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1 Inequalities

1.1 Finite Sums

Here and in what follows the real numbers are de-
noted by R and the positive reals by R+. The com-
plex numbers are C and K can be taken to be ei-
ther R or C. Suppose n ≥ 1, x = (ξ1, . . . ξn) ∈ R,
y = (η1, . . . , ηn) ∈ R+ and ϕ is strictly convex. Then

ϕ

(∑n
j=1 ωjξj∑n
j=1 ωj

)
≤
∑n
j=1 ωjϕ (ξj)∑n

j=1 ωj

with equality if and only if all ξ’s are equal. This is
clear if n = 1. For n > 1 it is proved by induction.
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It’s convenient to introduce the quantities

αm =

m∑
j=1

ωjξj , βm =

m∑
j=1

ωj ,

γm =

m∑
j=1

ωjϕ (ξj) .

Our induction hypothesis is then

ϕ((αk/βk) ≤ γk/βk

and we wish to prove the same with k replaced by k+
1. Let

s =
βk
βk+1

, t =
ωk+1

βk+1
, µ =

αk
βk
, ν = ξk+1.

Then s, t ≥ 0 and s + t = 1 so, by the definition of
strict convexity,

ϕ(sµ+ tν) ≤ sϕ(µ) + tϕ(ν).

with equality if and only if µ = ν. Now

sµ =
αk
βk+1

, tν =
ωk+1ξk+1

βk+1
, sµ+ tν =

αk+1

βk+1
,

and hence

ϕ

(
αk+1

βk+1

)
≤ βkϕ (αk/βk) + ωkϕ (ξk+1)

βk+1

with equality if and only if

αk
βk

= ξk+1.

Combining this with the induction hypothesis,

ϕ

(
αk+1

βk+1

)
≤ γk + ωkϕ (ξk+1)

βk+1
=
γk+1

βk+1

with equality if and only if both

αk
βk

= ξk+1.

and ξ1 = ξ2 = · · · = ξk. This happens if and only
if ξ1 = ξ2 = · · · = ξk+1, so the inductive proof is
complete.

We are mostly interested in the special case

n∑
j=1

ωj = 1,

in which case the inequality simplifies to

ϕ

 n∑
j=1

ωjξj

 ≤ n∑
j=i

ωjϕ (ξj) .

This is known as Jensen’s inequality. Clearly we can
allow some of the ω’s to be zero, but nothing is really
gained by doing so.

Taking ξj = log θj with θj ∈ R+ and ϕ = exp in
Jensen’s inequality shows that

n∏
j=1

θ
ωj
j ≤

n∑
j=1

ωjθj

with equality if and only if all a’s are equal. We can
allow some or all of the θ’s to be zero, but nothing is
really gained by doing so. The special case ωj = 1/n, n∏

j=1

θj

1/n

≤
∑n
j=1 θj

n
,

is known as the arithmetic-geometric mean inequality.
Applying the inequality

n∏
j=1

θ
ωj
j ≤

n∑
j=1

ωjθj

to
θj =

σjl∑m
k=1 σjk

with σjk ∈ R+ we find

n∏
j=1

(
σjl∑m
k=1 σjk

)ωj
≤

n∑
j=1

ωj
σjl∑m
k=1 σjk

.

Summing over 1 ≤ l ≤ m gives

m∑
l=1

n∏
j=1

(
σjl∑m
k=1 σjk

)ωj
≤ 1
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or
m∑
l=1

n∏
j=1

σ
ωj
jl ≤

n∏
j=1

(
m∑
l=1

σjl

)ωj
.

Setting σjk = ρ
1/ωk
jk ,

m∑
l=1

n∏
j=1

ρjl ≤
n∏
j=1

(
m∑
l=1

ρ
1/ωj
jl

)ωj
.

If we now specialise to the case n = 2 and write
ξl = c1l, ηl = c2l, p = 1/ω1 and q = 1/ω2 we find
that

m∑
l=1

ξlηl ≤

(
m∑
l=1

ξpl

)1/p( m∑
l=1

ηql

)1/q

if
1

p
+

1

q
= 1.

We have assumed here that ξj , ηj > 0, but this con-
tinues to hold if any are zero, since adding such terms
to the sum leaves the left hand side unchanged and
can only increase the right hand side. If we take
χl = |ξl|, ψl = |ηl| with χl, ψl ∈ K then we get

m∑
l=1

|χlψl| ≤

(
m∑
l=1

|χl|p
)1/p( m∑

l=1

|ψl|q
)1/q

.

Combining this with the triangle inequality gives
Hölder’s inequality∣∣∣∣∣

m∑
l=1

χlψl

∣∣∣∣∣ ≤
(

m∑
l=1

|χl|p
)1/p( m∑

l=1

|ψl|q
)1/q

.

