh JIMINb IICPBBIA YJICH
psna.

91.15. (a) xInx — x. (0) /IokaxkeM, 4TO Ipele]l 3TOH NOCIIENOBAaTCIBHOCTA
pasen 1/e, mim, 4TO TO € camoe (Be/b JIOTapu(M HENMPEPHIBEH), UTO TPECIl
JiorapuMoB YJICHOB 3TOH MOCHIEI0BATEIbHOCTH paBeH —1. OTH JiorapudMsl CyTh
%(ln 1+4...+Inn)—In n. 3ameTn™m, yTO MIOLIAE O] TpapuKOM Jiorapudma Ha
[1, n] oneHuBaeTcs cBepXy BeJMumHON In2 4 ... + Inn ¥ CHU3y — BENWYUHOM
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Inl1+ ...+ In(n —1). PaBna xe sra miomwany nlnn — n + 1. [lostomy
Inl+...+In(n—-1)<nlnn—n+1<n2+...+1Inn,

OTKy/1a

1 Inn 1 1
—(In1+...4Inn)— — —mhn<-14+4—<—(Un2+...+Inn) —Inn,
n n n n
YTO MOXKHO IIEPENUCaTh B BHJC

11 11
d4+—<—(nl+...4+nn—-lnn<—1+—+—2"
n n n n

" YTBEPXK/ICHUC /I0Ka3aHO.

R

92.1.5

92.3. :

92.2.

SHe 7u1s1 KaX/10TO U3 CITyUaEB JIETKO TIPE/BA/IET, UTO OTHOCHTENEHO TOUHOE M306pakenue Tpadu-
KOB MPOW3BOIHONM M MEpBOOOpa3HOW MMEHHO TaKOBO; TakKasi TOUHOCTh, pasyMeeTcsi, He TpeboBajiach.
IpuBoaumble rpaduku msrotossensl B. IllyBanoBsiM ¢ nomolsio nmporpammsl MetaPost.
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92.9. .

024 92.10.

92.5.

92.6.

92.7. 92.11.

92.8.

93.5.
an a as an Ap
L I B N
A SA AT A T A

TIOTOMY €CJIM NIEPBBIA PsAJl CXOAUTCS, TO CXOAUTCsl U BTOPOi. ITyCTh mepshiii psij
pacxogurcs. B 3ToMm ciyuae ecte Ba paccyxacHHs. MOXHO BOCIOJIB30BAThCA
3ajiaueit 93.6: pan Y Z—’; pacxoJuTCs TOr/a M TOJIBKO TOI'/la, KOTJa IPOU3BEACHHUS

Mi>1(1— Z—’;) crpeMsites K HyJio. Ho n-oe yacTuuHOE Ipon3BeIcHUE PaBHO 2—"‘ n
IIOTOMY CTPEMHUTCS K HYJIIO TOTJ|a X TOJIBKO TOIZA, KOTZa psifi pacxomurcsi. MoxxHO
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U WHAue: €CJIM IEPBBIA Psiji PACXOJMTCS, TO HAMAYTCA CKOJIb YTOJHO JAJIEKUE
OTPE3KM YJICHOB BTOPOTO psifia C CyMMoii Godbine 1/2:

Am+1 an am+1 an Ap — Am Am
+...+-1> 4.+ =1 -
Am +1 An An An An An

7 W3 CTPEMJICHUSI YaCTHYHBIX CYyMM Aj; K OECKOHEUYHOCTH cileflyeT TpebyeMoe.
93.6. (1) = (2): ecyim pacKpbITh CKOOKH, TO CpE/Il CJlaraeMbIX BCTPEYAIOTCS
ai,...,0a, N el Kakue-TO HEOTPULATEJIbHBIC YHCJIA.
(2) = (3): npoussescHUs

A4+a)...0+a)d—a)...(0—ay)=0—-a?)y...(1 —a?)

OTpaHMYEHBI, TIO3TOMY yTBEPXK/ICHUE OUYECBUJIHO.

(3) = (1): zamerum, yto 1 — x > 47 upu 0 < x < 1/2 (byuxkuus
f(x) =47 Brimykya BHH3, a B Toukax 0 u 1/2 mMmeeT MecTo paBeHCTBO). Ecim
OCCKOHEYHO MHOTO W3 4mcell q; Goipme 1/2, To NpoW3BENCHWS CTPEMSTCS K
HYJIIO, a psiJi pacxoJuTcs. B NpOTMBHOM cilydae MOXHO BBIOPOCUTH BCE TaKue
yuclia (Y4TO HE BJIMSICT HA CXOAMMOCTh) M CUMTATh, YTO TAKUX YKMCEJI BOOOLIC HET.
Torna

A—a)...(0—a,) =44,

TO3TOMY P/l HE MOXET CXOAUTHCSI.
93.13. B mmcrke «Koneunsle npupaimenns» ObIJIO I0Ka3aHo, uTo e* > 1+x+
2 n

+ % + ...+ % mpu x > 0. JJokaxxeM, 9To 1ipr X > O BBINOJIHEHO HEPABEHCTBO

ex<1+x+x2+ N X"_l +xnex
= 2 7 (n=1)! n!
JlokakeM 5TO HEpaBEeHCTBO MHAyKUMEH 1o n. Jyist n = 0 HEpaBEHCTBO MMEET
Buj e* < e* (r.e. BepHO). Ilycth 3TO HepaBeHCTBO BepHO juist 1 = k — 1.
k— k,x
®dynkym e* H1+x+x72+...+ﬁ+xkf paBubl ipu X = 0, a mx

x k-2 xk-1px xkex
NPOU3BO/IHBIC CYyTh €~ M (1 +x+ ...+ =] + (k—l)!) + =%, TO eCIb 1O
MIPEANOJIOKECHAIO MHYKIMM TICpBasi NPOW3BOAHAs He Goibme BTopoil. Otciona
CJIEZlyeT, UTO W /Jis (DyHKIWIi BBHIIOJIHCHO HY)XKHOE HEPAaBECHCTBO, YTO M TpeOoBa-
JIOCh. J1Jisl 10Ka3aTeJIbCTBA HALIETO YTBEPXKJCHUS OCTAJIOCh 3aMETHUTh, YTO "':ﬁx
mpu (UKCUpOBaHHOM X > 0 cTpeMuTCsl K HyJIOo Ipm n — oo. JIpyroii cmoco6

PacCyX/ICHUA HAIIOMUHACT IIPO JJOKA3aTCJIbCTBO 3TOI'O PaBCHCTBA IIpU X = 1:

