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1. Evaluate

do

/W Acosf + Bsinf + C
—x acosf +bsinf +c
by contour integration, where a? + b? < c%.

Solution: First note that ¢ # 0, so ¢ < 0 or ¢ > 0. There is no need to

consider ¢ < 0, since the integral is obviously unchanged by switching
the signs of A, B, C, a, b and c.

In lecture we computed

/ﬁ ! 9= ——2T
racosf+bsind+c 2 —aqZ— b2

21
a—1ib)z2+42cz+(a+ib)

by integrating ( over the path

v(0) = e” —1<0<m.

The most straightforward approach would be to solve the present prob-
lem by the same method, 7.e. to choose f so that the desired integral

is [ f(z)dz:

i (A—1iB)z* +2Cz + (A—1iB)

flz) =—- (a — ib)2% + 2cz + (a + ib)

This will work, but it is unnecessarily complicated. In addition to
having six parameters to deal with, the integrand f has three poles, of
which two within the unit circle.
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It is possible to simplify the argument somewhat by forgetting arbitrary
A, B and C for the moment and concentrating on the special case
A=1,B=1and C =0. For this we need the integrand

—21z

f(z) = (a —ib)22 + 2cz + (a +ib)’

With this choice of f and ,

7' () = ie" = i(cosf + isinh)

and it
—21e
0)) = ‘ .
f((9)) (a — ib)e?? + 220{3@9 + (a +1ib)
—27
(a —ib)e + 2c¢ +2(q +ib)e=®
—2i
a(e® + e=1) 4 2¢ + b(—iei? + je~i?)
—1
"~ acos@+bsinh + ¢
" 0 +isin0
cos isin
0))~'(0) =
F(0)7'(6) acosf +bsinf + ¢
and

™ cosf +isind
-
[yf(z) : —racosf +bsinf + ¢

Of course, f was chosen specifically to make this true. By the Cauchy
Residue Theorem,

/ f(2)dz = 2mi Res f(2)

where w is the pole of f inside the unit circle. The path gamma has
winding number 0 about the other pole, so that pole has no contribution
to the sum. As shown in lecture,

_C+1/02_a2_b2

a—1b

w =

and 5 1
Res =

= (a—ib)22 4 2cz+ (a+ib) R a2 b2

From the multiplication theorem for simple poles,

W

2 — g2 — b2

Res f(2) =
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and hence

df) = —ro.
—racosf +bsinf + ¢ V2 — a2 =12

A little algebra shows that

/7r cosf +isind 2w

a + b
W= —
c+vVe2—a?—b?
SO
/7T cosf + isinf g = 27(a + ib)
—racosf+bsinfd+c  JE—aZ—b(c+VE—aZ—b?)

The real part of the integral is the integral of the real part, and similarly
for the imaginary part, so

u cos 6 2ma
/ , o = —
—racosf+bsinf + ¢ V2 —a? —b(c+vVe?—a?—1?)
and
/” sin 0 g0 — — 2mb
—racos+bsinfd+c R —a2—R(c+VE—aZ—b?)

We already saw that

/W 1 Jo — 2
racosf+bsinf+c 2 —aqZ =2

By linearity,

/7r A0089+Bsin0+0d9_2 —Aa — Bb+ C(c+ Ve —a? — b?)
—x acosf 4 bsinf +c - V2 —a? — b (c+ 2 —a—b?)

Another way to write this is

df =2 )
—x acosO +bsinf + ¢ T 02—a2—62+02\/1—a2/02—62/02)

/7r Acosf + Bsinf + C Cc—Aa—Bb—l—Cc\/l—a2/02—l)2/c2

This form has the advantage that it works for ¢ < 0 as well, since it
is unchanged on switching the signs of A, B, C, a, b and ¢. A useful
check on this result is the fact that we get the correct answer, 27, when
A=a,B=band C =c.
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. Evaluate
i !
= 1+n?

by contour integration.
Hint: Consider the integral of the function

f(2) = weot(mz)(1 + 2%) .

on a square centred at 0 with side length an odd integer.
Solution: Since m cot(mz) has simple poles of residue 1 at the integers,
f has simple poles at n with residue (n*+1)~!, by the division formula
for residues. The other two poles are at the zeroes of 2%+ 1, i.e. at %i.
By the limit formula,

Res(z? + 1)t = lim (z — £i)(2* + 1) = F2.