The special case p = q = 2 of Hölder’s inequality
is known as the Cauchy-Schwarz inequality1

∣∣∣∣∣
m∑
l=1

χlψl

∣∣∣∣∣ ≤
√√√√ m∑

l=1

|χl|2

√√√√ m∑
l=1

|ψl|2.

1In the form presented in this section it is due to Cauchy.
The corresponding integral inequality, presented in a later sec-
tion, is due to Bunyakovsky, with a proof which was improved
upon by Schwarz. The integral version and the version for
infinite sums are also usually called Cauchy-Schwarz

Suppose r ≥ 1 and τjk ∈ K for 1 ≤ j ≤ m, 1 ≤
k ≤ n. Let

υk =

m∑
j=1

τjk.

From

|υk|r = |υk||υk|r−1 ≤
m∑
j=1

|τjk||υk|r−1

it follows that

n∑
k=1

|υk|r ≤
m∑
j=1

n∑
k=1

|τjk||υk|r−1.

Applying Hölder’s inequality to the inner sum with
ξk = |τjk|, ηk = |υk|r−1, p = r, q = r/(r − 1), gives

n∑
k=1

|τjk||υk|r−1

≤

(
n∑
k=1

|τjk|r
)1/r ( n∑

k=1

|υk|r
)(r−1)/r

and hence

n∑
k=1

|υk|r ≤

(
n∑
k=1

|υk|r
)(r−1)/rm∑

j=1

(
n∑
k=1

|τjk|r
)1/r

and (
n∑
k=1

|υk|r
)1/r

≤
m∑
j=1

(
n∑
k=1

|τjk|r
)1/r

.

This is Minkowski’s inequality. It is easy to see that
it holds also for r = 1. The special case m = 2, τ1k =
ξk, τ2k = ηk is also called Minkowski’s inequality:(

n∑
k=1

|ξk + ηk|r
)1/r

≤

(
n∑
k=1

|ξk|r
)1/r

+

(
n∑
k=1

|ηk|r
)1/r

.
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1.2 Infinite Sums

Similar inequalities apply also with infinite sums in
place of finite sums. These can be obtained just by
taking limits. For example∣∣∣∣∣

m∑
l=1

χlψl

∣∣∣∣∣ ≤
(

m∑
l=1

|χl|p
)1/p( m∑

l=1

|ψl|q
)1/q

.

for each m and, by definition,

∞∑
l=1

χlψl = lim
m→∞

m∑
l=1

χlψl,

∞∑
l=1

|χl|p = lim
m→∞

m∑
l=1

|χl|p,

and
∞∑
l=1

|ψl|q = lim
m→∞

m∑
l=1

|ψl|q,

so ∣∣∣∣∣
∞∑
l=1

χlψl

∣∣∣∣∣ ≤
( ∞∑
l=1

|χl|p
)1/p( ∞∑

l=1

|ψl|q
)1/q

.

As we’ll see, another way to obtain this is from the
corresponding inequality for integrals, proved in the
next section.

Unlike finite sums, infinite sums need not converge.
The correct interpretation of this inequality is that
the left hand side is finite if the right hand side is,
in which case the left hand side is less than or equal
to the right hand side. In this case that’s a con-
sequence of the fact that absolute convergence of a
sum implies convergence, coupled with the fact that
bounded monotone sequences converge. Similar re-
marks will apply to many inequalities in these notes,
but from now on I will draw attention to them only
if there is something particularly tricky in the proof
of convergence.

A special case of Hölder’s inequality is, as it was
for finite sums, the Cauchy-Schwarz inequality.∣∣∣∣∣

∞∑
l=1

χlψl

∣∣∣∣∣ ≤
√√√√ ∞∑

l=1

|χl|2

√√√√ ∞∑
l=1

|ψl|2.

The analogue of the Minkowski inequality for infi-
nite sums is( ∞∑

k=1

|ξk + ηk|r
)1/r

≤

( ∞∑
k=1

|ξk|r
)1/r

+

( ∞∑
k=1

|ηk|r
)1/r

.

1.3 Integrals

Similar inequalities apply also with integrals in place
of sums. We could try to prove them by writing in-
tegrals as limits of finite sums, but it turns out to
be easier just to mimic the arguments that led to the
inequalities for finite sums. The two basic facts we
need from the theory of integration are that if x is
Lebesgue integrable and

x(t) ≥ 0

for all t then ∫
x(t) ≥ 0

with strict inequality unless x(t) = 0 for almost all t,
i.e. except for t in a set of Lebesgue measure zero,
and that if x is Riemann integrable and

x(t) ≥ 0

for all t then ∫
x(t) ≥ 0

with strict inequality unless x(t) = 0 at all points of
continuity. The domain of integration will play no
role in this section.