X n
e* = lim (1 + —)
n—oo n
(4TO6B! /I0Ka3aTh 3TO, MOXHO IpOJIOTapU(PMUPOBATE PacCMaTPHBAEMYIO IOCIIE-
I[OBaTCJII)HOCTI)), n (bopMyJIa OnHOMA TIOKa3bIBaCT, UYTO YaCTUYHBIC CYMMBbI psi/ia
MaJIO OTJIMYAIOTCS OT YJICHOB 3TOMH IOCJICA0OBAaTCJIBHOCTH.
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93.21. YMHOXUM Ah-YIO YaCTUYHYIO CyMMY STOrO psiZia Ha 2sin % [Mosryunm

cosl —cos2  cos2 —cos3 cos 281 _ g 2ntl
2 2 2 2 + 2 2
1 2 n

IMeperpynnupoBkoii cjlaracMblx U3 3TOIO MOXHO IIOJIYy4YUTh

cos 1 cos 2 cos 221 cos 2ntl
7 2 n 2 _ 2
1 1-2 (n—1)n n

Psi1 B ckoOkax abCOJIOTHO CXOJUTCS, a TIOCIIE/IHEE CIIaracMoe CTPEMUTCS K HyJIIO.
ITosTOMYy M MCXOIHBIA Psijl CXOUUTCS.
93.22. Her; u3 (pyH/IaMECHTaJILHOCTY IOCJICOBATEIIBHOCTY YaCTUYHBIX CyMM
TIEPBOTO Psijia cienyeT GyHAAMEHTAIIBHOCTD /ISl YACTUYHBIX CyMM BTOPOIO psijia.
93.23. Moxert! PaccmoTpum psz

1 1 1 1 1 1 1 1
T T
2 2 TR s 2m T Tn  2vm 2dm
Ero wactnunsie CyMMbI C HOMEpaMH, KpaTHbIMHA TpéM, PaBHBI HYJIIO, a YJICHBI ps/ia
CTPEMSITCS K HYJIIO, 3HAYMT, DTOT Psiii cxoaurcs. Psji ke u3 KkyGoB paBeH

7 €r0 YaCTHYHBIC CyMMBI C HOMEPaMHM, KPaTHBIMH TPEM, NMPONOPIMOHANIBHBI Ya-
CTUYHBIM CyMMaM FapMOHHYECKOTO Psi/ia, 3HAUMT, STOT PsJ| PaCXOAUTCS.

93.25. Touka, psiMasi WX IJIOCKOCTh (3TO yTBEP>KJCHUE HA3bIBACTCsl TEOpe-
moi Ilreitauna). JomyctuM, 4To psiji U3 MPOEKIUI HA KAaKyIO-TO mpsiMyio abco-
JIIOTHO cxonuTcsi. BeibepeM ocu 1€KapTOBBIX KOOPJMHAT Tak, YTOOBI 3Ta IpsiMast
OblJIa TIEpBOM W3 ocell. 3aMeTHM, 4TO TIpH IEPECTAHOBKAaX WICHOB psiia NepBasi
KOOpJIHaTa CyMMBI psifia BCET[ia OJHA M Ta XKe. B 3aBucmMoOCTH OT BHJa CXOIH-
MOCTH psi[ia U3 BTOPBIX KOOPJMHAT IIOJIyYUTCS TOYKA WMJIM IpsiMasg (IO TeopeMe
Pumana).

[Tycrs Tenepp Takoi npsiMoil HE cyuecTByeT. JloKakeM, uTO HaHJAETCsl BEK-
TOp V, TaKO# 4TO JUIst KaXkaoro € > 0 cymMma wieHOB psijia, oOpasylolux C Vv
yToJl MEHBIIE €, HE CXOUTCS aOCOJIOTHO. JIeHCTBUTEINILHO, B IIPOTUBHOM CIIydae
MOXHO BBIOpaTh KOHEYHOE YHCJIO TaKUX YIJIOB, MOKPHIBAIOIIUX BCIO ILIOCKOCTh
(HampuMmep, M3 KOMIIAKTHOCTH €JMHUYHON OKPY>KHOCTH), W Ppsiji Obu1 Obl abco-
JIIOTHO CXO/SIIAMCSI — TIPOTHBOPEYHE.

Bynem HaswIBaTh Takoil BEKTOp OCOOBIM HampaBJICHHEM. JoKaXXeM, 4TO B JIO-
6ol TIOJIyIIJIOCKOCTH HalAETCst ocoboe HampasjicHHE 1. Ecim rpanuna moJjymioc-
KOCTH COJICPXHT 0cO00OC HalpaBJICHHE, TO BCE JIoKa3aHo. IlycTs 3To He Tak. Bbl-
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O6epeM ocH JICKapTOBBIX KOOP/AMHAT TaK, YTOObl IpsiMasi, OrpaHWYMBAIOINAs II0-
JIyIUIOCKOCTB, OblIa BTOPO M3 oceil (a MOJYIJIOCKOCTh COCTOsIIa U3 TOUEK C OT-
pULATENBHBIMU TICPBBIMI KOOpAMHATaMM). PaccMOTpMM uacTe psjia, COCTOSIIYIO
13 BEKTOPOB, JISKAIIUX B JIAHHOW MOJIYIUIOCKOCTH. ITOCKOJIBKY MBI IIPEANOJIOKH-
JIM, 9TO psi/i M3 NPOEKNMH Ha JiIo0OW BEKTOP CXOMWTCS YCJIOBHO, IIOJIydacM, 4ToO
PS4 M3 NEPBBIX KOOP/MHAT BHIOPAHHBIX BEKTOPOB pacxozmrcs. IlocienoBaTesinb-
HOCTh HAaNPaBIICHUI TUX BEKTOPOB MIMEET, OUYEBH/IHO, NPE/CIbHBIE TOUKU. Boee
TOTO, JIETKO BWJIETh, YTO HANJIETCS NPENEIIbHOEC HANPABIICHUE, KOTOPOE SIBJISICT-
cs1 0coObIM. (B mpoTuBHOM cilydyae y KaX/I0ro HalpaBJICHHs] €CTh OKPECTHOCTB,
B KOTOPYIO IIOTaJiacT JINOO KOHEYHOE YUCIIO WICHOB psifia, MO0 ero abCooTHO
CXOZSIASCSl YaCTh. DTN OKPECTHOCTH TIOKPBIBAIOT MOJYOKPY>XHOCTh BO3MOXKHBIX
HANPaBJICHNIA, ¥ CHOBA HAJI0 BOCHOJIE30BAThCSI KOMITAKTHOCTHIO. )

Bynem Tenepp CTPOMTh HMCKOMYIO IEPECTAaHOBKY (JIOCTHTAIOINYIO CYMMBI S)
MIOCTENEHHO. 3aMeTHM, YTO €CJIM W — 0cofoe HallpaBJICHHE, TO MOXHO yKa3aTbh
YacTh psijla, Yy KOTOPO# IIPOEKIMsl CyMMBbl HAa W paBHa +00, a psiJi U3 OPTOro-
HAJILHBIX COCTABJISIONIMX aGCOJIOTHO CXOMUTCs. JlecTBUTE b O, ulsl €, = 1/ n?
BO3BMEM CTOJIBKO WICHOB Psijia, 0OpasyIolX C W yrojl MEHBIIE € ,,, YTOOBI CyM-
Ma UX JUIMH Obula 3aKJIIoueHa MexXy 1 1 2 (O4eBHJHO, /ISl KaXKI0TO HOBOTO €,
MOXKHO OOOMTHCH el He 33/IcHCTBOBAaHHBIMY YJICHAMH).

