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1. Solve the initial value problem

¥=y+z, yY=x+z2 =x+y,

z(0) =x9, y(0)=yo, =2(0)= z.
Solution: In matrix form, the equation is
x’ 0 1 1 x
y1={1 0 1]]y]|,
2! 1 10 z
so the solution is
x(t) Zo
y(t) | =exp(tA) | vo |,
z(t) 20
where
0 1 1
A=|[1 0 1].
1 10
A! Jordan decomposition of A is
1 1 1 1 1 1
oA EN(2 o o0\ (T oA
A=l v w ||0 -1 0l —wm O
1T o —2J\o 0o 1)\ 1" _2
V3 V6 ve V6 V6

LA, not the, because various choices are possible, although they all lead to the same
result.
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It follows that

4L 1 o L N
AN A
| 1 b 2 L]
exp(tA) = = L L 0 e 0 \/i i ;
4 0 —2 0 0 et Y B .y
V3 /6 L 2
Multiplying,
€2t 49t e2t ot o2t gt
exp(tA) — e2t3 et e2t§2et egt;et |
e2t_et th_et 62t+2@t
3 3 3
SO
o2t 4+ 9t o2t _ ot 2 ot
x = T B
( ) 3 0 + 3 yo + 3 0,
e2t _ ot o2t 4 9¢t o2t
t) = T .
o2t _ ot o2t _ ot 24 ot
z(t) = T N
( ) 3 0 + 3 Yo + 3 0

A less messy way to write this is

z(t) =

o+ Yo + 20 ot 220 — Yo — 20—t

3 3 ’

ZTo + Yo + 20 —To+ 2yo — 20 _

y(t) = ¢ 3 e,
2(t) = o + %0 * % e+ —To go 229 et

2. Find the solution of the initial value problem x(0) = zg, 2/(0) = yo for
the forced harmonic oscillator in the critically damped case:

2" (t) + 2ra’(t) + rx(t) = cos(Qt).
Solution: Applying d?/dt* + Q* to both sides,
2" () 4 2ra™ (t) + (r* + QB2 (t) 4+ 2rQ%2 () + r*Q%2(t) = 0.
The characteristic polynomial is
A 2r N+ (12 + QHA + 2rQPN + 7207 = (A + 1) (A — iQ) (N + Q).

The eigenvalues are therefore —r, with multiplicity 2, and €2, and —i{2,
each with multiplicity 1. A basis for solutions is therefore

{efrt’ tefrt’ ezﬂt’ e*lﬂt}.
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A more convenient basis is
{e7" te™", cos(Qt), sin(Qt)}.
Any solution is therefore of the form
z(t) = ae” " + Bte”™" + v cos(Q) + 0 sin(Q).
Differentiating,
2 (t) = (B —ra)e™™ —rpte”"™ + Qf cos(Qt) — Qy sin(Q)
and
2"(t) = (rPa—28r)e” " + r?Bte” — Oy cos(Qt) — QG sin(Qt).
Then
o (t)=2ra (t)+riz(t) = [(r*—Q?)y—2rQ0] cos(Qt)+[2rQy+(r?—Q%)d] sin(Qt).
This is equal to cos(2¢) if and only if

_ (r? — Q?) o 2rQ
- (r2+92)2’ - (7,2 +Qz)2'

To find « and 3 we substitute ¢ = 0 in the equations for z(¢) and «'(t):
To =+, 90:6—7”04+Q57

SO

o = T — _x—7(72_92)
— 0 7— 0 (T2+QQ>2
r
ﬁ:yo—l—TOz—Q5:yo+7’x0—7”y—Q5:yo+7’SL’o—m-

Substituting these values of «, 3, v and ¢ into
z(t) = ae " + Bte " + y cos(Qt) + §sin(Q),
we find

z(t) =zo(e™™ 4+ rte™™) + yote "
N (r? — %) (cos(Qt) — e™) — (r? + Q?)rtr—"t + 2rQ sin()
(r2 1 Q2)2 :




