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CORRELATORS IN N=4 SYM VIA QSC | S
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QUANTUM SPECTRAL CURVE (QSC)  immesrreee=s



XXX SPIN CHAINS

Spin chain quantization:

(1 (u+%) Q2 (’LH—%)
Qi(u—3) Q(u—3)

twisted polynomial Q1 ~ N4y

QZ -~ )\—iuuL—N

ALl [ AATAAA ALl AATAAA
YyYy Lyl o] Fyyyl Lyl [

P3 P2 P1 P4 q3 q2 q1 41 45 (e
L-spins, N-spins up, L-N down

Easy to generalize SU(3):

Q1 (u+1i) Qa(u+i) Qs(u+i)
Q1 (u) Q2 (u) ()3 (u) = uF
Q1(u—1i) Qa(u—i) Qs(u—1)



GENERALIZATION TO N=4 SYM

Two main ingredients: 1 (u + %) Q2 (
*  QQ-relations Q1 (’U» - %) Q2 (

sl(2) — psu(2,2|4)

(Qla QQ) _> (Pla P27 P37 P4|Q17 QQ; Q37 Q4)

5 AdS=
Analyticity S N

Q1 - Twisted polynomial
()2 - Twisted polynomial

In N=4 polynomials are replaced with analytic functions with cuts + monodromy condition

QQ-relations+monodromy = Quantum Spectral Curve (QSC)

Gromov,Kazakov,Leurent,Volin 2013



BAXTER EQUATION?

q[+41 Dy — Q[_+:3]
_ Q™

Pli+2] p2+2] p3[+2] p4[+2]

1 2 3
Dy = det P P P

FD]- . PL+2]PE[+41£][]-

Pl[—i] PE[—E] PR[—:E] P4[—2]
Pl[—4] PE[——il PR[—-—I] P-l[—-l]

D, + PApal-4p, ]

p* Dy = det

Ql ~ )\’iuuN

+Q; | Do — PP D, + PEP“[Han]

=+ QE_'ﬂfJn = ()

P1[+4] P2[+-il PR[+-—1] P~1[+~1]
Pl
Pl[—E] PE[—E] PR[—:E] P4[—2]
Pl[—-l] PZ[——il P."i[—-—l] P-l[—-l]

PE P"! P-l

Solve this equations => spectrum of anomalous dimensions of all local (and not only) operators



FINITE COUPLING SPECTRUM ANALYTIC
STRUCTURE




STRATEGY (SOLVING PLANAR N=4 SYM)

We know the spectrum very well (QSC) [Gromoyv, Kazakov, Leurent, Volin *13]
The result is QQ-system with PSU(2,2 | 4) symmetry

The energy spectrum is an analytic multi-valued function of parameters — how can we inject these
analytical properties into the structure constants?

Inspiration comes from Spin chains — where one can explicitly build wave functions and find a basis
where it is given in terms of Q-functions

Luckily we know the Q-functions, they are part of QSC! We just need to know how to combine
them into a correlation function

Important lesson from spin chains — symmetry should be broken by twists — quasiperiodic boundary
conditions. This ensures spectrum non-degenerate, Q-function is in one to one correspondence with
states

PSU(2,2|4) have to be broken, but that includes Lorentz symmetry!2 We need something like
Omega-background? Non-commutative theory?



CUSP IN N=4 $YM

W = Tr Pexp [ dt [zAa:+5ﬁ\m\

Parameters:
= Cusp angle (b
= Angle 0 between the couplings to scalars on two rays

" % Hooft coupling )\



CUSP IN N=4 $YM

Drukker

Maldacena,
Sever, Corea

Gromov,FLM 2016

Features:
= Symmetries are twisted by WL, without spoiling the theory
= Dilatation is still herel
= Caninsert any local operator at the cusp

= The dimension is governed by integrability. Cusp QSC — is very similar to that of N=4



We got our ideal playground — explicit implementation of twists in both S5 and AdS5
We can start deducing the structure of 3-point function in terms of Qs
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Perturbation theory?

We follow the top fashion of the season - Fishnets



Selects only ladder diagrams, contributing to the spectrum (for some fixed phi):
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L =log \/8eYmg?

