Sample Exam

1. (SI) A spherical shell of radius a is held at a fixed potential V' (cosf). The general
expression for the scalar potential, ®(r,0, ¢), away from the shell is given by

O(r,0,0) = Z [Aprt + Bgr’(”l)]Pg(cos 0) .
=0

where Py(cos @) are Legendre polynomials and A,, B, are constants determined by
the boundary conditions.

(a) Why does the general expression not depend on the azimuthal angle ¢? What
are physically sensible boundary conditions for the scalar potential at i) r = 0,
i) r — oo?

(b) If the potential distribution on the spherical shell is given by
®(a,0,¢) = kEyacosb

find the potential inside and outside the shell.

(c) If the shell is split into two, with the upper hemisphere maintained at constant
potential +V and the lower at —V/, find the coefficient of P, with £ =0,1,2 in
the series solution for the potential inside the sphere.

Hint: You may use the orthogonality condition

+1P 0)F, 0) d 0 20nm
/_1 n(cos 0) P, (cos @) d(cos )_2n+1'

2. (SI) The Lagrangian density £(n;, d,n’, \) describing the 141 dimensional model,

3
@Lni 3“ni + %)\ (Z n;mn; — 1) s

1 =1

L —

N |

3

1

is a function of the triplet of scalar fields n;(x), i = 1,2, 3, their derivatives d,n; =
On;/0x*, and the constant \.

(a) By using the Euler-Lagrange equations for the scalar fields n;(x*) show that
the canonical stress tensor
3
oL
™ = —0"n; — L.
2 50,
satsifies 9,T" =0 .

(b) Consider the transformation
3
TL; = Z Mijnj
j=1

where M;; are the entries of a constant orthogonal matrix. Show that

L' = L(n) = L(n;)

(2

i.e. the transformation is a symmetry of the Lagrangian.
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(c¢) Given the same Lagrangian as above but now with A = A(z) a scalar field show
that the equations of motion for the n;(x) fields can be written as

3
8M8“ni + (Z @Lni@“’ni) n; = 0.
=1

3. (G) A Lagrangian describing a particle of mass m, charge ¢ and four velocity

ut = dj”—“ interacting with an electromagnetic four potential A, where o € {0, 1, 2,
3}, can take the form
m q
L = —Eu“uu — Eu“AM.

(a) Derive an equation of motion for the particle in terms of the field F},, = 9,4, —
A, .

(b) Writing F* in terms of fields E and B

derive the three dimensional form of the particle’s equations of motion.

(¢) Consider the above particle in a static, uniform electric field E = (0,0, E).
Solve for the third, i.e. the z, component of the particle’s position as a function
of time, such that at ¢ = 0 the velocity and position are given by

(t=0)=(0,0,0) and Z(t=0)=(0,0,0) .
You may find the integral

x
E—— 2
/dx — vVA+z

useful.

4. (G) Consider the covariant field strength F),, = 0,4, — 0, A, for the four-potential

A,
(a) Show that
A(FP F,,) _
0(0,A,)
and that the dual tensor FH = %e‘“””Fp(7 satisfies
O F" =0 .

(b) Show by using the Euler-Lagrange equations that the Proca Lagrangian in-
volving a “mass” term for the gauge field

1 m2
Lp=——F, Fr 1 A gr
F 167 * T g

with m a constant parameter, produces the equations of motion

O, = —m?A” .
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(¢) For the Proca theory, calculate the canonical stress tensor,

OLp
T = 25 (0 A)) — gLy |
P 8(8#14,\) (a )\) g ‘CP

and prove the differential conservation law
0,TH" =0

5. Extra Question
In this problem we will consider a scalar field theory in two-dimensional space-time
with coordinates x* where now a = 0, 1. The space-time metric is

10
Jos=\0 -1 )~

The Lagrangian for our theory is

1
»CsG = 5 a¢8a¢ + QQ(COS¢ - 1)
where ¢ is a constant parameter. This the well known sine-Gordon theory.

(a) Calculate the equation of motion for ¢.

(b) Consider the ansatz
$(2°, x') = aarctan exp [b’y(ml — Exo)} :
c

where v, corresponding the velocity of the solutions, is a specified constant.
. . . 2
For what values of a and b is this a solution. (Here, as usual, v =1 — %).

(¢) The Lagrangian is invariant under the transformations

T = 2 =7+ 0y, O(T) = () = o(T)

for constant € and 5 = 0, 1. Calculate the corresponding Noether currents and
evaluate them on the above solution.

(d) For the case 8 = 0 let us call the Noether current P*. Calculate

/Oo dzt PO,

for the above solution.