PaccMOTprM MHOXXECTBO BEKTOPOB, IPEZCTaBAMBIX B BHJC JIMHCHHON KOMOH-
Halli{ OCOOBIX HalpaBJICHUI C HEOTpULATCIBHBIMY Koo duIieHTaMi. 3T0 MHO-
JKECTBO SIBJISIETCSI, OYEBHJIHO, TIOCKUM YIJIOM (C TPaHMLEH, TOCKOJBKY Hpe/ie
0COOBIX HANpaBJICHUA, OYEBH/HO, ocoboe HampasiieHne). Ecnm oH meHsIne pas-
BEPHYTOTO, TO €r0 JOMOJIHCHHE COICPXKUT TOJIYIUIOCKOCTh, B KOTOPOMH, 1Mo J0-
Ka3aHHOMY, ecTb ocoboe HampabieHue. ITosToMy oH JmGo pa3BEpHYTHIA, JHOO
COBIIQ/IaCT CO BCEH INIOCKOCTHIO. B mepBOM cilydyae OYEBH/IHO, YTO €CIH V —
HAaIPaBJICHUE OJJHOM U3 €I0 CTOPOH, TO 3TO 0cO0OE HAIIPaBJICHHUE, IPUYEM Hampa-
BJICHHE —V TOX€E 0c000. BribepeM BHOBb CHCTEMY KOOPAMHAT, Y KOTOPOi IepBast
OCh UZET BJIOJB V. BbiGepeM HECKOJIBKO WJICHOB Psifia, Y KOTOPBIX CyMMa BTOPBIX
KOOpJMHAT OJIM3KO K >KEJIaeMOii, MOCJIe Yero CKOPPEKTUPYEM INEPBYIO KOOp/AMHA-
Ty, MaJIo M3MECHHUB BTOPYIO (C IIOMOIIBIO YacTH, Hail/ICHHOW B IpelplayIeM ab3a-
ne). Tenepb — «Jyu1s1 MOpsi/IKa» — BO3bMEM IIEPBBI U3 €lE HE 33JICHCTBOBAaHHBIX
WICHOB W TPOJIOJDKMM TIPOIECC CHavajla. Bo BTopoMm cilyuae »keslaemasi cymMma
TIPE/ICTaBMa B BUJIC JIMHEHHOM KOMOMHAIIMKM OCOOBIX HANpPaBJICHUHA C HEOTpHLA-
TeJIbHBIMU K03 dunpieHTaMu. BpibepeM HECKOJIBKO BEKTOPOB TaK, YTOOB! XOPOIIO
NPUOJIM3ATE KaX/I0€ cJlaraeMoe JInHeiHOo# koM6uHarmu. [lociie 3TOro Bo3pMEM
TIEpBBIA W3 €lE He 3aJIcfICTBOBAHHBIX YJICHOB PsA/ia W IPOJIOJDKAM IIPOIECC CHa-
gasa. B kaXk/0OM W3 Cily4acB MBI MOJIyYNM TO, YTO HY>XHO, TOCKOJIBKY IIJIMHBI
CJIaraeMbIX YCJIOBHO CXOJSIIETrocs psifia CTPEMSTCSl K HYJIO, U MBI JIOCTaTOYHO
YacTO OKasbIBacMCsl OJIM3KO K KeJIaeMoi CyMMe.

94.1. B camom jene, ecim 1974" < 10 < 1974" + 2" 1o k> n, m
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IOTOMY MOXHO cOKpatuth Ha 2". IMomyumrcs 987" < 2K-—757 < 987" 4 1,
YTO BO3MOXKHO JIMIIb, €CJIA BTOPOE HEPAaBCHCTBO OOpallacTCs B PaBEHCTBO. A 3TO
HEBO3MOXHO, Tak kak 987" + 1 He neymtcs Ha 8 (a ma€t ocraTku 2 m 4 1o
ouepenn).

94.2. PaccMoTpuM 28 IICHTPOB TPaHUYHBIX KIIETOK; MEX/y JIIOOBIMH JIByMsI
JI0JDKEH TIPOMTH XOTsl OBl OJMH paspe3, a Kax/as npsiMasi JaéT He OoJiee /BYX
Ppa3pe3oB.

95.7. B nepBhIX JBYX Clly4yasiX MOXHO IIOJIyYMTh BCE O/IHOWJIEHBI B CHILy «TpE-
yroJieHoCTH». B TpeTheM ciyuae Bc€ He Tak mpocTo. Ecim Obl 5T MHOTOYJIECHBI
ObUIN JIMHEWHO 3aBHCUMBI, TO ObLIIM Obl JIMHEHHO 3aBUCHMBI (C TeMH ke Kodpdu-
LIMICHTaMH) W WX TPOM3BOJHBIC BCEX MOPSIAKOB. BhIumCINB 3HAUCHMSI B TOUKE, MBI
TIOJIy4YaeM CUCTEMY JIMHEHHBIX YPaBHEHUWIA HAa KOI(PPUUMEHTH JIMHEHHON 3aBUCH-
MocTH. MOXHO /10Ka3aTh (pasHBIMU cIocobaMu), 9To e€ ONpe/iel]IuTeNb He paBeH
HYJIIO, ¥ TIOTOMY €CTh TOJIBKO TPUBHAJIbHOE PEIICHUE.