Recalling the inequality

n∏
j=1

θ
ωj
j ≤

n∑
j=1

ωjθj

from the section on finite sums, we take n = 2 , ω1 =
1/p and ω2 = 1/q, where

1

p
+

1

q
= 1.
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This gives

θ
1/p
1 θ

1/q
2 ≤ θ1

p
+
θ2

q

with strict inequality unless θ1 = θ2. We apply this
with

θ1 =
|x(t)|p∫
|x(s)|p ds

, θ2 =
|y(t)|q∫
|y(s)|q ds

where x and y are K-valued measurable functions
such that the integrals appearing in the denominator
are finite and non-zero. This gives

|x(t)||y(t)|(∫
|x(s)|p ds

)1/p (∫ |y(s)|q ds
)1/q

≤ 1

p

|x(t)|p∫
|x(s)|p ds

+
1

q

|y(t)|q∫
|y(s)|q ds

.

We then integrate this inequality over t to get∫
|x(t)||y(t)| dt(∫

|x(s)|p ds
)1/p (∫ |y(s)|q ds

)1/q ≤ 1

or ∫
|x(t)||y(t)| dt

≤
(∫
|x(s)|p ds

)1/p(∫
|y(s)|q ds

)1/q

.

The absolute value of the integral is always bounded
by the integral of the absolute value, so∣∣∣∣∫ x(t)y(t) dt

∣∣∣∣
≤
(∫
|x(s)|p ds

)1/p(∫
|y(s)|q ds

)1/q

.

which is Hölder’s inequality for integrals.
If we define

x(t) = χj , y(t) = ψj

for j − 1 ≤ t < j then

∞∑
l=1

χlψl =

∫ ∞
0

x(t)y(t) dt,

∞∑
l=1

|χl|p =

∫ ∞
0

|x(t)|p dt

and
∞∑
l=1

|ψl|q =

∫ ∞
0

|y(t)|q dt,

so ( ∞∑
k=1

|ξk + ηk|r
)1/r

≤

( ∞∑
k=1

|ξk|r
)1/r

+

( ∞∑
k=1

|ηk|r
)1/r

,

reproducing Hölder’s inequality for infinite sums.
The derivation of Minkowski’s inequality from

Hölder’s inequality follows the argument given ear-
lier for finite sums, replacing the sums over k with
integrals and keeping the sums over j as sums. Once
again we can derive the inequality for infinite sums
from the inequality for integrals by choosing x and y
to be constant between non-negative integers.

As with infinite sums, we have to worry about con-
vergence. The intended interpretation of integral in-
equalities where the left hand side is less than or equal
to the right hand side is that if all functions involved
are measurable and the right hand is finite then so is
the left hand side and the inequality holds.

2 Normed Spaces

2.1 Metric Spaces

A metric space is a set E and a function func-
tion d:E × E → R with the properties

1. d(x, y) ≥ 0 with d(x, y) = 0 if and only if x = y,

2. d(x, y) = d(y, x),

3. d(x, y) ≤ d(x, z) + d(y, z)

for all x, y, z ∈ E. The inequality in the last of these
is called the triangle inequality because in the case
where E is the Euclidean plane and d is the usual
notion of distance it says that the length of one side
of a triangle is at most the sum of the lengths of the
other two sides.
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Before exploring the properties of metric spaces,
here are some examples:

1. If p ≥ 1 and K is either R or C then for any
points x = (ξ1, . . . , ξn), y = (η1, . . . , ηn) in E =
Kn we define

d(x, y) =

(
n∑
ν=1

|ξν − ην |p
)1/p

.

This defines a metric space, which we will denote
lp(n). The triangle inequality in this particular
case is just Minkowski’s inequality.

2. With E = Kn again, we can also take

d(x, y) = max
1≤ν≤n

|ξν − ηn| .

The resulting metric space is denoted l∞(n).

3. The set C([a, b]) of continuous K-valued func-
tions on a closed interval [a, b] with the metric

d(x, y) = max
a≤t≤b

|x(t)− y(t)|

is a metric space.

4. If T is a non-empty set then the set B(T ) of
bounded K-valued functions on T forms a metric
space with metric

d(x, y) = sup
t∈T
|x(t)− y(t)| .

In the case T = {1, . . . , n} the supremum is a
maximum, and we get the space l∞(n) consid-
ered earlier.

5. The set (s) of all sequences in K with

d(x, y) =

∞∑
n=1

1

2n
|ξn − ηn|

1 + |ξn − ηn|

is a metric space. The only part of this which
is not obvious is the triangle inequality. To see
this, note that if

0 ≤ σ ≤ τ

for σ, τ ∈ R then

σ

1 + σ
≤ τ

1 + τ
.

Apply this with σ = |α + β|, τ = |α| + |β| to
obtain

|α+ β|
1 + |α+ β|

≤ |α|+ |β|
1 + |α|+ |β|

≤ |α|
1 + |α|

+
|β|

1 + |β|
,

Apply this with α = ξn − ζn and β = ζn − ηn
then multiply by 1/2n and sum over n, to obtain

d(x, y) ≤ d(x, z) + d(y, z).

