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1. It was shown in lecture that if x1,xs,... are pairwise orthogonal in an
inner product space E and
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Show that if x1,xs, ... are pairwise orthogonal in a Hilbert space E and
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Solution: Since Hilbert spaces are complete it suffices to show that the
sequence of partial sums
n
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is Cauchy. Suppose € > 0. If k£ <[ then
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where
n
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In the second step we used identity for finite sums of pairwise orthogonal
vectors, proved in the lecture notes. Similarly, if £ > [ we have

k 2 k
st = sel®> = 1| D 2l = D s> = ox — o1 = |ov — oxl.
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In either case
l[s1 = sl = |or — 0%l

and this holds trivially also if k = [. By assumption the sequence (o1, 09, .. .)
is convergent and hence Cauchy. Also €2 > 0 so there is an N such that
k,l > N implies

o) — on| < €
and hence

||Sl — Sk” < €.

Hence (s1, $2,...) is Cauchy and hence, since F is Hilbert space, conver-
gent. In other words,
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converges. Once we know this the identity
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follows.

. The functions

z;(t) = t? exp(—t?/2)
in L?(R) are linearly independent. Use them to find an orthonormal set
via Gram-Schmidt.
Note: There are, of course, infinitely many of them, so you’re not going
to be able to list them all. Just find the ones of degree less than 4.
Solution: We need the integral

/ tV exp(—t?)dt =T <2> =<0 if j =2k+1,
! e
- 221}+1 7(2’3:!—1)' Vil j =2k + 2.

For simplicity we start with index 0 rather than index 1. Then

wo(t) = t” exp(—t?/2) = exp(~t*/2),



wolt) = zo(t) = exp(~£2/2),
ool = (olwo) = [ " exp(—12) di = /7.

uo(t) = yo(t)/Ilyoll = 7~ /* exp(~17/2),
£1(t) = 11 exp(—12/2) = texp(—/2),
yi(t) = 21(t) — (w1fuo) uo(t)
=texp(—t?/2) — (/ _ 7 Y4 exp(—t?) dt) V4 exp(—t2/2)
= texp(—t?/2) — 0, = texp(—t?/2),
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ur(t) = yi()/ |y || = 2"/~ At exp(—12/2),
zo(t) = t* exp(—t?/2)
y2(t) = 22(t) — (w2fuo) uo(t) — (22fur) ua (t)
=t? exp(—t?/2) — / V442 exp(—t?) dt) 7Y% exp(—t2/2)
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- (/ 21277 1/43 exp(—12) dt> 2125~ exp(—t2/2)

=t?exp(—t?/2) — 3 exp(—t%/2) — 0 = (t* — 1/2) exp(—t*/2),

ly2ll* = (y2ly2) = /_OO (t* — 1/2)% exp(—t?) dt = %\/7?,

us(t) = ya(t)/|ly2|| = 227 A (#* — 1/2) exp(—17/2),
x3(t) = t3 exp(—t?/2)
ys(t) = z5(t) — (wsluo) uo(t) — (wsfur) ur (t) — (23fuz) uz(t)
=13 exp(—t2/2) — / V443 exp(—t?) dt> a4 exp(—t2/2)
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=t exp(—t?/2) — 0 — gt exp(—t2/2) — 0 = (t* — 3t/2) exp(—t*/2),

lysl|> = (yslys) = /jo (t% — 3t/2)% exp(—t?) dt = Z\/;’

us(t) = ys(0)/llysll = 2- 37122~ VA(E* = 3t/2) exp(—t2/2), ...



3. Suppose {z1,...,2,} C F where F is an inner product space and let A
be the matrix whose j’th row, k’th column is
gk = (z5]Tn) -
(a) Show that A is Hermitian and positive semi-definite.

(b) Show that {x1,...,x,} is linearly dependent if and only if det A = 0.

Solution: That A is Hermitian is clear, since

If

then

n
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where the j’th column of the row vector b is 3; and the star denotes
conjugate transpose. So for any row vector b we have
bAb* >0
because the left hand side is (z|z) for some z € E. This shows that A is
positive semi-definite.

If det A = 0 then there is a non-zero row vector b such that

bAb* =0
Defining 01, ..., 8, and z as above we find that (z]z) = 0 and hence z =0
and
n

DBy =0,

j=1
so {x1,...,x,} is a linearly dependent set.
Conversely, suppose {x1,...,2,} is a linearly dependent set, i.e. that
there are (51, ..., Bn, not all of which are zero, such that

n
> By =0,
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In that case, forming b and z as above, b # 0 and
bAb* =0

so b* is a non-zero vector in the null space of A, which must then have
determinant zero.



4. Suppose that P € L(E),
pP*=p

and, for all z,y € E,
(Pzly) = (z[Py).

Show that there is a closed subspace F' such that P is the orthogonal
projection onto F'.
Solution: Let F be the null space of I—P. F is certainly closed because it’s
the inverse image of the closed set {0} under the continuous function I — P.
If x € E then

r=u-+tv

where
u= Pz, v=(I—-P)z.

Now (I — P)u= (P — P?)x =0, so

u € F.
If y € F then
(I-Ply=0
and hence
Py=Iy=y.
Then

(vly) = (zly) = (uly) = (z]y) = (Pzly) = (z]y) — (x[Py) = (z|y)—(z]y) = 0.
So v is orthogonal to y. Since y € F was arbitrary it follows that
veFt.

The decomposition z = u+ v is therefore the one which was used to define
the orthogonal projection.

5. The proof given in the notes that any orthonormal set is a subset of a
maximal orthonormal set uses Zorn’s Lemma and so is non-constructive.
Give a constructive proof in [%(n), i.e. describe an algorithm which, given
an orthonormal set {u1,...,ux} C I, constructs ujy1, .., Uy, such that
{u1,...,u,} is an orthonormal set.

Note: You can assume for purposes of this problem that you have a way
of doing exact arithmetic in K. If you're feeling adventurous you can try
to give an algorithm which has some hope of working in real life.

Hint: Try to adapt the Gram-Schmidt algorithm.

Solution: Assuming we have an orthonormal set {uy,...,u} with I < n
we can form the vectors

n

Yim = €m — Z (emlu;) u;

j=1



for 1 < m < n, where e,, is the m’th standard basis vector. Since [ < n at
least one of these is non-zero, since otherwise we can write the standard
basis as linear combinations of the smaller set {u1,...,u;}. Choose m; to
be the m which gives the largest value of (y, |y ) and set

Yi,m,
|y, |

Ul+1 = |

We start, of course, with [ = k and in n — k steps we are done. The
resulting set {uq,...,u,} is certainly an orthonormal set, because it’s the
result of applying Gram-Schmidt to {u1, ..., Uk, €mys---s€m,_, - The set
is maximal because if there were a larger one then we’d have a set of more
than n linearly independent vectors in K".