96.9. (a) PaccmorpmMm umcna nx mod y: cpequ HHMX HaMAETCs /iBa HA pac-
crosianu, MeHbineM 1/1000, mockoybKy MX GECKOHEYHO MHOTO, a JIJIMHA OTpE3Ka
[0, y], Ha KOTOpPOM BCE OHHM JIeXKAT, KOHE4YHA (M paBHa y). Mx pasHOCTh — 4m-
CJIO TOTO XK€ BWJa, KoTopoe MeHee, ueM Ha 1/1000 omimuaeTcst OT KpaTHOTO Y,
yTO M TpeboBajiock. (6) Ecim Bce BEKTOPHI KOJIIMHEApHBI, TO BCE CBOAUTCH K
NMyHKTY (a). B mpoTHBHOM cilyyae €CTh /iBa HEKOJUIMHEAPHBIX, PAaCCMOTPUM HX
JIMHEWHble KOMOMHAIMN C LeJBIMA Koo duimenTaMn (3T0 peméTka Ha MIIOCKO-
crm). LlesounciieHHBIE KPaTHBIE TPETHETO BEKTOPA OYJ/IEM NPUBOJUTH IO MOJLYJIIO
TIEPBBIX JIBYX, TaK YTOOBl OHM TONA/IajiM B (PMKCHPOBAHHBINA MapajuleiorpaMM pe-
meTky. [TockoJbKy Mx GECKOHEYHO MHOIO, TO Kakue-TO /{Ba HAXOJSTCSl Ha pac-
crosiann He GoJiee 1/1000. Tanbneiimee sicuo. (B) Ananoruuno (a), (6).

97.5. (a) Her, cymma nepBoro u TpeTbero KoJuimHeapHa Bropomy. (0) [a.
(B) Ha. (r) /la; Hanmume JIMHCHHON 3aBACHMOCTH O3HA4ajio Obl, YTO MHOI'OYJICH
CTENEHU He Bblle 1 — 1, K03 PULHMEHTH KOTOPOrO CyTh KO3(P(PUIMECHTHI B 3TOM
JINHEHHON 3aBHCHMOCTH, PaBEH HYJIO B /1 TOYKAaX M IOTOMY PaBEH HYJIO TOXIE-
CTBCHHO (a NOTOMY BCE €ro Ko3((PUIMEHTHI PaBHBI HYJIIO). DTOT ¢ apryMeHT
TIPIMEHIM K 3371a4e 96.7, B KOTOpO#l TpeGOBaJIOCh JI0Ka3aTh, YTO KaXKIbIil BEKTOP
SIBJISIETCSl JIMHCHHON KOMOMHAIMEW TaKWX: MHOTOWICH C JJAaHHBIMH 3HAYCHUSIMH
MOXXHO NIOCTPOUTD. YIMBUTEJILHO, UTO 3T 3a/ia4a BCTPETUIIA TPYIHOCTH U IPEa-
JIOXXCHHBIC PEIICHUSI MICTIOJIB30BAJIM (TSDKEIYIO apTHIJLICPHION THIA ONPE/ICIIATEIIS
Banjepmonya.

97.8. Ormpenenurens MaTpHULbl PaBeH ONPEJICIUTEINIO TPAaHCIOHMPOBAHHOM
MaTpHUIBl; IPX 3TOM BEKTOPHI JIMHEHHO HE3aBHCUMBI TOT/Ia U TOJIBKO TOTJa, KOT/a
COOTBETCTBYIOLINI ONPENCIINTEIIL HE PABEH HYJIIO, TIO3TOMY YTBEPXKICHHUE JIOKa-
3aHO.

97.10. Hanwnuwe JNMHEHHOHN 3aBICHMOCTH O3Ha4aso Obl, YTO HEKOTopas (PyHK-
s Buaa f(x) = arxk + .+ apxkn umeer mo KpalHEH MEpe 71 HEHYJICBBIX
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KopHeii. JlokaxkeM, 4To 3T0 HEeBO3MOXKHO. [Ipenmosioxkum npotusHOe. Pazznesum
Ha x% u npomuddepentmpyem. o Teopeme Posuis mostydennas (yHKIHS HMe-
€T mo KkpaiiHeit Mepe n — 1 kxopueil. C Jpyroil CTOpOHBI, TO HPETIOJIOKCHUIO
HHJ(yKIUA 5TO HEBO3MOXHO.

98.5. Ilpumenum 3azady 98.4 m 3aMEHUM HEKOTOPBIE BEKTOPHI CTaHJapTHOTO
6asuca B R” Ha Hamm BeKTOpBI. Tenepb MOXHO BBIYCPKHYTh CTOJIOIBI, B KOTOPBIX
CTOAT €IMHULBI Y OCTABUIMXCsl BEKTOPOB CTaHAPTHOIO Gasuca.

98.12. YciioBue 3aj1auM O3HAYaET, YTO eciim nojcrasutsh f (1) u g(t) Bo Bce-
BO3MOXXHBIE O/IHOWJICHBI CTECIIEHU HE BBINIE /1, TO IOJYYECHHBIE MHOTOUJICHBI OT ¢
OKa)XYTCsl JIMHEWHO 3aBUCHMBIMU. JlokaxkeM 3To. B camoM nesie, ecii pacKpbiTh
ckobOku B h(f(t),g(1)), rne deg h = n, TO NOJyYNTCS MHOTOUWIEH OT [ CTeme-
HUM He Gouibine, yeM n max(deg f, deg g). Tlpu 3TOM pa3MEpHOCTh NMPOCTPAHCTBA
paccMaTpuBacMbIX MHOTOWICHOB A paBHa (n + 1)(n + 2)/2. Ipm nocrarou-
HO OOJBIIMX 71 3TO YHUCIIO GOJIBIIE, YEM Pa3sMEPHOCTh NPOCTPAHCTBA BO3MOXKHBIX
MHOTOYJICHOB OT f, YTO IOBJICYET 32 COOOM KEJIAeMYIO JIMHEHHYIO 3aBHCHMOCTB.

101.10. (a) Jlerko BuziETh, 4YTO HEPABEHCTBO

f(x+y+z+t> SO D)+ [+ /()
4 h 4

BEPHO (/1BaX</Ibl IPUMEHSIEM HEPABEHCTBO ISl BYX 4ucell). Tenepp MOJACTaBUM
t = *HI*Z (0) Cnavana MOXHO J10Ka3aTh «HepaBeHCTBO Mencenay

Slaxa + ...+t apx,) <arf(x)+ ...+ anf(x,)

B CJlyyac PalMOHAJIbHBIX (;, B CYMMC PaBHbIX ¢MHULEC (CHAYaJla aHAJIOTUYHO
MyHKTy (a) JJOKa3plBa€M B Cly4ae o = ... = Qp = %, a TIOTOM IIoJIaracM
HEKOTOpble NepeMeHHble paBHbIMU). IlockoJibKy (PyHKUMSI HENpepblBHA, aHAJIO-
TWYHOE HEPaBEHCTBO BEPHO JUIsl JIIOOBIX JICHCTBHUTEIBHBIX (i, OTKy/a CJIEIyeT
BBIITYKJIOCTb.

