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1. Show that
oy — el
|||

is a fundamental solution for
p(0) :85+8§+8§—1
in R3.

Hint: Use Green’s second identity on the region

/(u divgrad v — v divgrad u) = / (ugradv —vgradu) - n
Q o9

where 0f) is the boundary of €2 and n is the exterior unit normal there.
You’ll want

Q={zecR%e< || <p}
u =k and v = p € D(R?). Solution:

We choose p large enough that ¢ is supported in the open ball of radisc
of radius p. We need to show that

p(0)k =46

or, equivalently, that

| Mo div rad (o) = (2) = k(0)) = 5() = $(0).
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A straightforward calculation shows that

exp(—|zl)z  exp(—|all)a
dk =
grad k(@) = = e e
and

: exp(—||x
div grad k(x) = —W = k(x)

for x # 0. It follows that

/(k div grad ¢ — pdivgrad k) = /(k(div grad o — p) — p(divgrad k — k))
Q Q

= / k(div grad o — ¢).
Q

As € tends to 0 this tends to the integral over the ball of radius p, but
that’s the same as the integral over all of R3, since ¢ and its derivatives
vanish outside that ball. So

lim [ (kdivgrady — pdivgrad k) = / k(div grad ¢ — ).

e—0t Q R3

Turning now to the integral

/ (kgrad ¢ — pgradk) - n,
o0N

¢ and grad ¢ are zero on the sphere ||z|| = p so the integral over that
part of 02 is zero. On the remaining part of 02, the sphere ||z|| = e,
we have
o
(EdN
exp(—¢)
k
e (-0 _ (o
exp(—e)  exp(—e
dk(z) -n=-— — :
grad k(z) -n dme 4me?
S0
exp(—¢)
(kgradyp — pgradk) -n= 5 o(x)
20 dme : ng:e
exp(—e /
p(x)
dme e
exp(—€)
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In the last two integrals the integrands are bounded uniformly by
max || and max || grad ¢|| and the sphere over which we're integrating

is of area 4mwe? so
exp(—e) /
Ame Jjo)=e #le)

exp(—e) /
Ame  Jig)=c

both of which tend to zero as € tends to 0. The first integral, which
is just exp(—¢) times the average value of ¢ over the sphere ||z| = €
tends to ¢(0), so

< emax |p|

and

< emax || grad ¢,

lim (kgradp — pgradk) - n = ¢(0)
e—0t o0

Taking the limit in Green’s identity therefore gives the desired result
| k) div grad ola) — () = (0).
R

2. (a) Find a fundamental solution for the differential operator
p(0) = 0% +20+2

on R.

(b) Use the fundamental solution you just found to solve the initial
value problem for the inhomogeneous equation

u'(z) +2u'(2) + 2u(x) = f(x), u(0)=ca, «(0)=24.

If you didn’t manage to find a fundamental solution then just take
as given that there is one and call it k.

Solution:

(a) We want
and hence

For such k£ we have
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and )
k(©)p(i§)o (&) = ¢(&)-

Since this should hold for all ¢ € (R) we must have

(
k(&) = p(i&)~!

and hence
k) = 2) [ @ eplign)de = [ gl)de.

where
9(&) = (2m)"'p(i€) " exp(ix).
Note that g is analytic except for simple poles at 1+4 and —1 + 1.

For R > v/2 let C; be the contour from —oo to —R along the real
axis, Cy the contour from —R to R along the real axis, C3 the
contour from R to 4+oo along the real axis, C'y the contour from
R to —R along the circle |{] = R in the upper half-plane and C}
the contour from —R to R along the circle |{| = R in the lower
half-plane. Then

dg\ o(6)]de
- / (o) (€4 +4)7 de
< / (el de
= (27R)™!
and

/ 4(€) 19(6)] de

Cs Cgo
- /R (2m) (€ 4) 2 de
< /R T(om) e de
= (2rR)™!

On the circle || = R we have

) =g —1=i[ e —1+i] " < (R=V2)7?
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If £ > 0 then
lexpli€z)| < 1

for £ in the upper half-plane and hence
l9(&)l < (2m) (R —V2)~?

and

dg‘_QR V2)%

If z <0 then
lexp(i§z)| <1

for € in the lower half-plane and hence
9(€) < (2m) 7 (R—v2)7?

and

/ d§|—23 V2)%

By the Residue Theorem

[ a€rde+ [ g(€)de=2mi Res g(6) +2ri Res g(6)

Ca Cy .
_exp(i(—141i)z) exp( (1 +i)x)
B 2 2
=e "sinx

and

—/@g(é)d&/@g(&)dfzo.

If z > 0 we write

’“””):/clg@d“/cﬁ@d“/cﬁ@dg

:/Clg(g)d§+/cgg(§)df—/049(5)d5
i / 9(€) de + / 9(€) de

C: 2 C4

and take the limit as R — oo to get

k(x) = e “sinz.



Id: 342H-2017-2018-2.m4,v 1.1 2018/03/07 14:36:26 jgs Exp jgs 6

If x <0 we write
ku»=[;m®d£+[¥mad£+[;ﬂadf
— [ s+ [ gepac [ ote)ae

C1 C3 Cs

[ a@de— [ gl ae

Co Cs
and take the limit as R — oo to get

k(x) = 0.
So the fundamental solution is

k(z) = {e‘xsinx if x >0,

0 if z <0.
(b) Let H be the Heaviside function
1 ifx>0
H(x) = ’
(@) {0 if 7 < 0.
Then
O0H =,

O(uH) = (Ou)H +u(0H) = v H + ud = u'H + u(0)d
O*(uH) = u"H + ' (0)d 4+ u(0)06,
(62 +25 4 2)(uH) = (u" 4 2u' + 2u) H + (u/(0) + 2u(0))6 + u(0)d6.
If u satisfies our initial value problem then
(62 +25 +2)(uH) = fH + (B + 20)8 + ads.
uH =6 % (uH) = (p(0)k) x (uH) = k% (p(0)(uH)
=k*(fH+ (8+2a)d+add) =k* fH+ (8+2a)k + adk
If £ > 0 then
u(z) =u(z)H(x)
= /_ k(z —y)f(y)H(y) dy + (B + 20)k(x) + ok’ (z)
= /0 k(z —y) fy) dy + (B + 2a)k(x) + ak/(z)
With the particular fundamental solution found above

u(z) = / e sin(z—y) f(y) dy+ (B +a)e " sinz+ae " cos .
0