Double scaling limit




7-loop result. The term of order 3 in :,% 1s given by
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Only Ladder (a.k.a. Fishnet) diagrams survive:

We can hope that 3pt functions is doable in this limit, we can first compute that from diagrams and then
try to observe some general structure starting to pop-up from it (if we are lucky)
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ACTUALLY COMPUTE

SET-UP: WHAT WE ARE GOING TO



propagator

/

00,00, G(A1, Mg, As, Aa) = 207 (T3 TR e G (A, Az, As, As)

With the boundary condition

G(Ala A27 _A17A4) — G(Alv A27 A37 _AQ) =1




Nice parametrization:

2a(8) = 21 + B(_?Jr;iz_g)l’ i (—50,60)
T = (Re(z),Im(z),0,0). (z1 — 22)
2(t) = 21+ i € (000

e—t+id+iv _ 17

The propagator became a function of difference:

L 0] 1
1za(s) — zp(t)|? 2 (cosh(s —t) + cos @)

After the change of coordinates = = s —t, y = 53t we get a kind-of Schrodinger equation (but quadratic in time):

24° -
. G
cosh x + cos ¢

1 . - N
197G =G +




Trick: extend to the whole plane (x,y) by AY
Reflecting G into the lower light-cone and setting to zero outside the light-cones:

future

light cone
~Y ~ ~ Ai1+As 1,55 = 24 A1 -A
G(QU, y) T —G(ﬂj, _y) ? y T y —|_ 2 iaSG:aE'GJrcoshmecomﬂ) \ :

xY

past
light cone

For any fixed y we use the eigenfunctions of the Schrodinger operator: /

G(x,y) = Zn Cn(9)Fpn(2)

The y-dependent coefficients must satisfy

O’:?f (lg) = —Encn (Z}) 4 [—(‘ﬁ o 29° } F(2) = By Fy () Continuum

cosh x + cos ¢
thus

~ ~¢ 1/2 T 1/2
Gla,5) = 50, en (€HICE = e 1ED) B (2)
We find the coefficients c, we notice that

G(ZC, :Ij) == 4:&5(39 — A2 -+ Al)

Which fixes the coefficients c,

Cn = EFH{JE_ﬁlJ Qn — 'V _En > O




An 5

n

4Fn (Mg — M) Fa(Ag — Ay) Ap+Ay+ Az +A
G(A1, Ag, Ag, Ay) = 3 o=l “mh(ﬁn L+ Ag Ay + 4)

We are ready to compute the 2-point function (including finite part):

Izﬂ(_ﬁ)_zl| =t E |za[ﬁ)_32|:f ﬁ:ﬂ:lﬂg(@)
£
4F,(0) 2F5(0) _san
G(A7 Aa A) A) = ; An Slnh(2AAn) ~ AO (&

2 2A¢
So the result is: 2F5'(0) ( € )
Ao\ 712




Next: 3-point correlator:

T T Eﬂl—i_ﬂg A Y L 1=
Wiy = ATA A A AR (L123)2 (Laz )™ (cn|&11¢1) (cﬂ|ﬂ2~¢2) .
12 I3 Lag
Where
] _stt A Tya(s)
o ot [ o [0 Fanen(Sn s =) Fay (b = Tgls) 321
12 9 SN . cosh(s —t — dxy) + cos oy
Where
=
ETm{-&‘] _ (1 — € }
1 — Escuscﬁvg—cns{¢1+qﬁg} )
Wh cos ¢y —cos( @ —da )
ere
I \/Siﬂ%(fi*ﬁrﬁz—@a} sin 3(¢1 — @2 + ¢3)
123 = Snon
Where
bar = log "2 {2(01 = 42 1 65))
sin (3(¢1 + 92 — ¢3))
Where
o= 2E(0)
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LET'S TRY WITH INTEGRABILITY |



Ladder limit¢ Only scalars survive

= no-SUSY
= at most we got SO(4,2) left from PSU(2,2] 4)
= half of QSC (S° part should be trivial)

Q"D - QI [Dy - PLPPHDg| + Qi [D2 - PPUHID, 4 PP D]

!