102.8. [lokakeM BCIOMOIaTEJIbHOEC YTBEPXKICHUE: €CIIM O[HA CTOpOHA Tpe-
yroJibHHKa (B TIPOCTPaHCTBE) (PMKCHPOBaHA, a OCTABINAsICsl BEPIIMHA JBIKETCS
[0 TPsIMOM, TO IJIOMA/ b — BBINyKJIasi BHA3 (DYHKIMS TOYKW DToi mpsiMoit. U3
3TOro YTBEPXK/ICHHE 3aJlaud, pasyMeercs, cleiyeT (BbIIykias (pyHKIHs JOCTH-
TacT MakCuMyMa B KOHIIC OTPE3Ka, IIO3TOMY BCPIUIMHBI CEYCHUS MOXXHO IIO OIIHOﬁ
NEPEBUHYTh B BEPUIMHBI TETPad/ipa C yBeandeHueM momann). Ecim ocHoBanme
TPEyroJIbHAKa @ ¥ NpsiMast [, KOTopyio ImpoOeraeT TOUKa, JIeXKaT B OJ{HOM ILJIOC-
KOCTH, TO M3ydaeMasi (pyHKIHSI KyCOYHO-JIMHEHHA, IPHIEM HETPYIHO BUJIETh, UTO
oTa (PyHKNHs BBITYKJIa BBEpX (HapyLICHHE JINHEHHOCTH MOXKET IPOM3OUTH JIMIIb
B TOYKC HEPECEUCHHUS NMPSIMBIX @ ¥ [, TIpA 3TOM Ipaduk JIOKUT B BEPXHEH ILJIOC-
KOCTH, T. K. IJIOMa/ b HEOTpUNaTeIbHa). B NpoTHBHOM cilyyae mycTh @ — ILIOC-
KOCTb, KOTOpasi NMPOXOIUT uepe3 a mepneHaukynsipro [, X — e€ Touka mepe-
ceuenust ¢ [. Paccrosmme ot Touku Y € [ no a pasmo /d2+ y2, tne d —
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paccrosinue Mexay a u I, a y = XY. Dra dyHkius Bbiykiia, a IIioma b OTim-
YaeTcsl OT He€ B MOCTOSIHHOE WHCIIO pas.

102.9. YerhlpEéxyroJibHbIC CEUYCHUSI TETpPa3[pa BO3HHUKAIOT, KOI/A JIBE €ro
BEpIIMHBI JISKAT MO O/{HY CTOPOHY CEKYIIEH IUIOCKOCTH, a BE — IO JIPYTYIO, U
YyeThipe pebpa, X COCMHSIONNE, TIPOTHIKAIOT IJIOCKOCTh B BEPUIMHAX UCTHIPEX-
YTOJIbHHKA.

[MpoBenéM och yepes JIBe TPOTUBOIOJIOXKHBIC BEPIIMHBI 3TOTC UCTHIPEXYTOJIb-
HEKa 1 Oy/ieM BpalllaTh CEKYIIYIo IUIOCKOCTh BOKPYT 3Toi och. Iloka sTa mioc-
KOCTh HE TPOWJET Uepe3 OJHY M3 UCTHIPEX BEPIIMH TETpad/pa, ceUcHHE OyneT
OCTaBaTbCsl UCTHIPEXYTOJIBHBIM, @ €ro IUIola b OyneT MeHsATbcs (U 3Ty YHK-
[MI0 —— 3aBUCHMOCTD IUIOIIA/I OT MOJIOKCHUS! IUIOCKOCTH —— MBI U Oy/IeM H3y-
4yath). B MOMeHT ymopa cekylasi IJIOCKOCTh IIPOHIET Yepe3 OiHy U3 BEPIIMH M
CCUCHME CTAHET TPEyroJibHbIM. [103TOMY J0CTATOYHO /I0KA3aTh, YTO yKa3aHHAS
(yHKIMS JIoOCTHTaeT MakCUMyMa Ha OJJHOM M3 KOHIIOB.

Ocb BpallcHus! SIBJISICTCS [IMATrOHAJIBIO YETBIPEXYTOJIBHOIO CEUCHUS U pa30uBa-
€T €ro Ha J[Ba TPCYToJIbHUKA, Y KOTOPBIX SBJISICTCSI OCHOBaHHEM. JTO OCHOBAaHHME
TIOCTOSIHHO, TIO3TOMY HAc IO CYIICCTBY MHTEPECYET CyMMa BBICOT STUX TPEYIoOJib-
HUKOB.

CrpoekTupyeM BcE 3TO BJOJIb OCH BpalieHHsl (Ha ICPICH/UKYJSIPHYIO cif
mwiockoctb). [Ipuxomum K Takoii 3ajjaye: Ha IJIOCKOCTH ecTh Touka O W JiBa OT-
pe3ka. Bpamaromasicss Bokpyr O npsiMasi TiepecekaeT 3TH /[(Ba OTPE3Ka; HYXHO
JI0Ka3aTh, YTO PACCTOSHAE MEX/y TOYKAMF TICPECEUCHMS JIOCTHTacT MaKCHUMY-
Ma B O/IHOM W3 KpaiHUX IOJIOKCHWI NpSIMOi. A 3TO cJleflyeT W3 TOro, 4to (Kak
(pyHKIMS yIiIa) 5TO pacCTOSIHAUE BBHITYKJIO BHA3: OHO COCTOMT M3 JIBYX CJIaracMbIX,
Ka)K/I0€ U3 KOTOPBIX IOJIyYaeTCsi CABUIOM M pacTsbkeHueM m3 1/ cos ¢ (a 310 —
BBIIYKJIas BHU3 (DyHKIHMs OT YIJia ¢, TOCKOJIbKY €€ IIpOM3BOjHAs sin ¢/ cos?
MOHOTOHHO BO3pacTacT).

102.13. OO6BEéM — BhImyKJas (Jake JMHEHHAs) (YHKOMS BEPIINH TETpa-
3/ipa, IOPTOMY MAaKCHMYyM JIOCTHIa€TCsl, KOI/]a BCE BEPIIMHBI TETPad/pa JICKaT B
BEpIIMHAX KOPOOKH. JIerko BH/IETh, UTO TAaKWE TETPad/phl ObIBAIOT /IByX TUIOB —
o6béma 3-4-5/6 = 10 u o6BéMa 3-4-5/3 = 20.

103.8. 3Dta npousBojHasi paBHAa IOCTOSHHOW BEJIMYMHE («TEOpPEMA O JIUMOHE
U SHANEPE3KEY).

104.6. (a) I, = "T_‘I,,,z (MHTErpUpOBAHKE IO YACTSIM), OTKY/Ja HUMEEM
Ly = %w/z Ly = % (0) V3 mynkTta (a) m HEpPaBEHCTBA, yNOMs-
HYTOTO B yCJIOBHH (BEPHOTO, BE/lb CHHYC IIPHHAMAET Ha DTOM OTpPE3Ke 3HAYCHHS
OT Hyls JI0 €MHUIBI), clieqyeT, 4To lim 1:11 =1 @woo I, , < I, < I,41).
[Moncrapisis dopmyabt uist by u Ly 41, nosyyaem dopmyiy Basumca.

