MA3431 Sample Exam Soln

Exam Solutions

Problem 1

(i)

(ii)

(iii)

As the boundary conditions depend only of 6 the full problem has azimuthal symmetry.
The general expression for the scalar potential with azimuthal symmetry is

O(r,0,0) = Z [Agré + Bgr*(”l)]Pg(cos 0) . (1)
=0

i.e. there is no ¢ dependence as the problem has azimuthal symmetry.

In the absence of additional charges or external fields at spatial infinity the potential must
be finitei.e. we take ® — 0 asr — oo, while at zero we similarly demand that the potential
is finite i.e. ® — constant asr — 0.

At r = a the scalar potential is given by
®(a,0,¢) = kEyaP;(cosb) . (2)

Thus we need 49 = By = 0 and Aja + Bia 2 = kEya while As = By = --- = 0.
Considering the region » > a we want the potential to fall off at infinity i.e. & — 0 as
r — oo. This implies A; = 0 and hence B; = kEya® so

a3
@zkEor—zCOSQ, r>a. 3)

Considering the region r < a we want the potential to be finite at the origin as there are
no charges there, hence B; = 0 and so Ay = kEy. Thus

® = kFEyrcosf . 4)

As there are again no charges at the origin we have B, = 0 for all £ and hence

®(a, b, 9) = iAgag Py(cos @) . (5)
(=0

We can find the A, coefficients by using orthogonality of the Legendre polynomials,

1 1 ©o©
/ V(0) Py (cosf) d(cosh) = / Z Aga’Py(cos 0) Py (cos 0) d(cos )
—1 -1

> 2
= > A o
e 20+ 1

;2
= Apa® .
Sy 6)
That is
2+1 1
Ay = E—: / V(0)Py(cos ) d(cosb)

2@ -1
20 +1

1
= 5 V[1- (—1)€] /0 Py(cosB) d(cosb) . 7)
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This is zero for all even ¢. For ¢ = 1 we have

Problem 2

(i)

(i)

(iii)

! 1
xdr = = (8)
fee=3
and hence 41 = %V so that
3 r
O(r,0,9) = §V (5) Py(cosf) + ... . )
The equations of motion are
n; . 827% — )\ni =0
(10)

where we use the short hand 37, n;n; = n%. The canonical stress-energy tensor is
= "*n;0"n; — g"' L (11)
so that
T = 0*n;0"n; + 0'n;0"0"n; — 0" ($0"1;0,m; + 2N (nim; — 1))
= +An;0"n; + 0"n;0"0"n; — (0¥0"n;)0un; — A(0"ng)n;

= 0. (12)
The transformed Lagrangian is
3 3
L = % Z Ou(M;jn;) 0" (M, k) + /\ Z (M;n;)( Mng) — 1) (13)
',jk—l ,7,k=1
3 n
= Z (ZM,]MO Ouni0*n + 3N O MyMp)ngmg —1)  (14)
J:k=1 gk=1 i=1

As the transformation is orthogonal we have M7 M = 1 or

> MMy = MMy = 6 (15)
i=1 i=1

and using the Kronecker-delta’s we have

3 3
= £ w0 n + A nymy — 1) (16)
j=1 Jj=1

as required.
As ) is now a field we have an additional equation of motion:
n;n; = 1. (17)

We wish to remove the dependence of A from the n; equations of motion and to this end
we can multiply the equation of motion by n; and sum over . This implies that

A= 7”L1'82ni . (18)
We can now differentiate n2 = 1 twice to show that
(6,mi)ni =0= (aQRZ)nZ = —(B,mi)(auni) (19)

and so A = —(9,n;)(0"n;) as required.
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Problem 3

(i) We can derive the equations of motion by using the Euler-Lagrange equations,

d oL oL
— _— pr— . 2
dr [8 (Ugﬁ:)} Ozt 0 (20)
Which gives us
d dr, q g dx¥ 0A,
i Il R | 2z =0 21
dT{ mdr c“} ¢ dr Oxt 1)
So we have
dzxﬂ q sV q sV
— d7‘2 — E(@,,Au)l‘ + E((%AV):E =0
dzxu q Ly du” 4
= m d7'2 = —EFVM.’L' , Or ? = %F Uy (22)