- Q¥ [p, + PL—EJPEI—*‘IEH +Q Dy =0

P functions become trivial and the general Baxter equation reduces to
Gromov,FLM 2016
(—Eug cos ¢ + 2Ausing + 4&2] g(u) + u’qlu —i) + u’q(u+1i) =0 gi(u) = Qi(u)/Vu
q1 ~ Mie®"u®, qq ~ Mye " u™2, u— oc
Quatization condition (comes from analyticity of QSC): A 25 ¢1(0)3;(0) +@:(0)g} (0)
sin ¢ q1(0)q1(0)




Relation with the wave functions?

100 z—ig
. A qilu) . . cosh
F(z) = —ie 2%/? Sl eweu gy 6> 0,  Where evs(2) = 2
; u : cosh 2@
of C—RO0 2
Kind of a Melline transform. Baxter implies Schrodinger
In terms of q it simplifies drastically! N =2zt [ [0 aPeCint e DRl Ta() TR
dv elP2—dsz)u—dav _ —d1 ut(dr1—gs)v
Nigs = ® [au [T an, 009800 <
The structure constant simplifies to:
fa e mi L(61 + 62 — &3)
A miu sin = —
O135 = (K123)" (K213)°? : K123 = 1T 92— 93
f du f du ) sin ¢y
| q1 q1 2Tl | 92 92 2min




Rewriting the Baxter equation in operator form:

1 A
[{—15}2 — 2u” cos ¢ + 2Au sing) 4+ u(u — z']lﬂ‘_l + ulu + jjﬂ] — Og(u) =0.
7

- 1
0=-

i

We find that the operator is “self-conjugate’:

flf}ﬂﬂ)éfﬂ (u)du = /|q2(u)(jq1 (u)du

Immediate consequences:

- Two solutions with different A are orthogonal: 0 = /ql(-u)((jl — (jg)f;g(ﬂ)dﬂ = (A1 — Ay)2sin @fql(?L)qQ(-u) du
/1

| u
_1oA ()
109> (4%

- There is a closed equation for the derivative of A w.r.t. the coupling:

Can be considered as a correlator of two cusps with Lagrangian, has very similar form to the 3-cusp correlator!

fc+mf(u) L

P 2miu

sy = (2sn )



—gpzuy _
<Q1Q2€ } F(—Al — AQ -+ 1)

VT —2A1) (1 - 2Ay)
=0 (1 —A; —A)

'Y Yo
Cra3

1A (%)

_ 298 Ao =
109> (¢%) :

(1 _ \/1+16§2)

1
2

[Kim, Kiryu, Komatsy, Nishimura]

[Correa Henn Sever Maldacend]
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ABOUT EXCITED STATES |



The Baxter equation has infinitely many solutions for any coupling:

Baxter: Schrodinger:
E
A "
Ef - Continium
4 1;_
——— i
2 2f
' N
0 ' : ] ;
i 1 4 F
-2} _5:_
4L 6L

An:_V_En

Schrodinger has infinitely many resonances! (Spectrum on unphysical sheet of the resolvent, under the cut of the continuous spectrum)

Good luck finding them numerically or analytically from Schrodinger!



resonances

n=0\/n=1 0.

bound states

T

continuum

E



At weak coupling we found: o[

4 sin Lo [
Apys=L+— G° *

LE L sin¢ g I

At strong coupling we found:

A 2n+1 2 +2n+1)cosd —2n2 —2n — 3
LAl ) cos 6
QSeC(g) 4 64g 0

L 1 4\
n®+n cosd—nZ —n i
ni

Matches perturbation theory [Henn, Caron-Huot, Briser] at two loops (was known only for the first excited state)!