z==%1 z—ti

By the multiplication formula,

Res f(z) = mcot(m 414) Res(z2 + 1) = —g coth 7

2=+1i z==1

By the Cauchy Residue formula,
f(z)dz=2mi) Resz =wf(z)
TN

where vy, is the square contour of side length 2NV + 1 referred to in the
hint and the sum is over all poles inside this square. From the residues
already computed,

A

» f(z)dz = 2mi (2}:\[ Fea WCOth?T)
or

i ! —7rcoth7r+i/ f(z)dz

Y n?2+1 N 2mi YN .
On [7]\7]7 1

(2417 < (V45?1
and
7 cot(mz) < mcoth(37/2)

SO

max < picoth(37/2)((N + %)2 — 1)t

[vw]
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since the contour is of length 4N + 2,

1 2N +1
— dz| < coth(37/2)——m——
i [, 2| < cothi3m/2) 7
SO .
and
©° 1
Z = mcothr.
~n?+1
3. Show that the function
/2 A n! o
u(w,y) =Y (1) oy

2 B = 2!

is harmonic. By a theorem proved in class, there is a holomorphic
function f such that u(x,y) is the real part of f(x + iy). Find f.
Solution: Repeated differentiation shows that

ou ()72 ; n! 2j—1, 2j
——(z,y) = _1)) : n=2j=12)
oz &) ;0 VG Y
d*u (n—=2)/2 . n! . ,
- — —1) n—2j-2,2j
ou n/2 ) n! .
—(z,y) =D (=1) — gy
dy ot (25 — Dl(n —2j5)!
and )
——(z,y) = (1) P2,
o2 ") = LV G i a1

We now change the index of summation, replacing 5 by £ in the sum
for 9*u/0x? and by k + 1 in the sum for §%u/dy>.

0*u (n=2)/2 n!

o _ _1)k n—2k—2_ 2k

L D DA S 7Ty R
and

ou? (n=2)/2 n!

v _ 1)k n—2k—2_ 2%k

925 Y) kg SV enim—z—® Y
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SO , )
0“u Ou

92 T 8—y2(5€7y) = 0.

It’s possible to find f by guessing. A more systematic method is to
find v from the Cauchy-Riemann equations.

ou_on
or Oy
i (n=1)/2
ov e ‘ n! A A
i 1) — : 201,25
o~ 5 Ve Y

This can be true only if

(n—1)/2 |
vz, y) = Y (=1 - : g HT YA 4 ().
= (27 +Dl(n—25—1)!

for some function w of one variable. Then

v "2 ; n! 2j—2 2j+1
= Y (AN R L (),
or ]Zo (27 + D)l(n—25—2)!
But
n/2
O — _Ou = > (—1Y = n! 221
Ox dy = (25 — D)l(n — 25)!
Changing the index of summation as before,
ov (n2)/2 n!
- - _ (_1)k xn—Qk—Qka—f—l'
Ox lg) (2k + 1)I(n — 2k — 2)!
Comparing the two, we see that ¢'(x) = 0, so ¢ is constant. Thus
(n L)/ ; n! 2j—1, 2j+1
v(z,y) = (1) == — 7Ty o
jz:% (25 4+ 1)l(n—25 —1)!
Then
fl@ +iy) =u(z,y) +iv(z,y)
n/2 ) n! i 9
N (o | Cp
2 =)
(n—1)/2 A n A A
+Z Z (_1)] :L,n—2]—1y2]+1 + ©.

= (27 + Dl(n—2j — 1)
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This is correct, but not very enlightening. It becomes a bit clearer if
we write (—1)7 as 1%/,

n/2 |
flotiy) =) " (iy)”
jg(] (25)1(n — 2j)!
(n—1)/2 n! - .
; — e CT E AP
jzo (27 +Dl(n—-25—1)! (2y) @

In both cases the summands are of the form

n!

A= )"

In the first sum k = 25, where 0 < 7 < n/2, so k is an even integer
between 0 and n. In the second k =25 + 1, where 0 < j < (n—1)/2,
so k is an odd integer between 0 and n. Combining, we get a sum over
all integers between 0 and n,

N n! n—k ;o \k

By the binomial theorem,
[l +iy) = (z+iy)" + ¢

f(z) =2"+ .

Since we are just asked for a single f, we can take ¢ = 0 if we want.