6. Another example is the set E of functions from
{1, . . . , n} to {0, 1} and d(x, y) the number of ν
for which x(ν) and y(ν) differ. This d is known
as the Hamming distance.

7. For any set E

d(x, y) =

{
0, if x = y ,
1, if x 6= y

is a metric, called the discrete metric.

We define open and closed balls in the usual way and
then open and closed subsets.

On a metric space we can define a notion of conver-
gence of sequences: xn → y if and only if for all ε > 0
there is an N such that n > N implies d(xn, y) < ε.

For example, in C([a, b]) we have xn → y if, for
all ε > 0 there is an N such that n > N implies

max
a≤t≤b

|xn(t)− y(t)| < ε.

Equivalently, for all ε > 0 there is an N such that for
all a ≤ t ≤ b and n > N we have

|xn(t)− y(t)| < ε.

This is what is called uniform convergence in Analy-
sis. It is not the same as pointwise convergence, which
would mean that for all ε > 0 and a ≤ t ≤ b there is
an N such that for all n > N we have

|xn(t)− y(t)| < ε.
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Uniform convergence implies pointwise convergence,
but not conversely.

Returning to the general theory, it follows from the
defining properties of a metric space that the limit, if
it exists, is unique. If xn → y then, for any ε > 0, we
have also ε/2 > 0 and hence there is an N such that
n > N implies d(xn, y) < ε/2. Also, if m > N then
d(xm, y) < ε/2. It then follows from the triangle
inequality that d(xm, xn) < ε. We call a sequence
Cauchy if, for every ε > 0, there is an N such that
m,n > N implies d(xm, xn) < ε, so what we’ve just
shown is that every convergent sequence is Cauchy.
A metric space in which the converse holds is called
complete.

A subset of a metric space is a metric space. A
complete subset is necessarily a closed subset. A
closed subset of a complete metric space is also com-
plete.

A subset of a metric space is called compact if ev-
ery bounded sequence has a convergent subsequence.2

Compact subsets of metric spaces are always closed
and bounded. The converse is true in lp(n), but not
in general.
Continuity of functions from one metric space to

another can be defined either in the usual δ-ε way or
by saying that the pre-image of an open set is open.
These are equivalent. The image of a compact subset
under a continuous function is compact. One easy
consequence of this is that every continuous function
from a compact set to R has both a minimum and a
maximum.

2.2 Vector Spaces

A vector space E over K is defined via the usual
axioms:

1. for every x, y, z ∈ E, x+ (y + z) = (x+ y) + z ,

2. for every x, y ∈ E, x+ y = y + x ,

3. there is a 0 ∈ E such that for every x ∈ E,
x+ 0 = x,

2This definition turns out not to generalise well to more
general topological spaces. A better definition from that point
of view is that every open cover has a finite subcover. But the
two statements are equivalent in the case of metric spaces and
we’ll find the sequential definition easier to use.

4. for any x ∈ E there is a −x ∈ E such that
x+ (−x) = 0.

5. for every α ∈ K and x, y ∈ E, α(x+y) = αx+αy,

6. for every α, β ∈ K and x ∈ E, (α+ β)x = αx+
βx,

7. for every α, β ∈ K and x ∈ E, (αβ)x = α(βx),
and

8. for every x ∈ E, 1x = x.

The elementary consequences of these definitions,
and the definition and properties of subspaces, sums,
products, linearly independent and spanning sets will
be assumed to be familiar, as will the fact that the
space of linear functions on a vector space is also a
vector space.

The following are examples of vector spaces:

1. the set Kn of n-tuples of elements of K, includ-
ing K = K1,

2. the set (s) of all sequences,

3. the set lp of all sequences (ξ1, ξ2, . . .) for which∑
n∈Z+ |ξn|p converges, for 1 ≤ p <∞,

4. the set l∞ of bounded sequences,

5. the set (c) of convergent sequences,

6. the set (c0) of convergent sequences with limit 0,

7. the set B(T ) of bounded functions on a set T ,

8. the set C([a, b]) of continuous functions on the
closed bounded interval [a, b],

9. the set C0(R) of continuous functions on R
which vanish at infinity, i.e. for which

lim
t→∞

x(t) = 0,

10. The set BV ([a, b]) of functions of bounded vari-
ation on [a, b], i.e. those for which there is a uni-
form bound for

∑
1≤j≤n−1 |x(tj+1)−x(tj)| for all

increasing finite sequences t1 ≤ · · · ≤ tn ∈ [a, b].
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If ek is the sequence whose k’th term is 1 and all
others are zero then the set of all ek is linearly inde-
pendent in (s), lp, l∞, (c) and (c0), but doesn’t span
any of these. Similarly the monomials tk are linearly
independent in C([a, b]) and C(n)([a, b]) if a < b, but
do not span.

