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1. Solve the initial value problem
u(0,2) = V14 22

for Burgers’ Equation for —1 < ¢ < 1. What is

li t,x)?
Jim u(,2)
Solution:

u= f(x —ut)
where

f@)? =1+27
SO

u? =1+ (x —ut)?

or

(1 —tHu? + 2tou — 1 — 2> = 0.
From the quadratic formula,

V91—t +2? —tx

1—1t2

The choice of the positive sign for the square root is determined by the
requirement that «(0,z) > 0.

lim V1 — 2 4+ 22 = \/x,

t—1—
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SO

fim (V=P ) = { 52 2 <0

t—1- 0 itz >0.

Since the denominator 1 — #? tends to zero,

lim u(t,z) = 0o
t—1-

if x < 0. If x > 0 we can either use L’Hopital’s rule or write it as

1+ 22
U = ,
V-2 422+t

from which it follows that

1+ a2
Ii =
T

for x > 0.

2. Prove that

-1 if—l<x<l1-—t,
u(t,r) =9 (x— 1)/t fmax(l —¢t,1+t—V8t) <x <1+t
1 otherwise

is an admissible solution of Burgers’ Equation for ¢t > 0.
Solution:

There are three things to check:

e Where w is continuously differentiable, u; + uu, = 0.

e Along any curves where u is not continuously differentiable, the
jump condition is satisfied: Either wjes = tUrigns Or

dr  Uiefy + Unight
dt 2 '
e Along any curves where u is not continuously differentiable, the
entropy condition is satisfied: wiefy > Urignt-

The first is completely trivial where u is constant, and is straighforward
in the region where u = (z — 1)/t. The curves along which we need to
check jump and entropy conditions are

Ci={(t,z) eR:Z0<t <2,z = -1}
Co={(t,z) eR:E0<t <2,z =1—1t}
Cs={(t,z) e R:t> 0,0 =1+1}
Ci={(t,z) eR*t >0, =1+1— 8t}
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On Cy and Cs, Ujey = Uright, SO both the jump and entropy conditions
are satisfied. On C, e = 1, Upigne and dz/dt = 0, so again both the
jump and entropy conditions are satisfied. The most complicated is Cy,

where
x—l_t—\/g_l 8
t ot t

ey = 1, Uright =
and
de d 2
— =—(1+t—V8t)=1—4/-.
=@ (L= Vel \ﬁ
Both the jump condition

Az Uieps + Uright
dt 2 '

and the entropy condition e > Urignt are satisfied.



