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1. Given that
ri(t) =t

and
1o(t) =3

are linearly independent solutions of the differential equation
22" (t) — 4tz (t) + 62(t) = 0
in the interval (0, 00), find the fundamental matrix for

At) = (—6?5—2 4t1‘1) '

Solution: The vector valued functions

vi(t) = (ﬁﬁg) o valt) = (iéii)

are solutions of the vector differential equation

V(1) = A(t)v (1),

v = (30 20) = (5 ae)

satisfies the matrix differential equation V'(t) = A(¢)V (¢) and

SO

—242 _ 9,—343  _ —142 —243
W(s,t):V(t)V(s)_1:<3s t° — 2577t sttt + st >

652t — 6s73t2  —257 1t + 35—2t2

is the fundamental matrix.
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. Given that

x(t) =t
is a solution to the differential equation
22" (t) — ta'(t) + 2(t) = 0

on the interval (0, 00), find a second solution by Wronskian reduction
of order.
Solution: By the general theory we know that

w(t) = a1 (t)75(t) — 2 ()a2(t)
satisfies the first order differential equation
2w’ (t) — tw(t) = 0,

SO

w(t) = w(l)exp (/j %) = w(1)exp(logt) = w(1)t.
Substituting,
txy () — 2o (t) = w(l)t,
wh(t) =t () = w(l),

xﬁﬂz@@mm%j%§>+[em<[%)w@Ms

t
1ﬂ+/wuﬁ@

1 S
1)t 4+ w(1)tlogt.

You can choose w(1) and z5(1) arbitrarily, as long as w(1) # 0.

. Given that

[ coslog(s/t) —ssinlog(s/t)
Wis.t) = (t_l sin lé:)g(s/t) st™! cos l(f;g(s/t))

is the fundamental matrix for

A(t) = (_?2 _i1)

in the interval (0, 00), solve the initial value problem

.T(t()) = 2o .T/(to) = Vg
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inhomogeneous linear differential equation
22" (t) + ta' (t) + 2(t) = f(t).
Solution: We write the differential equation as a system
()Y _ x(t)
() =40 (o ) + 00

where A is as given above and

b(t) = <t—2?f<t)> |

The general formula

x(t) = W(to, x(to) + | W(s,t)b(s) ds

to

gives

x(t) = zo coslog(ty/t) — vo sinlog(ty/t) — /t: s tsinlog(s/t) f(s) ds.