104.8. Ilycts g(t) — mnepBooOpasnast ¢pynkuum f(t), Torma g(sinx) —
nepBooOpasHast hyHkimu f (sin x) cos x. Ocranocs npumeHuts dopMyity Heioto-
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Ha — JleiibHuna.

104.9. B sToM ciyuac mepBooOpa3Hast MOXKET HE CYIECCTBOBaTh, IO3TOMY
HY>XHO 00Jice TOHKOE pacCy/icHhe. PacCMOTpHM NIpOM3BOJIBHYIO MHTETPaJIbHYIO
cymmy i yskumm f (7). Toukn pazOuenust umerot Buj ¢; = sin(arcsin t;) =
= sin y; a8 HeKoTOpbIX y; € [0, 7/2]. IlycTh 3HAYCHWS BHIYMUCIISIOTCS B TOUKAX
s; = sin z; juist HekoTOpBIX Z; € [0, /2] (oT™MeTHM, YTO ecin S; € [1;, ti4+1], TO
zi € [yi, yi+1]). Nmeem

Zf(si)(ti+l —t) = zf(SinZi)(Sin}’i+l —siny;) =

= Zf(sinz,-)(ym —yi)cosé;,

YTO OTJIAYAETCSI OT MHTETPAJIbHON CyMMBI  ; f(sin z;) cos(z; ) (yi+1 — ¥i) Ha Be-
JIMYNHY, CTpeMsIyIocs K HyJIO IpH U3MEIbYCHUN pa3OHeHHUs.

104.10. MoxxHO NGO MHTETPAPOBATH MO YACTSIM, JIAOO WCIIOJIB30BATh PaBCH-
CTBO sin x = %

104.11. B cmiy CHMMETPHYHOCTH OTHOCHTEINIBHO TIPSIMOM X = 7 /4 BBHINOJ-
HEHO PaBEHCTBO fow/ % cos?(cos x) dx = 0”/ ? cos?(sin x) dx, TO3TOMY HHTerpail
paBeH /2.

105.9. (a) HedopmaiibHO: pacCMOTpUM pa/inyc-BEKTOPbl BEPLIMH IIPaBUJIb-
Horo cuMmiuiekca. Kak mpome Bcero mpenbsButh npumep? OtoxkzaectBuM R” ¢

TMIEPILIOCKOCTBIO X1 + . . . + Xpp1 = 0 B R™L Tlycts e, ..., €,41 — BekTO-
Pbl CTaH/JAPTHOTO 0asyca; MOJIOKHM V = n+_1(el + ...+ en41). Torna BexTopHI
e —V, e —V,...,e,41 —V NOIXOAAT (BEKTOPHI €y, . . . , €41 BEAYT B BEPIIMHBI

CHMILJIEKCA C ICHTPOM V; HAJIO JIMIIb €TI0 NEPE/BUHYTh): npu k # |

2 n+1 _ 1
n+1 (n+12  n+1’

(ex —v,e —Vv) =

(6) INpenmosnoxuM MPOTHBHOE; 5€3 OrpaHMYCHUS OOIHOCTH MOXKHO CUHATATh, YTO
a1xy + ...+ apx, = 0. JlokaxkeMm, 94TO BCE YKMCJIa (¢; OJHOIO 3HaKa. Ecim 310
HE TaK, TO COOEPEM IO OTACIBHOCTH IOJIOKUTEIIFHBIC W OTPHUIATEIIBHBIC KO3(-
(pULCHTHI:

anXi + ... top X, =—apX; — .0 — Qg X
OTKYy/1a
2 _
lloi, xi, +. . o, xi, ||° = (—aj, X, —. .. — ), Xj, > Qi Xiy .o, X)) < 0.

[poruBopeune. A ecim Bce K03(h(PULUEHTHI OJHOTO 3HAKA, TO IPOTUBOPEYHE T10-
JIy4aeTcsl, €CIIM YMHOXXHTD CKaJISIPHO HA Xp41.
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15 _ -
106.2. 3ameruM, uro x'* + x* + 1 = =1, Tlooromy npumuTuBHBIL KO-
PEHb TpPETheli CTETICHN W3 €IMHMUIB ABJISETCS KOPHEM JIAHHOTO MHOTOUJICHa, T. €.
JlesmTeNeM sByisieTest X2 + x + 1. AJITOpUTM JieJieHHsi B CTOJIGMK TOBOPHUT, UTO

YaCTHOC — MHOI'OYJICH C ICJIBIMA KOS(bq)I/IIII/IeHTaMI/I.

106.4. IlapanjeybHBIM IIEPEHOCOM JOOBEMCS, UTO TOUYKA €CTh HAdallo Koop-
jmuar. Pacemorpum cepy (x — v/2)% + y2 + z2 = 2. JlokakeM, 4TO HAuaJIo
KOOPJMHAT — C/IMHCTBCHHAS PallMOHAJIbHAsI TOUKa 3TOi ceprl. B camom neie,
ypaBHEHHE cephbl MOXKHO MEpenucaTh B Buze x> +y2 +z2 = 2x1/2, nosromy npu
X 7 0 3TO paBEHCTBO JUIsl PallOHAJIBHBIX YKMCE]l HEBO3MOXHO. Ecim xe x = 0,
T0y =2 =0.

106.5. CpenacM MHBEpCHIO C LICHTPOM B OOlIEH TOUKe OKpyxHOCTEH. Bce
OKPY>KHOCTH CTaHYT IIOTIAPHO TMapaJlIeJIbHBIMU NPSIMBIMHA. Bo3pMEM mpsiMyio, Ko-
Topasi mepecekaeT ux mox yriiom 30°. E€ mpooGpa3 npu MHBEpCHH — HCKOMast
ayra.

106.7. Ot n — 2 no n + 2. 3aMEHON X <> —X BTOPOC ypPaBHCHHUE IIpe-
obpasyercst B b + ax = —sinx. Hapucyem Ha muiockoctu rpaduku y = sin x
n y = —sinx. OHHM pa3pe3aioT MIIOCKOCTh HAa OIPaHMYCHHbIC (WIYHOUKH») U HE-
orpaHuucHHble yacty. Jliobas npsiMast y = b + ax nepecekaer HEKOTOPOE YUCIIO
jyHouek. Be3 orpanmueHmsi oOmHOCTH, OHa HE NPOXOAWT Yepe3 TOUKYy Iiepece-
9yeHnsl rpadpuKoB (ITOT cilydail JieTko pa3oOpaTh oT/esibHO). Jlerko BmzeTh, 4TO
JUIsl BCEX JIyHOUEK, KpOME COJICpXKallell TOUKY NMEPECEUCHNs], TpsiMasi TIEPECEKacT
TPaHMIly B TOUKAX O/IHOTO M TOTO k€ rpadmka, IpUUYEM ISl COCEIHUX JIYHOUEK
ot; Tpacdhmkm pasHeie. OTCIONA YK€ JIETKO TOJIyYUTh OTBET.