Conomo o (_ 1)m<Q1,’rLQQ,m€_¢3u>
123 o

VDR ) (030




The 3-cusp correlator is given by just the same formulal!

c

Numerical evaluation faster than for the spectrum!
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4POINT AND TWISTED OPE |



W (A1, Ao, Az, Ay) = Z4anz—ﬂﬁfﬂm3—m}smh (ﬂnﬁ1+ﬁ2+ﬂa+ﬁ4)

2

2 A
@, 00 — Fn L .



. X
X1= Yf) ) 4577\ 2::)¢2 ¢4¢’ Ag X2=Ys5

s ¢O
(A Ao Ag A = i
Ghisha oA =3 GO (1)
— Loas Lo12
/50 3 (@0 + &1 — 60) sin L (da — ¢ + o)

sin ¢,

_ An
( e 2A ) 2 [An ly12]2n ly34 |27 |
Lo12 L34 05 Y15 Y25 |2 Y30 yao |27



SN




. — Cy1,y2

Yo Ys Yo



crossing relation?

pmmmmmm————
-

-
-
-




CONCLUSIONS

* Very simple expression is found but must use g-functions, otherwise complete mess
*  Which is good — as QSC gives qg-functions for any states, whereas the explicit wave function is not known
* Inthe SOV (Separation of variables) method g-functions plays the role of the wave functions
(worked out only for a few simple models)
* Next step — getting 1/cos corrections to the ladder limit and considering more complicated operators at the cusps

After that we solve planar N=4 SYM
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4POINT IN FISHNET |




LIMIT
Line = Neg Tr[ {0l 6" Hol, ¢} — ge " mglple'e)
— 7B Ty + €TEY Py + deigpeETm T ha R i)
— "8 @l + €3 gy + ieTe I @l

n — () e _ fixved

NC 1 2 2 1 42
L, = ST (96]0,0" + 0"60,0° + 262 9l 0}0'0?



OBSERVABLE
OLne = Por(9)tr[of o5 (¢5)™] +

0

Or = TF(@%)-



INTEGRABILITY OF FISHNETS

c(u)
(1 — 22)2] 7% (21 — y2)% (22 — y1)?]¥H2[(y1 — y2)?] vt

Ru(iﬁl,l‘g‘yl, yQ) -

Satisfies YB!

Tr(u) = tro|Rio(u)Rop(u) . .. Rpo(u)] m <>

T u(zl|y) —/d4$od4yod420---d4wo Ry (w1, 20ly1, yo)Ru(w2, yoly2, 20) . - - Ru(xr, wolyr, o)

Too many integrals, but

Te(u), To(v)] = 0. Tiumsveolt) = gmnge 11

=1

(i — vi)?(ys —y+1)

i ¢ — W (g —
e




SO WHAT?

We can diagonalize it using Baxter equation

For L=3 we found

(A-1)(A-3) m
( ;

3 i 2) + D+ D—1] u’

((A_ZEQA_‘{;) —Z;) —2)+D+D‘1] g(u) = 0.

Can write the eigenvalue of H in terms of q

Problem — H itself does not know about coupling and we need

A(E)



OUTPUT FROM QSC — QUANTIZATION CONDITION

d’s must satisfy

Q4(m7 O)QQ(_mv 0) + g2 (ma O)Q4(_ma O) =0

m is nothing but the coupling!

m2 = —g%s% = ¢6.

And the “Q-system” boils down 1o

(B-ba=y, m_,

4y? -






ROROC
\/\/®\
N AN e e
CROIORC
AN e e
\/@\/\
v\/\/@ﬂ
\/®\/\
/\/\/@
e
@\/\/\
AN o
\/®\/\

CORRELATION FUNCTIONS? |



EXACTLY SOLVABLE 4-POINT CORRELATORS
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SOLVING 4-POINT CORRELATOR

Gp=2Mp+&HprxHp+EHprxHp+Hp + ... ]

2102

— =

n-xroi

“A+LA— A —A— 2101
— +A1 &Q:L,OQA A1+&2$f\2 A1 —As ( - 3:.0’2) -
L0212 Lo1L12

/dd$1dd5‘32‘1)y,s,mo($1:$2)H($1,$2|9§3, z1) = FA Py g2, (23, 24)

Q(IL $2\$3=$4) = Z CA,S QA,S(Ua ’U) )
S.A

1 _d+A1+&2
Cas=2ri (1)

47

1 EK,S
reS,——i/2(A—d/2) ca(v,S)1 —xFEa s

))

Aq, xq

A2'x2

AS, xg



ALL LOOP CONFORMAL DATA

----------
-

1 1674

B0 = ) CA TS+ (AL S+ (AT S—2(A+5)

