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1. Compute the Euler-Lagrage equations for

(a) the first order Lagrangian in one independent variable

L(x, u, ux) = x
√

1 + u2
x,

(b) the second order Lagrangian in one independent variable

L(x, u, ux, uxx) =
uxx

1 + u2
x

,

and

(c) the first order Lagrangian in three independent variables

L(t, x, y, u, ut, ux, uy) = −
1

2
u2
t +

1

2
u2
x +

1

2
u2
y +

1

2
u2.

Solution:

(a) The relevant derivatievs are

∂L

∂u
= 0, ,

∂L

∂ux
=

xux
√

1 + u2
x

, Dx
∂L

∂ux
=

xuxx + u3
x + ux

(1 + u2
x)

3/2

and the Euler-Lagrange equation is

∂L

∂u
−Dx

∂L

∂ux
= −

xuxx + u3
x + ux

(1 + u2
x)

3/2
= 0.

1
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(b) The relevant derivatives are

∂L

∂u
= 0,

∂L

∂ux
= −2

uxuxx

(1 + u2
x)

2
,

∂L

∂uxx

=
1

1 + u2
x

,

Dx
∂L

∂uxx
= −2

uxuxx

(1 + u2
x)

2
,

∂L

∂u
−Dx

∂L

∂ux
+D2

x

∂L

∂uxx
=

∂L

∂u
−Dx

(

∂L

∂ux
−Dx

∂L

∂uxx

)

= 0−0 = 0.

So the Euler-Lagrange equation is just 0 = 0. In other words L is
a null Lagrangian. That makes sense, because

L = Dx arctan(ux).

(c) The relevant derivatives are

∂L

∂u
= u,

∂L

∂ut
= −ut,

∂L

∂ux
= ux,

∂L

∂uy
= uy,

Dt
∂L

∂ut

= −utt, Dx
∂L

∂ux

= −uxx, Dy
∂L

∂uy

= −uyy,

so the Euler-Lagrange equation is

∂L

∂u
−Dt

∂L

∂ut
−Dx

∂L

∂ux
−Dy

∂L

∂uy
= utt − uxx − uyy + u

2. Find the vector fields associated to the one parameter groups of trans-
formations on R

3 ×R, with coordinates t, x, y, u,

(a)

t̃ = t cosh s+ x sinh s, x̃ = t sinh s+ x cosh s, ỹ = y, ũ = u

and
(b)

t̃ = e2st, x̃ = e2sx, ỹ = e2sy, ũ = e−su.
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Solution: In both cases the associated vector field is

∂t̃

∂s

∣

∣

∣

∣

∣

s=0

∂

∂t
+

∂x̃

∂s

∣

∣

∣

∣

∣

s=0

∂

∂x
+

∂ỹ

∂s

∣

∣

∣

∣

∣

s=0

∂

∂y
+

∂ũ

∂s

∣

∣

∣

∣

∣

s=0

∂

∂u
.

With the given transformations we get

(a)

x
∂

∂t
+ t

∂

∂x

and
(b)

2t
∂

∂t
+ 2x

∂

∂x
+ 2y

∂

∂y
− u

∂

∂u

3. Find the first order prolongations of the vector fields from the previous
problem.
Solution: The general formula for the first order prolongation of

m
∑

i=1

ξi
∂

∂xi
+

n
∑

j=1

ηj
∂

∂uj

is
m
∑

i=1

ξi
∂

∂xi
+

n
∑

j=1

ηj
∂

∂uj
+

m
∑

i=1

n
∑

j=1

(

Diηj −
m
∑

l=1

(Diξl)uj,l

)

∂

uj,i

In both examples here we have m = 3, n = 1 and we can, for clarity,
replace the indices 1, 2, 3 for ξ by t, x, y and drop the index 1 for η. The
general formula then tells us that the first order prolongation of

ξt
∂

∂t
+ ξx

∂

∂x
+ ξy

∂

∂y
+ η

∂

∂u

is

ξt
∂

∂t
+ ξx

∂

∂x
+ ξy

∂

∂y
+ η

∂

∂u

+ (Dtη − (Dtξt)ut − (Dtξx)ux − (Dtξy)uy)
∂

∂ut

+ (Dxη − (Dxξt)ut − (Dxξx)ux − (Dxξy)uy)
∂

∂ux

+ (Dyη − (Dyξt)ut − (Dyξx)ux − (Dyξy)uy)
∂

∂uy

.
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For

x
∂

∂t
+ t

∂

∂x

we have
ξt = x, ξx = t, ξy = 0, η = 0

and we get

x
∂

∂t
+ t

∂

∂x
− ux

∂

∂ut

− ut
∂

∂ux

.

For

2t
∂

∂t
+ 2x

∂

∂x
+ 2y

∂

∂y
− u

∂

∂u

we have
ξt = 2t, ξx = 2x, ξy = 2y, η = −u

and we get

2t
∂

∂t
+ 2x

∂

∂x
+ 2y

∂

∂y
− u

∂

∂u
− 3ut

∂

∂ut
− 3ux

∂

∂ux
− 3uy

∂

∂uy
.