2.3 Linear Transformations

Linear transformations are functions A:E → F from
one K-vector space to another such that

A(x+ y) = Ax+Ay, A(αx) = αAx.

The set of such functions is itself a vector space and
satisfies the identities

A(BC) = (AB)C, A(B + C) = AB +AC,

(A+B)C = AB+BC, α(AB) = (αA)B = A(αB).

The identity transformation I:E → E given by Ix =
x serves as a multiplicative identity. Powers are de-
fined in the usual way, including the inverse A−1, if
it exists. It satisfies the relation

(AB)−1 = B−1A−1.

The image and null space3 are defined as usual. They
are written as A(E) and N(E). Projections are linear
transformations P :E → E such that P 2 = P .

2.4 Normed Spaces

A semi-norm on a vector space E is a function p:E →
R such that

1. for all x ∈ E, p(x) ≥ 0,

2. for all α ∈ K and x ∈ E, p(αx) = |α|p(x), and

3. for all x, y ∈ E, p(x, y) ≤ p(x) + p(y).

3In Linear Algebra this is also often called the ‘kernel’, but
this term is not used in Functional Analysis, because linear
transformations are often defined as integral operators, and
the word ‘kernel’ has a different meaning in that context.

A norm is a semi-norm such that p(x) > 0 for x 6= 0.
Usually we write norms not using functional nota-
tion, as above, but as ‖x‖, by analogy with absolute
values. When there is ambiguity as to which of var-
ious possible norms is meant we may use subscripts,
e.g. ‖x‖p.

The last inequality above, which becomes

‖x+ y‖ ≤ ‖x‖+ ‖y‖

in our new notation, is called the triangle inequality,
because

d(x, y) = ‖x− y‖

is a metric, called the induced metric, and the triangle
inequality for norms is used in the proof of the cor-
responding inequality for metrics. In case the space
is complete in the induced metric we call the normed
space a Banach space.

A subspace of a normed space is also a normed
space, but a subspace of a Banach space need not be
a Banach space because, while a Cauchy sequence in
the subspace is a Cauchy sequence also in the larger
space, and hence convergent, its limit might not be-
long to the subspace. Closed subspaces of Banach
spaces are however Banach spaces.

The following are examples of Banach spaces.
Some have already been introduced as metric spaces
and in each case the metric is easily seen to be the
induced metric from the norm given below.

1. the space lp(n) with 1 ≤ p <∞ and

‖x‖p =

(
n∑
k=1

|ξk|p
)1/p

or p =∞ and

‖x‖∞ = max
1≤k≤n

|ξk|,

2. lp with

‖x‖p =

 ∑
1≤k<∞

|ξk|p
1/p

for 1 ≤ p <∞,
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3. l∞, the space of bounded sequences with

‖x‖∞ =
∞

sup
k=1
|ξk|,

4. the space (c) of convergent sequences, with the
same norm as l∞, of which it is a subset,

5. the space (c0) of sequences converging to 0, again
with the same norm,

6. the space B(T ) of bounded functions on a set T ,
with the norm

‖x‖ = sup
t∈T
|x(t)|,

7. the subspace C([a, b]) of B([a, b]), consisting of
bounded continuous functions with the same
norm.

The completeness of lp is not obvious. Suppose
(x1, x2, . . .) is a Cauchy sequence, so for any ε′ > 0
there is an N such that for k, l > N ,

‖xk − xl‖p =

 ∑
1≤n<∞

|ξ(k)
n − ξ(l)

n |p
1/p

< ε′.

Here
xk = (ξ

(k)
1 , ξ

(k)
2 , . . .).

This notation isn’t great, but when we’re dealing with
sequences of sequences there really isn’t a notation
which isn’t at least somewhat confusing. Then for
each n we have

|ξ(k)
n − ξ(l)

n | < ε′

and so (ξ
(1)
n , ξ

(2)
n , . . .) is a Cauchy sequence in K, and

hence converges. Call its limit ηn. From( ∞∑
n=1

|ξ(k)
n − ξ(l)

n |p
)1/p

< ε′

it follows that(
m∑
n=1

|ξ(k)
n − ξ(l)

n |p
)1/p

< ε′

for each m ∈ Z+. We can exchange limits with dif-
ferences, absolute values, powers and finite sums. We
can also exchange limits with non-strict inequalities
so, taking the limit as l→∞,(

m∑
n=1

|ξ(k)
n − ηn|p

)1/p

≤ ε′.

Then, taking the limit as m→∞,( ∞∑
n=1

|ξ(k)
n − ηn|p

)1/p

≤ ε′

and so the sequence (ξ
(k)
1 − η1, ξ

(k)
2 − η2, . . .) belongs

to lp and then, because lp is a vector space, and hence
closed under addition, y = (η1, η2, . . .) belongs to lp.
Thus

‖xk − y‖ ≤ ε′

for k > N . Now, for any ε > 0 we can find an ε′ > 0
with ε′ < ε and hence, with N as above,

‖xk − y‖ < ε

for k > N . Since ε was arbitrary except for the re-
quirement that ε > 0 it follows that xk → y in lp.

