MA 342H
Assignment 3
Due 29 March 2018
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1. Compute the Euler-Lagrage equations for

(a) the first order Lagrangian in one independent variable

L(z,u,u,) = xy/1 + u2,

(b) the second order Lagrangian in one independent variable

,U‘:BJB
1+ u

xT

L(:L’, U, Ug, u:m:) =

J

and

(c) the first order Lagrangian in three independent variables

1 1 1 1

L(t, x,y, u, u, uy, uy) =
Solution:
(a) The relevant derivatievs are

8_L_O oL  au, OL  xugy +ud + u,
au_ 79 -

Dy =
ou, iz 0w (L+u2)?

and the Euler-Lagrange equation is

oL D oL xum+ui+ux_0
ou “Ouy (1+u2)32 7
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(b) The relevant derivatives are

oL
ou
oL Uglpy
Ou, (14 u2)?’
oL 1
gy 1+ u2’
D, oL _ o UpUpy ’
gy (1 4+ u2)?
oL oL oL oL oL oL
—-D, D? =—-D,|—-D,—— | =0-0=0.
ou ou,, TOUuy,  Ou (6% 8um> 0-0=0
So the Euler-Lagrange equation is just 0 = 0. In other words L is
a null Lagrangian. That makes sense, because

0,

L = D, arctan(uy).

(c¢) The relevant derivatives are

oL oL _ 0L 0L _

% = u, 8—Ut = —Ut, au:v Uy, auy Uy,
oL oL oL
Dy— D:B = —Ugyg, D = - )
"Ou, et O, “ Y Ou, oy
so the Euler-Lagrange equation is
oL oL oL oL
D,— —D = Uy — Ugy — Uyy + U

ou  ou, TOu, 'ou,

2. Find the vector fields associated to the one parameter groups of trans-
formations on R? x R, with coordinates t, z, v, u,

(a)

t =tcoshs+xsinhs, & =tsinhs+xzcoshs, §=vy, U=u

and

(b)
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Solution: In both cases the associated vector field is

ot o 0% 0 0f 0 Ou
ds|_ 0t @s|_ 0z " @s|_ oy Bs|_, 0u
88:0 t SS:0 z 88:0 Y 85:0 u
With the given transformations we get
(a)
:1:2 + tg
ot Ox
and
(b)
0 0 0 0
2— + 20— + 2y — — u—
ot " or Ty T au
3. Find the first order prolongations of the vector fields from the previous
problem.
Solution: The general formula for the first order prolongation of

Zfz Zm@

Z

is
m n m a
S-tir + Xnge + 23 (P - L0 )
=1

i=1j=1

ji
In both examples here we have m = 3, n = 1 and we can, for clarity,

replace the indices 1,2, 3 for £ by t, x, y and drop the index 1 for . The
general formula then tells us that the first order prolongation of

0 0 0
b + g + g+ g

is
8 8 8

0
+ (Dﬂl — (Di&)ur — (Di&a)ua — (Di&y)uy) 8—1%
+ (Dxn - (ngt)ut - (ngar)ux - (Daﬁgy)uy) au
aZB
+ (Dyn - (Dygt)ut - (Dygx)um - ( ygy)uy) 67
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For
P
ot Oz
we have
gt_x, §$—t’ gy—O’ 77:0
and we get
at al‘ xaut taux
For 5 )
2t— + 20— = u—
ot o Ty T Yau
we have
=% =% =2 n=-u
and we get
0 0 0 0 0 B 9
ot + xax + y@y uau “taut U o uyﬁuy
4. Show that the vector fields above are symmetries of the first order
Lagrangian
1 1 1
L(t,z, y, u, up, ug, uy) = _§U? + 5“5 + §u§

and that the first, but not the second, of them is also a symmetry of

1 1 1 1
L(ta T, Y, U, U, Ug, uy) = _iug + 5”3: + 51@ + 5’&2.

Solution: For

0 0

the prolonged vector field
0 0 0

0
DYy = p— 4 — — - —
prV ot + ox uxﬁut ou,’

applied to the Lagrangian
Loy 1,

gives zero. The total divergence

DivV = Dy& + Dyéy + Dy&, = Dy + Dyt
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is also zero, so

(pr V)L 4 (Div V)L = 0.

For 9
V=2" + 20— 42— —u—
ot s Ty T Yau
the prolonged vector field
0 0 0 0
DivV =2t— 4+ 2x— 4+ 2y— —u— —3 3uyg—=——3
v o or Ve, T e 0w " oa,

applied to L gives
(pr'" V)L = 3uj — 3u2 — 3u} = —6L.
The total divergence is
DivV = Dy + D,&, + D&, = D(2t) + D, (2x) + D,(2y) = 6,

so again

(pr V)L 4 (Div V)L = 0.
The calculation for

1 1 1 1
L=——u}+ zul+ -u’ + v’

2 2 ¢ 29 2
is identical, except that OL/Ju is no longer zero. For
0 0
V=or—+4t—
SETRY,

we acquire an additional —u? in (pr™™ V)L, and an additional 3u? in
(DivV)L, so
(prY V)L + (Div V)L = 2u® # 0.

5. Find the conservation laws associated to
(a) The transformation
t =tcoshs+xsinhs, & =tsinhs+xzcoshs, §=vy, U=u
for the Lagrangian
L(t,z,y, u, u, Uy, uy) = —

and
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(b) the transformation
t=e*t, T=¢%z, §=ey, U=e ‘u
for the Lagrangian

1 1
—u? +=ul + —uz.

L<t7xuy7u7ut7u$7uy) = _2 9@ 2

Solution: In general for a first order Lagrangian L and a vector field
0 “ 0
DLIANS SPA
o 9r o ! Ou;

associated to a symmetry of L we have the conserved current

P=&L+) (ﬁj - Z%‘,lfl) EYR
=1 g

J=1

In our context this becomes

oL

P, = &L+ (0 — &y — ups — uyy) I
oL

Px - ng + (77 - utgt - u$§$ - uygy) 677
oL

Py =& L+ (n—us — ups — uy§y) B
Y
For the given transformations and Lagrangians we get

(a)

P=x (—duf + Lu2 + fu? + Lu?)
+ (—zuy — tuy) (—uy)
T (uf +ul +ul + u2) + tug,,
(—3u? + Su2 + Jul + ju?)
+ (—zuy — tuy) (u,)
=—1¢ (u? +u2 — uz — u2) — TULU,
Py =0 (—ju} + §u? + jul + )
+ (—zup — tuy) (uy)
= —TUUy — LU Uy,

=1
2
P, =t

and



Id: 342H-2017-2018-3.m4,v 1.2 2018/04/10 12:20:43 jgs Exp jgs T

(b)

P, =2t (—%uf + su + %uz)
+ (—u — 2tuy — 2zu, — 2yuy,) (—uy)
—¢ (uf +u + ui) + 2zuguy + 2yuguy + g,
P,=2x (—%uf + %ui + %ui)
+ (—u — 2tuy — 2zu, — 2yuy) (uy)

2

y) — 2YUzUy — Uy,

= Uy — T (U? +ui—u
Py =2y (~du + b2 + L)
+ (—u — 2tuy — 2z, — 2yuy) (uy)

— 2 2 2) _
= —2tupuy — 20Uzuy — Y (ut —uy + uy) Uy,