4. Show that the vector fields above are symmetries of the first order
Lagrangian

L(t, x, y, u, ut, ux, uy) = −
1

2
u2
t +

1

2
u2
x +

1

2
u2
y

and that the first, but not the second, of them is also a symmetry of

L(t, x, y, u, ut, ux, uy) = −
1

2
u2
t +

1

2
u2
x +

1

2
u2
y +

1

2
u2.

Solution: For

V = x
∂

∂t
+ t

∂

∂x

the prolonged vector field

pr(1) V = x
∂

∂t
+ t

∂

∂x
− ux

∂

∂ut
− ut

∂

∂ux
,

applied to the Lagrangian

L = −
1

2
u2
t +

1

2
u2
x +

1

2
u2
y

gives zero. The total divergence

Div V = Dtξt +Dxξx +Dyξy = Dtx+Dxt
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is also zero, so
(pr(1) V )L+ (Div V )L = 0.

For

V = 2t
∂

∂t
+ 2x

∂

∂x
+ 2y

∂

∂y
− u

∂

∂u

the prolonged vector field

Div V = 2t
∂

∂t
+ 2x

∂

∂x
+ 2y

∂

∂y
− u

∂

∂u
− 3ut

∂

∂ut
− 3ux

∂

∂ux
− 3uy

∂

∂uy
.

applied to L gives

(pr(1) V )L = 3u2
t − 3u2

x − 3u2
y = −6L.

The total divergence is

Div V = Dtξt +Dxξx +Dyξy = Dt(2t) +Dx(2x) +Dy(2y) = 6,

so again
(pr(1) V )L+ (Div V )L = 0.

The calculation for

L = −
1

2
u2
t +

1

2
u2
x +

1

2
u2
y +

1

2
u2

is identical, except that ∂L/∂u is no longer zero. For

V = x
∂

∂t
+ t

∂

∂x

nothing changes, but for

V = 2t
∂

∂t
+ 2x

∂

∂x
+ 2y

∂

∂y
− u

∂

∂u

we acquire an additional −u2 in (pr(1) V )L, and an additional 3u2 in
(Div V )L, so

(pr(1) V )L+ (Div V )L = 2u2 6= 0.

5. Find the conservation laws associated to

(a) The transformation

t̃ = t cosh s+ x sinh s, x̃ = t sinh s+ x cosh s, ỹ = y, ũ = u

for the Lagrangian

L(t, x, y, u, ut, ux, uy) = −
1

2
u2
t +

1

2
u2
x +

1

2
u2
y +

1

2
u2,

and
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(b) the transformation

t̃ = e2st, x̃ = e2sx, ỹ = e2sy, ũ = e−su.

for the Lagrangian

L(t, x, y, u, ut, ux, uy) = −
1

2
u2
t +

1

2
u2
x +

1

2
u2
y.

Solution: In general for a first order Lagrangian L and a vector field

m
∑

i=1

ξi
∂

∂xi

+
n
∑

j=1

ηj
∂

∂uj

associated to a symmetry of L we have the conserved current

Pi = ξiL+
n
∑

j=1

(

ηj −
m
∑

l=1

uj,lξl

)

∂L

∂uj,i

.

In our context this becomes

Pt = ξtL+ (η − utξt − uxξx − uyξy)
∂L

∂ut
,

Px = ξxL+ (η − utξt − uxξx − uyξy)
∂L

∂ux
,

Py = ξyL+ (η − utξt − uxξx − uyξy)
∂L

∂uy
.

For the given transformations and Lagrangians we get

(a)

Pt = x
(

−1
2
u2
t +

1
2
u2
x +

1
2
u2
y +

1
2
u2
)

+ (−xut − tux) (−ut)

= 1
2
x
(

u2
t + u2

x + u2
y + u2

)

+ tutux,

Px = t
(

−1
2
u2
t +

1
2
u2
x +

1
2
u2
y +

1
2
u2
)

+ (−xut − tux) (ux)

=−1
2
t
(

u2
t + u2

x − u2
y − u2

)

− xutux,

Py = 0
(

−1
2
u2
t +

1
2
u2
x +

1
2
u2
y +

1
2
u2
)

+ (−xut − tux) (uy)

=−xutuy − tuxuy,

and
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(b)

Pt = 2t
(

−1
2
u2
t +

1
2
u2
x +

1
2
u2
y

)

+ (−u− 2tut − 2xux − 2yuy) (−ut)

= t
(

u2
t + u2

x + u2
y

)

+ 2xutux + 2yutuy + uut,

Px = 2x
(

−1
2
u2
t +

1
2
u2
x +

1
2
u2
y

)

+ (−u− 2tut − 2xux − 2yuy) (ux)

=−2tutux − x
(

u2
t + u2

x − u2
y

)

− 2yuxuy − uux,

Py = 2y
(

−1
2
u2
t +

1
2
u2
x +

1
2
u2
y

)

+ (−u− 2tut − 2xux − 2yuy) (uy)

=−2tutuy − 2xuxuy − y
(

u2
t − u2

x + u2
y

)

− uuy.