The completeness of (c) is even farther from obvi-

ous. Suppose xj = (ξ
(j)
1 , ξ

(j)
2 , . . .) ∈ (c) and xj is a

Cauchy sequence in (c). By definition, for each ε′ > 0
there is an M ∈ Z+ such that j, k > M implies

‖xj − xk‖ = sup
l∈Z+

|ξ(j)
l − ξ

(k)
l | < ε′,

i.e. that

|ξ(j)
l − ξ

(k)
l | < ε′

for all j, k > M and l ∈ Z+. It follows that for each

l ∈ Z+, (ξ
(1)
l , ξ

(2)
l , . . .) is a Cauchy sequence in K and

hence has a limit

ηl = lim
j→∞

ξ
(j)
l .

Also, taking the limit k →∞ in the inequality above,

|ξ(j)
l − ηl| ≤ ε

′

9



for all j > M and l ∈ Z+. Note that this M depends
only on ε′.

Now xj ∈ (c) so there is a ζ(j) such that

lim
l→∞

ξ
(j)
l = ζ(j).

In other words, for each ε′ > 0 there is an Nj such
for l > Nj we have

|ξ(j)
l − ζ

(j)| < ε′.

It follows that z = (ζ(1), ζ(2), · · ·) is a Cauchy se-
quence. Indeed, for any ε > 0 we can take4

ε′ =
ε

6

Clearly ε′ > 0. There is therefore an M , as above
such that

|ξ(j)
l − ξ

(k)
l | < ε′

for all l > M and j, k ∈ Z+. This applies in particular
if l > max(Nj , Nk), in which case

|ξ(j)
l − ζ

(j)| < ε′, |ξ(k)
l − ζ(k)| < ε′.

Then, by the triangle inequality,

|ζ(j) − ζ(k)| < ε′ + ε′ + ε′ < ε.

Thus there is, for each ε > 0, an M such that if
j, k > M then

|ζ(j) − ζ(k)| < ε,

i.e. z is a Cauchy sequence in K. It is therefore
convergent. Define

ω = lim
j→∞

ζ(j).

Taking the limit in the inequality

|ζ(j) − ζ(k)| < ε′ + ε′ + ε′

gives
|ζ(j) − ω| ≤ 3ε′,

4Clearly the 6 in the equation below could be replaced by
3, but we will leave some slack for later parts of the argument

which will be useful later.
We next show that

lim
l→∞

ηl = ω.

There is, as we’ve already established, an M > 0 such
that

|ξ(j)
l − ηl| ≤ ε

′

for j > M and l ∈ Z+ and

|ζ(j) − ω| ≤ 3ε′

for j > M . There is also an Nj such that

|ξ(j)
l − ζ

(j)| < ε′

for l > Nj . Choose any such j and then any such l.
Then by the triangle inequality

|ηl − ω| < ε′ + 3ε′ + ε′ = 5ε′ < ε.

So there is for every ε > 0 an M such that

|ηl − ω| < ε

for all l > M . In other words,

lim
l→∞

ηl = ω.

This shows that
y ∈ (c).

Finally, we show that

lim
j→∞

xj = y

in the norm on (c). We’ve already seen that there is,
for each ε > 0, an M such that for all j > M

|ξ(j)
l − ηl| ≤ 5ε′

and hence

‖xj − y‖ = sup
l∈Z+

|ξ(j)
l − ηl| ≤ 5ε′ < ε.

So for any ε > 0 there is a j > M such that

‖xj − y‖ ≤ ε < ε′′′,

10



and we’re done.
The fact that (c0) is complete is just the above

argument, plus the observation that the relation

lim
l→∞

ηl = ω,

proved above, implies that if

ζ(j) = lim
l→∞

ξ
(j)
l = 0

for all j ∈ Z+ then

lim
l→∞

ηl = ω = lim
j→∞

ζ(j) = 0.

2.5 Bounded Linear Transformations

Suppose E and F are normed spaces and A:E → F
is a linear transformation A λ ∈ R such that for all
x ∈ E we have

‖Ax‖ ≤ λ‖x‖,

is called a bound for A. There need not be any bound.
Note that the norms on the different sides of the in-
equality are generally different. On the left we have
the norm on F , while on the right we have the norm
on E. Linear transformations which have a bound are
called bounded. The set of all such transformations is
written L(E,F ), with L(E,E) being abbreviated to
L(E).

If A ∈ L(E,F ) and xn → x in E then

‖Axn −Ax‖ = ‖A(xn − x)‖ ≤ λ‖xn − x‖ → 0,

from which it follows that Axn → Ax. In other
words, A is continuous. On the other hand, if
A:E → F is linear but not bounded then no n ∈ Z+

is a suitable choice of λ, so there is an xn ∈ E such
that

‖Axn‖ > n‖xn‖.

