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1. Solve the initial value problem

() = Ty(r) +1

y(wo) = Yo

where zy # 0.
Solution: Applying the general solution formula

y(r) = yoexp (/x: a(t) dt> + /x: exp (/Sm a(t) dt) b(s)ds

with

gives

1 1 1
v =+ [ Sas—nra (2o 1) = (B L)aro
Zo i Zy Zo

2. Show that every linear inhomogeneous equation

Y (z) = a(z)y(z) + b(x)

possesses an integrating factor which is a function of x alone:

pw(z,y) = h(z).
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Solution: For p to be an integrating factor we need

dp  9q _

dy + or
where
p(z,y) = wlz,y)(a(z)y +b(z)), q(z,y) = p(x,y).

Substituting, we need u to satisfy the partial differential equation

If p(z,y) = h(z) then this becomes
h'(z) + a(z)h(z) = 0.

This has a solution

h(x) = exp (— /: a(t) dt) :

0

Reversing the steps above, we see that this is indeed an integrating
factor.

. Given that
y(r) = 2° — 32* + 52° — T2 + 62 — 2

is a solution of the differential equation
y'(z) —y(z) + 2° — 82* + 172 — 222> + 200 — 8 =0

find a solution with y(0) = yp.
Solution: We have a solution of the inhomogenous equation. Since

y(z) =e
is a non-zero solution of the corresponding homogeneous equation
y'(x) —y(x) =0
we can conclude that the general solution of
y'(z) —y(z) + 2° — 82* + 172 — 222> + 200 — 8 =0

is
y(r) = ce” + 2° — 3zt + 5 — T2 + 62 — 2.
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Substituting x = 0 and imposing the initial condtion leads to
Yo =¢— 2
so ¢ =1+ 2 and

y(x) = (yo + 2)e” + 2° — 32* + 52° — T2 + 62 — 2.

. Use the integrating factor from Problem 2 to solve the initial value

problem
y'(x) = a(x)y(z) + b(z),

y(wo) = Yo

using the method given in lecture for integrable equations.
Note: We know already that the solution to the initial value problem
is unique, so if your final answer isn’t

y(x) = yoexp (/ a(t) dt> +/ exp (/ a(t) dt) b(s)ds
o xo s

then you’'ve done something wrong.

Solution: By the Poincaré Lemma there is a U such that

g—g = —p(x,y) = —exp <— /35: a(t) dt> (a(z)y + b(z))

and
2—5 =q(z,y) = exp <— /; a(t) dt)

0
The second equation implies
T

Ute,y) =exp (= [ alt)dt) y+ f(a)

for some function f. The preceding equation then tells us that

f'(x) = —exp <— /: a(t) dt) b(x)

0

and so

f(z)=— /: exp <— /: a(t) dt> b(s)ds

0 0

plus a constant of integration, which we can take to be zero so that

U(l’o’yo) = Yo-
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Since U is invariant

U(z,y(x)) = U(zo,y(z0)) = U(wo, %0) = yo.

Substituting the expression found earlier for U,

exp (— /xj a(t) dt) y(zr) — /x: exp (— /x: a(t) dt) b(s)ds = 1.

Multiplying by exp ( Jr a(t) dt) and using the properties of the expo-
nential function,

y(z) — /x: exp (/x: a(t) dt — /xz a(t) dt) b(s)ds = yoexp (/x: a(t) dt) :

This can be simplified to

y(z) — /x: exp (/: a(t) dt) b(s)ds = yoexp (/xj a(t) dt) :

Solving for y(x) gives

y(x) = yoexp (/: a(t) dt> + /: exp (/: a(t) dt> b(s)ds,

0 0

as expected.