106.8. Ilar 1. (Otcekaem ymmnee.) [Tycts A — MuHEIMYM OTHOMICHus. Pac-
CMOTpHUM pazHOCTh p(x)/q(x)—A = (p(x) —Aq(x))/q(x). Pa3 A — mMunumywm,
TO MHOTOWIEH p(X) — Ag(X) HEOTpULIATEJICH M MMEET KOPEHb, a 3HAYHUT, €TI0
JIMCKPHMUHAHT paBeH HyJuo. [ToJiyumiioch KBajipaTHOE ypaBHCHHUE HA A C IEJIBIMA
koa(pdunmentamu. Kpome Toro, eciim A — ero GOubImMiA KOPeHb, TO SICHO, UTO
9TO MaKCHMyM, a He MUHUMYM. [loaToMy A JMGO panioHayibHO, JIMOO SIBIISIETCS
KBaJIpaTHYHO! MPpPalMOHANBHOCTHIO Buaa a — /b, e a, b € Q (1pu 3ToM oHO
TIOJIOKUTEJIBHO, T. K. SIBJISICTCS. MUHIMYMOM HOJIOKHUTeJbHON pyHknmn). (OTtcio-
Jla SICHO, 4TO \/5 n3+ 2\/5 HE TIOJIXOJIST. )

[Har 2. (Ms1 cTpomin, CTPOMIIM. . . ) MOXKHO CUMTaTh, YTO HAlIM KBaJIpaTHbHIC
TPEXUIIEHbl UMEIOT pallMOHAJIbHBIE KO3 UIIMEHTH], IPUYEM cTapimii koddhunm-
eHT g(x) paBeH 1. Boiziesisist niediyio yacTh (pallMOHAJIBHOE YKCIIO), TIOJIyYaeM, YTo
HAJI0 U3yYNTh MUHUMYM OTHOIeHus (ux +v)/q(x), rne a, b € Q. 310 orHOIIE-
HHE 3aMCHOIM TEPEMEHHOM (UTO HE CTPANIHO, T. K. M3yYaeTCsl MUHIMYM 1O BCEM
3HAUEHMAM X) CBOJMTCA K OTHOMEHMIO ¥/ (y? + my+ n), MUHIMYM KOTOPOTO €CTh
1/(m — 2ﬁ) =(—m — 2ﬁ)/(4n — m2). [Mon6epéM Tenephb mapaMeTpsl ISt

A = a — b. Tlonoxum m =0,n=1/(4b), p(x)/q(x) = a+ W =
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= %{"’—“. (B wactroctn, juist 3—2v/2 MOXHO B3aTh p(X) = 96y?+32y+3,

q(x) =32y” +1))

106.9. 3rto jupekrpuca napabodibl, T.¢. upsiMast y = —1/4. [lannbii dakr
MOXKHO YCMOTPETh HENIOCPEICTBEHHO M3 BBIYHCIICHUS, HO MBI IIPUBEEM I'€OMETPH-
Yeckoe JoKazaTenbeTBo. Ilycth M — Ttakas Touka, P, O — COOTBETCTBYIOINE
TOuKM KacaHus1, ' — dokyc napaGoibi, Py, Q) — oCHOBaHHS ICPICH/IUKYJISPOB,
onymennbix 13 PQ na jmpekrpucy. Torna FP = PP, FO = QQ; (cBoiicTBo
¢dokyca u mupextpuck), LFPM = /PiPM, Z/FOM = /0Oy OM («ontunueckoe
CBOJCTBO TMapaboJibly), OTKyZa NpsSMoyroyibHble Tpeyrosbhuka FPM w Py PM
paBHbl, Kak u Tpeyroysankn FOM u Oy OM . Mostomy L PLMQy = 2/ POM =
= 180°, 1.e. M upunajnexur npsmoit Py 0.

106.10. YpaBHeHus mapaGoibl M €€ o0pa3a B HEKOTOPO#M CHCTEME KOOPAUHAT
CyTh y = x2+a, x = y2 + b. Ckua/jpiBasi uX, 110JIly4aeM ypaBHEHUE OKPYXHOCTH
(Ha KOTOpOI#i JIeXkKaT, OUEBU/IHO, TOUKU TIEPECEUCHHUS).

106.12. Beckoneuno. ByneM cTponTh 5JIEMEHTH 3TOTO MHOXECTBA IO WH-
JYKIHH: €CIIM 11 Y/IOBJICTBOPSIET YCIIOBHIO 33J1a4y, TO 9ucio 4n(n + 1) — Toxe:
B HEr'O BCE MHOXHTEJIM BXOJSIT B CTCIICHH BBIIE HEPBOH 110 NPEIIOJIOKEHHUIO, a
€CJIM €ro yBEJIMYUTh Ha 1, TO TOJIyYMTCS TOJIHBIA KBajpar.

106.13. Ortsert: (0,0,0). Cpenn uncen X, y, z €CTh YETHOE, TTO3TOMY CyMMa
KBa/ipaToB JienuTcs Ha 4. KBajpaT Heu€THOro umcia Ja€T ocTaTok 1 mpu jesieHun
Ha 4, 1103TOMy BCe umciia 4éTHpl. COKpaTuB Ha 4 = 22, HoJlyyaeM aHAJIOTMYHOE
ypaBHEHUE, ric 2 3aMeHeHO Ha 4. IIpojoipkast B TOM K€ Jiyxe, HOJIyYydM, YTO
X, Y, Z 1eNsTCs Ha JIIOOYIO CTEIEHb J{BOMKH.

106.14. VYxazaume: 3ameHa X = b+ ¢, y = a+ ¢, z = a + b cBomur 310
HEPaBEHCTBO K OYCBHHOMY

+

Yy, y oz X > 6.
z

LR AT A
y x zy
k)

106.15. Ortger: 2K, 310 wnCHO PaBHO, OYEBM/HO, ~17- = (2k — 1! 2k,

106.17. Pammyc ommcanHO# cdepbl TeTpad/pa ¢ BEpUIMHAMH B LICHTpax Ts-
xecTn rpaneii paBen R/3. C npyroil cTopoHsl, BIHcaHHas cdepa sBISIETCS, Ove-
BHU/IHO, HauMeHbIIEH cepoit, KoTopast UMEeT OOIIME TOUKM CO BCEMU I'PaHSIMH.