(ii) To write this equation in terms of three-dimensional vectors we use the component forms

E P
no_ L 23
ut = (e, yv) (Tnc’nz)’ (23)

and
0 -E, —E, —E,
E, 0 -B., B,

p _
= E, B, 0 —B; (24)
E. -B, B, 0
so that the i = 0 component of (22) becomes (using j—i =)
L dEdt g poipi
medtdr  me  m
d€ ~
— =qF - 1. 25
= o =dE-u (25)
The p = i component of (22) gives
Y dp’ q i0 ij
dp’ i 4 ijk
= — = qEB" + Ee] Byv; (27)
di = .
= P_E+i5«B. (28)
dt c

(iii) As there are no B-fields and E = (0,0, E) we have in components

Dz = Pox, Py =Doy, P-=Dpo.+qEl,

where po,, po, and po. are constants. Now recalling that 5’ = ymu we have thatat ¢t = 0

Poz =0, poy =0, po.=0.
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Further recall that the kinetic energy of the particle (neglecting the field contribution) is

Ekin = Vm2ct + A2|p)?
= cv/m2e? + (¢Et)?,

so that
5
V= — =
ym gkin
which implies that
dz cqEt
dt m2c? + (¢Et)?

or upon integrating

= qiE\/mQC2 + (¢Ft)? + 29

where zp = — ng is the constant of integration.
Problem 4
(i) We have that
O(F*7Fps) _ ore IFps) O(F, )
0(0,AL) 8((%
0(0,As — 0,A))
= 2FP =L
8(8 A))
= 2FP7(6))6, — 656,)
= 4FH (29)

as required. From the definition of the dual tensor F** = /7 F,, we have
O™ = (36" (9,As — 05 Ay))
= €"r70,0,A4
= 0 (30)
due to the antisymmetry of the e tensor.
(ii) The Proca Lagrangian is

m2
L= —EFW S —ArA, . (31)

We can use the Euler-Lagrange equations,

oL oL
a“<8(8ﬂAl,)>_8AV:O' (32)

to show that

O F" = —m2A” . (33)
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(iii) The canonical stress energy tensor is

OLp

™ = ———(0"A)) —g""'L
T e e
1 1 1
= —— PP AN+ ——g" )\, Y — —g"m? A AN 4
Ze R T gr? A (54)
Now we consider
o = — L (@, Ay — L0607 Ay) + (@ ) FY — T (0 Ay AN
H g~ H A ur K A 8w r 47
-0 (35)
where we use the definition of F),,.
Bonus Problem
Starting from the sine-Gordon Lagrangian,
1
Lsg = iaagb@aqb + g*(cos p — 1) (36)
we find:
1. The equation of motion is
%00 + g?sing = 0. (37)
2. With the ansatz,
#(2°, 1) = aarctan exp |by(z! — %xo)] ) (38)
the equations of motion become
—b?¢" + ¢’singd =0 (39)

where now ¢ = atan™! €%, or equivalently

b%a 2 -1 =

7sech xtanhx 4 g“sin(atan™ " €*) = 0. (40)
One way to determine the constants is to expand in small « and match coefficients.

2 ;. am 1 2 2 am 1.2 2 . arm
g 81n7+§a(b +g cosf)x—g(ag sin 4 )x

a
T (2Ob2 + (4 4 a?)g? cos ar) 23+ 0@z =0 (41)

Using the first few terms we find b = g and a = +4. Substituting these values in it is
straightforward to check the equations of motion hold for all values of x.

2

3. The Noether current is given by

oL oxv oL 0%
a D — « - 42
J [m%@8¢ L] e (90 0) O€ “2)
For the transformation given in the question this becomes
J = 0%¢0sp — 5L . (43)

Evaluating on the solution ansatz,

Jo = 4g*y*sech?(gy(a' — 2a°)) = —(£)Jg = (97 = —($)* i (44)
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4. From the previous part
PY = 4¢%y?sech?gya! (45)

where as the quantity is conserved we can evaluate it at any time and we choose 2z = 0.
This quantity is the energy density of the solution. Integrating over all space we find

/ dxt PY = 8¢y (46)

where we chose the positive root.



