MA 4448
Assignment 2
Due 23 February 2011

Id: 4448-1011-2.m4,v 1.2 2011/03/03 11:49:43 john Exp john

1. With spherical coordinates (¢,7,0,¢), let go = 0/0t, gay = 90/0r,
g@2) = r'9/00, and g() = (rsin)~'9/dp.

(a) Show that {g(), 9(1), 9(2), 9(3) } is a local frame.
Solution: We know that {0/0t,0/0x,0/dy,d/0z} is a basis at
each point. t,7,0, ¢ are related to t,z,y, z by

t=t x=rsinflcosy y=rsinfsing 2z =rcosf

By the chain rule,

o o o Oy dz\ , 0
g o b b0 |9
v \w 2o oz
o do  dp Dp By 9z P
1 0 0 0 e
10 sinfcosyp sin 6 sin ¢ cosf ai
| 0 rcosfcosp rcosfsing —rsing 8%
0 —rsinfsing 7rsinfcosp 0 %
Then
900) 10 0 0 2
gy | [0 1 0 0 %
92) o 0 ¢ 0 %
9e3) 0 0 0 (rsing)! 90 )
1 0 0 0 o
| 0 sinfcosy sinfsing cosf BQ
| 0 cosfcosy cosfsing —sing (%
0 sin oS 0 2
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The matrix

1 0 0 0

0 sinfcose sinfsing  cosf
0 cosfcosp cosfsing —singp
0 sin ¢ Cos ¢ 0

has determinant 1, and hence is invertible, so {g(0, 9(1), 9(2), 93}

is a basis because {0/0t,0/0r,0/06,0/0¢} is.

(b) Compute the metric coefficients in this frame, and show that this
frame is a tetrad.
Solution: Let - denote inner products. Then

o 0 9
9(0)'9(0)25'52%52—0,

0 0
9@ 9 =5~5=gm«=1,

B 10 10 B 1 _1
and
1 0 1 0 1
93) - 93) l = ———5 0y = L.

" rsind % ‘ rsin@% ~ r2sin%6

The non-diagonal commponents are all zero. Since the compo-
nents of the metric are all constant in this frame it is, by definition,
a tetrad.

(¢) Compute the commutation coefficients, defined by

[9)> 9(0)] = VbeY(a)-

Solution:
10 1 0
[9(2),9(3)} = - [9(2)79(3)} = ;%, m%
_lof 1 o0y 1 0 19
~ r00 \rsinf oy rsinf dp \ r o
= 70080 — =rlcotd
C r2sin?00p 9@
SO

7%3 = —7?%2 = 7" cot §
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and
Vo3 = —V32 =0
if a # 2. The other commutators are similar, but simpler. The
other non-zero components are
2 2 -1 3 3
Y2 = "Y1 = T =73 = V31

2. Suppose X = X%9/0x% and Y = Y?9/9z" are vector fields and o =
a.dz is a 1-form. Prove that

(da)(X,Y) = Xa(Y) = Ya(X) — a[X,Y]).
Solution:
By definition
(da)(X,Y) = (da)p XY’ = e“ab aa

—OéanYb = (Ozba — QO b)XaYb.
¢ ’ ’

Now
a(X) = adz?(X0/0z) = . Xdx(0/02%) = a.Xg: = a, X
Similarly,
aY) = apY".
Then
Xa(Y) = X0/0z*(Y") = X% (04, Y+ 4 Y]) = o XY+ 0, XY
and
YVa(X) = app XY+ a,X5Y".

By definition,
(X, Y]=XY -YX

XY = X°0/0x*(Y*0/02") + X°Y"0? | 0x* 02

and
YX =Y%9/02°(X°0/02") + X°Y*0? 0z’ Ox”
SO
[X,Y] = X“Y20/02" — XY"0/0x"
and

a([X,Y]) = a. XY 0da (9/02")—ac XY dz(0/02") = ap XY ) —a X3Y°.
Combining the results above
Xa(Y) =Ya(X) - a([X,Y]) = (@ — @ap) XY

This is the same as our expression for (da)(X,Y).
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3. Suppose {g(0), 9(1), 9(2), 9(3)} is a general frame, i.e. that it’s values at

x are a basis for T,M. Let {g@, g, ¢@ ¢®} be the dual frame, i.e.
its values at x are the dual basis for T M = QL M. Then {g©® A gt =
—gW GO GO A @ = _ g A g0 O A B = g3 A g0 gD A g =
—g® A g, g A gB) = —g® A g g® A g&) = _g®) A g} s, at
each point x, a basis for Q2 M. What are {dg®,dg™", dg®, dg®} in
this basis?

Note: You may use the result of the previous problem even if you didn’t
succeed in proving it.

Solution.:

Apply the result of the previous problem to X = g«), ¥ = g and
_ (¢
a =g\,

(dg') (9@ 9) = 90 (9" (9)) = 90(9” (9)) = 9/ ([9()- 9)])-

Now
9 9) = 90,

which is constant, and hence has zero derivatives. Thus

9 (99 (94))) =0

Similarly,

9199 (9)) = 0
By definition,

[9(a); 9] = “YZlbg(d)

and hence
9996, 90)) = 159" (90)) = VL) = Vet
Therefore
(d9') (9(a), 9)) = =75
and

dg' = —y59“ N g