A=2+\/5212\/4§4+(S+1)2+25+2

A(~1)"ST(S +2)L(S — A+ 4)T (3(S+A —2)) T (552)

Ca,s =
T (—AZ+AA+ 52 4+25 ) T(S+ )T (A(S—A+4)°T(S+A-2)



From our exact expression for 4pt function:

Perturbative expansi G(2,2) = = go +i€%g1 — €92 — i€0s + E%94 + i€ 0gs ..
where
1

g = z2-1-———(2¢12)
g1 = 2H1E0+H1E172H2+2H1)[)7(Z<—>?_5)

—go = —2HoHyo— HoHyy— HiHyo—2H\Hyo— HiHo+2H Hy+ HiH, — H H

+2Hy 0+ Hoy — 2H100 — H1,10 —2H2 +2H3 — (2 & 2)
—gs = —HyHyo—HiHyo—2HHyoo— HiHi0p

—2HoH1 2 + 2HoHa o — 2HoH1,00 — H1H12+ HiHap — HiHy o
—HyH, o+ 2HyHo o — 2H, gHoo + HoHy o — Hy oHy 0 + 3H 1 H
+gH1FI1 — HiH3 — 2H3Hy — H3Hy + HoHa + 3H;
+2H,5 —2H3 9 — 2Hy 20+ 2H 00 — 2H1 0,00 — 8¢ H1 —3Hz +2Hy — (2 < 2)
g1 = —HyHy5— HyHao—2H3Hopo — HaHy 00 +2HoHy 3
+HoHs 1 + HoHy 20 + HoHy 21 — 2HoHa 00 — HoHz,1,0 + 2HoH1,0,0,0
+H Hyo+ HiHy 00— HiHapo — HiHap 0+ HiHip00
—HyHa o+ HoHy 0 + HsHi0 + Hi2Hoo — 2H20Ho,o — Ha,1Hoo + 2H1,0,0Ho,0
+Hy2Hy g — HaoHy o — HeaHio+ HiooH10+ HioHy 2+ HigHap
+HHy 5+ HiHs o+ 2Hy 0Ho o0 + HioHi00 + HiH 20+ HiHz 00+ 2H Ho 000
+HyHy 0,00 + 8CH1Hy + 4¢3 H1Hy — HoHs — 6H Hy + 2H,Hy — 3H, Hy
+HyH) + HiHy + 8(3Hy 0 — 6H10 — 2Hz3 — Hy 3 + 2Hy 0 +2H1 30 — Ha 12+ Hs 10
+Hi 200+ Hi210—2Ha000— Ha1,00+2H10,0,00 — 8CHs + 6Hy —2H; — (2 < 2)



From our exact expression for 4pt function:

Even better sian — boils does further to SVHPL:

g1

g2

g3

g4

2(L1o — Lo1)

—2(L10 — Lo1)
(2Loo1 + Lo11 — 2L100 — L110)

—3(L10 — Lo1)
2(Looo1 — Loo1o + Lo1oo + Loior — L1ooo — Lio1o — 4¢3 L1)

—6(L1o — Lo1)
(—=2Loooo1 + 2Looo10 — Loo1o1 + Loo11o — 2Lo1000 — 2Lo1001
—Lo1100 — Lo1101 + 2L10000 + 2L10010 + L1io1oo + L1110 + 8¢3(L1o — Lo1))

R S,
4( 10 01)

(Looo1 — Loo1o + Loioo + Loio1 — Liooo — L1010 — 4¢3L1)
2(Looooo1 — Loooo1o + Looo1oo + Looo1o1 — Loo1ooo — Looio1o + Lotoooo + Lo1ooo1
+Lo10100 + Lo1o101 — L1ooooo — L100010 — L101000 — L1o1010 — 12¢5 L1 — 4¢3 (Loo1 — Lo1o + L1oo + L101))



CONCLUSIONS

Obtained derivation of QSC in this theory from first principles

The theory is perfectly conformal, and the conformal points are integrable!

Lots of data for 3pt and 4pt

SOV for general n-point — ideal settings, very similar structure to cusp