106.24. Oty 3asa4y MOXHO PEIIMTh U TEOMETPUYECKM, OJHAKO IIPOLIE pac-
CyX/aTh clieJyioluM oopazoM. IpeonoxumM, 4To b — €AMHUYHBINA OTPE3OK.
Torza BcE JIerKo NOCTPOUTDH (CKJIA/BIBaTh OTPE3KH MBI YMEEM, YMHOXKEHHUC H Jic-
JICHHE OCYIICCTBJISIETCSl € TIOMOLIBIO TEOPEMBI O IPOIOPLIUOCHAJIBHBIX OTPE3KaX,
M3BJICYCHHE KBaJIpaTHOTO KOPHSI — C IOMOIIBIO TOTO, YTO BBICOTA IPSIMOYTOJIb-
HOTO TPEYTOJIbHUKA €CTh CPE/IHEE T€OMETPHYECKOE OTPE3KOB, Ha KOTOPHIC OHa
IEJIAT TUIOTEHY3y). 3aMETUM, 9TO MBI NIOCTPOMJIM MMEHHO TO, 4TO HY)KHO, H0O
B €/IMHMIIAX W3MEPeRus b oTpe3ok a mmeer jummy a/ b, otpesok va* + bt —

wmmy va* 4+ b4 /b = /(a/b)* +1u 1. 1.

z
X
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106.27. [la, MOXHO, BEIb ATO MHOTOWIECH OT Xy, W IIOTOMy OH pacKJja-
JIbIBacTCS B TPOU3BEICHUE MHOTOWICHOB BTOPOH CTENEHM C JICHCTBUTEIILHBIMU
ko3¢ duumenTamMu. UyTs MeHee TPUBHAJIBHBIA BONPOC — IMPEJCTaBUM JIA 3TOT
muorowieH B Buje f(x)g(y) (oTBer: HeT).

106.32. 31m ypaBHEHHS 33/1a10T TUNEPOOITY W BJUJINIC, W MBI XOTUM OLICHUTH
paccTosiHAS MEX/ly UX TOukaMu. PaccMoTpuM y runep6oJibl KacaTeJIbHYIO B TOUKE
(2,2). Mapajuiesibhas el KacaTejibHas K SJUIMIICY MMEET ypaBHEHHE X +y = /5
(2TO KacaTeJibHasl B TOUKE (%, %)), ¥ PaCCTOSIHAE MEX/y 3THMH KaCaTeJIbHbIMA
yxe 6osbiie 1,6.

107.8. Hayunoe pemenue: o6a ycioBus o3HavaioT, uto A? = A~1. D10 MOX-
HO TIPOCTO OOBSICHUTE 1 Ge3 mpomsBeieHnst MaTpun (mpuaymadi P. CaBueHko): pas-
JIOXWM Ga3vCHBIC BEKTOPHI CTaH/IaQPTHOTO OPTOHOPMHUPOBAHHOTO 6a3mca mo 6aszucy
U3 CTPOK MaTpuibl. JIETKO 3aMETHTh, UTO KOOPIMHATHI k-TO W3 HUX COCTABJISIOT
B TOYHOCTH k-Blii cToJben.
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paboTarolyIo IIporpaMMy BMECTE C JI0Ka3aTeJIbCTBOM €€ MPaBUITBHOCTU.
Haspanus rnas:
. [lepemeHHbIE, BRIpaXKEHUs] IPUCBAVBAHMS;
. [lopoxxaeHre KOMOMHATOPHBIX OOBEKTOB;
. O6xop nepesa. [lepeGop c BozBpaTamy;
. CoptHpoBka;
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Knura paccunraHa Ha IIKOJIBHUKOB M CTYJEHTOB, MHTEPECYIOLIUXCS IIPOrPaMMUpPOBa-
HHEM (=IOCTPOCHUEM aJIFOPUTMOB); OHA HAIICAaHA HAa OCHOBE MATEPUAJIOB 3aHSTUIl B
mkosie Ne 57 r. Mocksbl U ceMuHapoB U1t cTyaeHToB MI'Y 1 HesaBucumoro MockoBckoro
YHHUBEpPCUTETA. YPOBEHb TPYAHOCTH IJIaB pasHbIA: HAYMHAETCS KHUTA C COBCEM IIPOCTHIX 3a-
Jad, a MOCJICJHUE Pa3/icsIbl COICPXKAT JAOCTATOUHO CJIOXKHBIC METO/BI pa3bopa KOHTEKCTHO-
cBoboanbix rpammatuk (LL(1), LR(1)) ¢ mokasarenscTBamu.

Bo BTOpOM pycckoM m3faHMu (nepBoe BbNIUIO B 1995 r., aHrymiickuii mepeBoj B
1997 r.) nobGassieHbl paszenbl 0 cy(pPUKCHBIX [ICPEBbsX, ONTHUMAJIBHBIX KOJAaX M aHaJIM-
3¢ Urp.

MaTemaTuueckas nnaykums (A.ILlens)

B Gpomnope pa3bupaeTcsi HECKOJIBKO ACCATKOB 3aJa4, B PEIICHUM KOTOPBIX MCIIOJIb-
3yercst MaTeMaTryeckast uHaykuus. (Hamucana mo mMarepuanaM JIGKUMU 15 IIKOJIBHUKOB
8-9 kiaccoB.)

3apaun no matemaTtuke (mon penakimeit A. [llens)
COOpHUK 3a/1a4, MPE/AJIaraBIIMXCs B OJJHOM M3 MaTEeMaTHYECKUX KJIaccoB IIKOJBI Ne 57
r. Mockss! (BbiTyck 2000 roaa, xiacc «B»).
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A. Illesn)

Yacts 1. Havana Teopun MHOXECTB.
Yactp 2. S3bIKM M UCUYUCIIEHHMS.
Yacts 3. Beruucimimele yHKIMU.

Knaccuueckue n kanToBbie BoiuucneHust (M. Bsutenii, A. Kuraes, A. Illenn)

Tpyabi Mo HemMaTeMaTUKe C MPUNOKEHUEM CEMUOTUYECKUX nocnauuii Konmoro-
poBa K aBTopy U ero apy3bsim (B. A. YcneHckuit)

CM. Taxoke paszen «CBoGOHO pacpocTpaHsieMble H3iaHusy B http: //www.mccme . ru
U (CBOOOJHO PacIpOCTPaHSIEMYIO) KHUTY

Ha6op u BépcTka B cucteme IXTEX (C. M. JIbBOBCKMIT)
@ailibl TOI KHUIM U PYCCKHE JOMOJHEHHs K cucteMe IATEX MOXHO HaiiTu 1o aapecy
ftp://ftp.mccme.ru/pub/tex.

Qe Prondt Fakl3 &

PemGpaHATb., XpHCTOCH M3roHAETH TOPKHMKOBDL. Ipasiopa.



