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L. In lecture it was proved that if both 272 a; and 322 by are absolutely
convergent then Y ;° ¢; is convergent where ¢; = Z;:o a;b;—;, and that

o (50) (2)

=0

Prove that Y2, ¢; converges absolutely.

Hint: The most straightforward way to prove this is to use the theorem
that every bounded increasing sequence of real numbers is convergent.
Solution: Saying that >°;°, ¢; converges absolutely is the same as saying
that >2;°, || converges. This is a series with non-negative summands,
so the partial sums are an increasing sequence. Using the theorem
referred to in the hint, all we need to prove is that the partial sums are
bounded. But
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by the triangle inequality. If 7 and k satisfy j + k < n then 7 < n and
k < n. Adding further non-negative terms can only increase the sum,
SO
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Since 372, a; and 3232, by are absolutely convergent, the partial sums
for 3272 |a;| and 332, |by| are convergent and hence bounded. In other
words, there are A and B such that

n
dolajl < A
7=0

and
n

Y Ikl < B

k=0

for all n. Then .
Z |Cl| < AB
1=0

for all n, so we are done.

. There is a power series 372, by2* such that

(exp(z) — 1) i b2t = 2.

Find by for k=0,1,...,7.
Solution: We have an equation of the form

iaj(z — w)jkioj br(z —w)F = icl(z —w)!

=0

where w = 0,
o {O if 7 =0,
%71 /7! otherwise,

and
:{1 ifl =1,

0 otherwise.
By the theorem on multiplication of power series,

l
=2 ab;
j=0

for all [. For [ = 0 this gives only the useless equation 0 = 0. For [ =1
we get
by = 1.

For | > 1 we get

l l
0= Zajbl_j = bl_1 + Z bl—j/j!-
Jj=0 j=2
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and hence l
bl,1 - — Z blfj/j!-
=2
Applying this equation for j = 2,3...8 gives
by =—1/2, by=1/12, by =—1/720, bs = 1/30240.

The remaining coefficients, b3, b5 and b7, are all zero.

. Prove that for real y,

exp(iy) = cos(y) + isin(y)
and that for real x and y,
exp(z + 1y) = exp(z) cos(y) + i exp(x) sin(y).

Solution: The second equation follows immediately from the first and
the addition formula for the exponential function. To prove the first
equation we start from the definitions of the exponential and of infinite

series. ( )
_ i N ()
_nh—{lgoz 4!
=0 "

exp(iy) = i <ij|)]

Jj=0

Now (iy)" = i"y" and an easy induction shows that

[ (=DFifn=2k,
(—=D)ki ifn=2k+1.

Thus

exp(iy) = lim (Z (‘l)k(gk)! ps (‘l)kﬁ) |

2k<n 2k+1<n

We know that if ¢, = &, + in,, with &, and n,, real then { converges if
and only if £ and n do, in which case

i G = Jim, &0+ fimy

Applying this to
2k 2k+1

gn = Z (_1)k (?2/]{3)" h = Z (_l)kﬁa gn = gn + 'L.nn

2k<n 2k+1<n
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gives

2k o0 2k+1

exp(iy) = §<_1)k(gk)! + il;)(—l)km = cos(y) + isin(y).

This proof is a bit long, but it avoids any worries about rearranging
the order of summation. Such a rearrangement is justified in this case
because the exponential series converges absolutely.

. Prove the algebraic identity used in lecture

(s = w)" = (= = w)" = nls = 2)(z — w)""
+(s — 2)? kz_:(n —k—1)(s —w)*(z —w)" 2

Hint: Start with the special case w = 0. Use induction, possibly more
than once.

Solution: As the hint suggests, we start from the special case w = 0,
that is

n—2
s"— 2t =mn(s—2)" T+ (s —2)* Y (n—k—1)s" 2
k=0

There are several ways to prove this, some easier than others, but all
use induction at some stage. The easiest is probably to start with the
simpler equation

n—1
s"— At =(s—z2) Y &N
=0

This is certainly true for n = 0, in which case the sum on the left is
empty. If it’s true for some n then

sl — 2l = (s — 2) + (8" — 2"z

=(s—2)s"+ (s —2) ri;)sjz”jl)z
=(s—2)s"+ (s —2) Tisjz"_j)
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Thus

n
8n+1 _ Zn+1 — (S _ Z) Zsjznfj’
7=0

the equation we started from, with n+ 1 in place of n. The equation is
thus true by induction for all n. It’s still not what we wanted to prove,
however. Next, s/ = (s/ — 27) + 27, so

n—1
st =(s—z)> §7!
7=0

n—1 n—1
=(s—2)Y (¢ =2)"T 4 (s—2) ) 2T
Jj=0 =0
The second sum on the right is has n terms, each equal to 2" !, so
§" — 2" =n(s—2)2""t + (s — 2) Z(SJ — )L
j=0

We already know that
SJ _ Z] — (8 _ Z) Z Skz]fkfl’
k=0

SO
n—1j5—1

" — 2" =n(s—2)2"t + (s — 2)? Z Z ghon=k=2,
j=0 k=0
We then reverse the order of summation. The possible values of 7 and
k are given by the inequalities 0 < k < 7 < n, so k ranges from 0 to
n—2and jfromk+1ton—1,

n—2 n—1

§"— 2" =n(s—2)2"" + (s — 2)? Z Z ghonh=2,
k=0 j=k+1

The inner sum has n — k — 1 identical terms, so we are left with

n—2
s"— 2t =m(s—2)" T+ (s —2)* Y (n—k— 1)
k=0

This holds for all complex s and z. We may therefore substitute for s
and z any complex expressions. In particular, we may substitute s —w
and z —w. Doing so gives the equation we were seeking to prove.