Then, setting

yn =
xn
‖xn‖

, zn =
yn
‖Ayn‖

=
xn
‖Axn‖

,

we have
‖yn‖ = 1, ‖Ayn‖ → ∞,

zn → 0, ‖Azn‖ = 1.

This is incompatible with Azn → 0, so A is not con-
tinuous. In other words, linear transformations are
bounded if and only if they are continuous.

If E 6= 0 then any bound is non-negative, as we will
show below, so the set of bounds, if it’s non-empty
has an infimum. In fact it must have a minimum,
since we can, for each x ∈ E, take the limit as λ
tends to its infimum in the inequality

‖Ax‖
‖x‖

≤ λ.

The minimum bound is called the norm of A and is
denoted ‖A‖. To justify this notation and terminol-
ogy we need to check that this satisfies the defining
properties of a norm on the vector space L(E,F ).

First we check that ‖A‖ ≥ 0 with equality if and
only if A = 0, assuming still that E 6= 0. If ‖A‖ < 0
and x 6= 0 then ‖x‖ > 0 and ‖Ax‖ ≤ ‖A‖‖x‖ < 0,
which is impossible. If A = 0 then 0 is clearly a
bound and all bounds are non-negative, so it must
be the minimal bound ‖A‖. Conversely, if ‖A‖ = 0
then ‖Ax‖ ≤ ‖A‖‖x‖ = 0 for all x ∈ E and hence
Ax = 0 for all x ∈ E and therefore A = 0.

Next we show that ‖αA‖ = |α|‖A‖. We observe
that for any x ∈ E

‖αAx‖ = |α|‖Ax‖ ≤ |α|‖A‖‖x‖.

From this it follows that |α|‖A‖ is a bound for αA,
but we don’t yet know that it’s the minimal bound.
In other words, all we know at this stage is that

‖αA‖ ≤ |α|‖A‖.

It’s clear that

‖αA‖ = |α|‖A‖

if α = 0, because both sides of the equation are then
zero. If α 6= 0 then we observe that, for any x ∈ E,

‖α−1αAx‖ = |α−1|‖αAx‖ ≤ |α−1|‖αA‖‖x‖.

From this it follows that |α−1|‖αA‖ is a bound for
α−1αA = A, so

‖A‖ ≤ |α−1|‖αA‖ = |α|−1‖αA‖

11



or, equivalently,

‖αA‖ ≥ |α|‖A‖.

This combined with the reverse inequality, which we
derived previously, implies

‖αA‖ = |α|‖A‖.

Finally we show that ‖A + B‖ ≤ ‖A‖ + ‖B‖. For
any x ∈ E,

‖(A+B)x‖= ‖Ax+Bx‖ ≤ ‖Ax‖+ ‖Bx‖
≤ ‖A‖‖x‖+ ‖B‖‖x‖
= (‖A‖+ ‖B‖)‖x‖.

Thus ‖A‖+ ‖B‖ is a bound for A+B. The minimal
bound is at most this large, so

‖A+B‖ ≤ ‖A‖+ ‖B‖.

If A ∈ (F,G) and B ∈ (E,F ) then, for all x ∈ E,

‖ABx‖ ≤ ‖A‖‖Bx‖ ≤ ‖A‖‖B‖‖x‖.

Thus ‖A‖‖B‖ is a bound for AB, which means that
AB ∈ L(E,G) and

‖AB‖ ≤ ‖A‖‖B‖.

From the preceding result we can prove by induc-
tion on n that

‖An‖ ≤ ‖A‖n

if A ∈ L(E). The inequality can be strict, as we can
see by taking E to be finite dimensional and A to be
nilpotent, but non-zero.

If An → A in L(E,F ) then Anx→ Ax in F for all
x ∈ E. This is easily seen, since

‖Anx−Ax‖ = ‖(An −A)x‖ ≤ ‖An −A‖‖x‖ → 0

if An → A. The converse is however false. For a
counterexample, consider An ∈ L(l1) defined by

An(ξ1, ξ2, . . .) = (ξ1, . . . , ξn, 0, 0, . . .).

If F is a Banach space then so is L(E,F ). To see
this, suppose (A1, A2, . . .) is a Cauchy sequence in

L(E,F ), i.e. that there is for every ε > 0 an N such
that if j, k > N then

‖Aj −Ak‖ < ε.

If x ∈ E is non-zero and ε′ > 0 then

ε =
ε′

‖x‖
> 0

and

‖Ajx−Akx‖= ‖(Aj −Ak)x‖ ≤ ‖Aj −Ak‖‖x‖
< ε‖x‖ = ε′.

So there is, for each ε′ > 0, an N such that j, k > N
implies

‖Ajx−Akx‖ < ε′.

