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1. Solve initial value problem

?/(%) =Y, Yo 7é 0

for the separable equation
dy
de vy’

On what interval is the solution valid?

Note: Be careful with signs in this and the other problems.

Solution:

ydy = xdx.
Integrating,
1 1 1 1
oV gt =57 5%
and

y* = yp — ap +”.

The solution is then

y(x) = £\/yg — 2§ + 22

The sign is that of yy, as we can see by considering x = xy3. The
domain of validity depends on the sign of y2 — x3 and, possibly, of z.
If y2 — 22 > 0 then the solution is valid for all z. Otherwise the solution

is valid for x > /a3 — ¢y if xg > 0 and for x > (/23 — 43 if 2o < 0.
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. Solve initial value problem

y(wo) = yo, o #0
for the separable equation

dy _y

de

On what interval is the solution valid?

Solution:
dy  dx
y oz
Integrating,
logy — logyg = — log x + log xy.
Exponentiating,
Yl
r)="——.
To X

Note that the argument above assumes x,y > 0, but the solution works
for any non-zero choice of xy. If yy = 0 then the solution is just
y(x) = 0, which is correct. The domain of validity is > 0 if zy > 0
and z < 0 if zg < 0.

. Solve initial value problem
y(wo) = Yo, o #0
for the integrable equation

dy  2® 43wy
dr 32y +y3

On what interval is the solution valid?

Solution:
dy _ p(z,y)
dx q(z,y)
where
p(z,y) = —2* = 32y®, qlx,y) =32y +y>.
dp = Oq
— +—=-0 6xy =0
9 o zy + 62y = 0,
so there is a function U such that
ou ou

%— D, a—y—Q-
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This U will then be an invariant. From the first equation we see that

1 3
Uz,y) = Zfl + §$2?JZ + f(y)

for some function f. From the second equation we see that

1

fly) = 194

plus some constant, which we can without loss of generality assume to

be zero. So 1 3 ]
Ulz,y) = 72" + 50°" + 79"

We have, from the invariance of U and the initial conditions,

U(z,y(x)) = Ulxo, y(x0)) = U(zo, Yo)-
Substituting the form found above for U,

1 3 1 1 3 1
156’4 + 53;23;(:5)2 + Zy(l’)4 = 14’73 + 5378193 + Zyé
or

y(x)* 4 62%y(x)? + 2* — yd — 622y% — 2 = 0.

This should be thought of as a quadratic equation for y(x)2. Its solu-
tions are

y(z)? = —32° + \/8564 + yi + 622y2 + 2.

Note that the quantity under the square root sign is always non-negative.
To determine the sign we have to look at the initial conditions. Sub-
stuting x = z( gives

y(wo)? = —303 & \/(43 + 302)? = —323 = [y + 33|

The absolute value sign is redundant because y3 + 3z2 is never negative.
This gives the correct value if we take the positive sign in front of the
square root:

y(z)? = —32° + \/81‘4 +yg + 623yE + xf.

Then

y(z) = i\/—?)x? + \/8554 + yg + 623y3 + 3.

Here the sign has to agree with that of y,, as we can again see by
considering the case r = x.
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For the solution we just found to make sense we need the quantity in
the inner square root sign to be non-negative, which it always is, and
the quantity inside the outer square root sign to be non-negative. For
this we require

32 < \/83:4 + yg + 6x3yE + x}.
This is true if and only if

9% < 8x* + yg + 6xgyg + o,

.e. if
' <y + 6x5ys + ;.

So we need

—\7y§+6x%y8 +ag <z < \4/y61+6x3y§+x3

Our solution however isn’t differentiable at the endpoints, so these also
need to be excluded. We have therefore a valid solution in the interval

—{4/3;3 +623y8 +at < < \%yé + 62292 + 2.



