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1. Show that
1

W(z,z9) = 3 (

ey + 207wy 2tagt — ool
2rx5% — 2272y 2xwyt + v 2ak

is a fundamental matrix for

Alz) = (2;)2 é)

Use this to find the solution to the inhomogenous initial value problem
22y (z) — 2y(x) = 1,

y(%) = Yo, y,(%) = o

for x > 0.
Solution: Direct computation shows that

1 (2xxp? — 2272y 2mwxy’ + 27202
/ _ 0 0 0
W'(w, z) = 3 ( 2002 +4x73y 2wyt — 23:_31’3)
and
1 (22252 — 227220 2w25" + 27202
Al@)W (@, o) = 3 ( 220% +4r 31y 2mpt — 2x3x%>
S0

W'(x,x0) = A(z)W (x, x0).
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Also,
1 0
W(:E,x)—<0 1).

Thus W is a fundamental matrix for A. We therefore have

va) = (1 )W) ()4 [[(1 0w (|5,) a

Vo

xT

0

or

(2252 + 227 20)yo + (222t — 27122 )vg

T th—l _ .T_lt23
+/ #t” dt

0
(2%25% + 227 Y20)yo + (222 — 27122 )vg

- 3t*x
[ 2t 2 4+ 23:_115] -

6
t=x9
(z25% + 227 20)yo + (222p " — 27 22 )vg

y(z) =

22xg? + 20wy — 3
= .

2. Find a non-zero quadratic polynomial which satisfies

(1= 2?)y"(z) — 2ay'z + 6y(z) = 0

and then find a second, linearly independent, solution.
Solution: We want a solution of the form

y(x) = az’® + fa + 1.
Subsituting into the differential equation,
2a(1 — %) — 22(2ax + B) + 6(az® + Bxr +v) =0

The coefficient of 22 on the left hand side is zero for any values of a,
B and v. To make the coefficients of x and 1 equal to zero as well we
need

43 =0, 67—2a=0.

The solutions we are looking for are therefore
y1(z) = 32 — 1

and its multiples. To find a second solution we solve the first order
linear equations
(1 —2*)w'(z) — 2zw(z) =0
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and
y1(2)ys(7) — y1(2)y2(2) = w(z)

for w and yo. The first has as its solution

The second equation then becomes

(32% — 1)yy(x) — 6ays(x) =
This has the solution

ya(2) = yi(2) + yn(z)

where

() = 1a(0) exp t) = =2 (0)(32° = )

0o 3t2 -1

and

w(0)
(z) = dt d
vil) / p</ 3t2—1 >1—s2)(3s2—1) °
0/ o1
Bs2—12(1—s2) "
w(0) (342 —1) 352+ 1 1
4 /0 3(352—1)2+1—s2> ds
w(0)(32 — 1)

= / ! + ! - +
s \e-vBR T Gree sl

w(0)(3z% — 1) 10g(1+x)_3 6x ]

) 8 11— x 2 —1
_w 9 +z

al (G R b R
The simplest choice is w(0) = 8, y(0) = 0:

(@) = (32% — 1) log (1*—”’”) 6z,