In other words, (A1x,A2x, . . .) is a Cauchy sequence
in F . But F is complete, so the sequence has a limit,
which we call Ax. We also define A0 = 0. It is
straightforward to show that A, thus defined, is linear
and bounded, and that An → A in L(E,F ).

Addition, scalar multiplication and multiplication
are all continuous. If An → A and Bn → B then
An + Bn → A + B. Given ε > 0 set ε′ = ε/2. Then
there are NA and NB such that j > NA implies

‖Aj −A‖ < ε′

and j > NB implies

‖Bj −B‖ < ε′.

If N = max(NA, NB) then j > N implies

‖(Aj +Bj)− (A+B)‖= ‖(Aj −A) + (Bj −B)‖
≤ ‖(Aj −A)‖

+ ‖(Bj −B)‖
< ε′ + ε′ = ε.

So An +Bn → A+B, as promised. This proof is the
same as the proof of the corresponding property of
real or complex numbers. The proofs for multiplica-
tion also follow from those for real or complex num-
bers, just replacing absolute values by norms where
needed.

One thing which may be unexpected if your intu-
ition is based on finite-dimensional vector spaces is
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that there are A ∈ L(E) with zero nullspace which
are not invertible. An example in (C[0, 1]) is

(Ax)(t) = tx(t).

We have |tx(t)| ≤ |x(t)| for t ∈ [0, 1], so

‖Ax‖= max
0≤t≤1

|(Ax)(t)| = max
0≤t≤1

|tx(t)|

≤ max
0≤t≤1

|x(t)| = ‖x‖.

Thus A is bounded.
If Ax = 0 then tx(t) = 0 for 0 ≤ t ≤ 1 so x(t) = 0

for 0 < t ≤ 1 and then, by continuity, for 0 ≤ t ≤ 1,
so x = 0. So the nullspace of A is 0.

But A is not invertible. There is no x ∈ C([0, 1])
such that Ax = y where

y(t) =
√
t.

2.6 Normed Spaces of Finite Dimen-
sion

Suppose x1, . . .xn are linearly independent vectors
in a normed vector space E. Then there is a µ ∈ R+

such that
n∑
j=1

|βj | ≤ µ

∥∥∥∥∥∥
n∑
j=1

βjxj

∥∥∥∥∥∥
for all β1, . . . , βn ∈ K. To see this, consider
X: l1(n)→ E defined by

X((α1, . . . , αn)) = α1x1 + · · ·+ αnxn.

Let a = (α1, . . . , αn) ∈ l1(n). By the properties of
the norm,

‖Xa‖= ‖α1x1 + · · ·+ αnxn‖
≤ |α1|‖x1‖+ · · ·+ |αn|‖xn‖
≤ λ(|α1|+ . . . |αn|) = λ‖a‖,

where

λ = max
1≤j≤n

‖xj‖.

So X is bounded and hence continuous. The set

M = {a ∈ l1(n): ‖a‖ = 1}

is a closed and bounded subset of the finite dimen-
sional space l1(n) and thus is compact. So then is
XM . The norm is a continuous function on XM and
hence has a minimum, which we will call µ. It must
be non-negative, but it can’t be 0, since x1, . . . , xn
are linearly independent. It follows that µ > 0. If
β1, . . . , βn are not all zero then, defining

αj = βj/

n∑
k=1

|βk|,

we have
n∑
j=1

|αj | = 1,

which, by the definition of µ, implies

1 ≤ µ

∥∥∥∥∥∥
m∑
j=1

αjxj

∥∥∥∥∥∥ .
Equivalently,

n∑
j=1

|βj | ≤ µ

∥∥∥∥∥∥
m∑
j=1

βjxj

∥∥∥∥∥∥ .
The same is clearly still true when we drop the as-
sumption that β1, . . . , βn are not all zero. This is
exactly what was claimed earlier.

It follows from this that if {x1, . . . , xn} is a basis
for E,

yk =

n∑
j=1

α
(k)
j xj ,

and

z =

n∑
j=1

γjxj

then yn → z if and only if α
(n)
j → γj for each j.

Since this condition is independent of the choice of
norm it follows that all norms on a finite dimensional
vector space are equivalent. In particular, every finite
dimensional vector space is complete, and therefore
also closed. A further consequence is that every lin-
ear function from finite dimensional vector space to
a a normed vector space is continuous. To see this,
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suppose A:E → F is linear and that {x1, . . . , xn} is
a basis for E. Suppose further that yn → z in E. Let
the coefficients with respect to the given basis be

yk =

n∑
j=1

α
(k)
j xj ,

and

z =

n∑
j=1

γjxj .

Then, as we saw above, α
(n)
j → γj for each j. Then

Ayk =

n∑
j=1

α
(k)
j Axj →

n∑
j=1

γjAxj

=A

 n∑
j=1

γjxj

 = Az.

The Riesz Lemma states that if F is a closed proper
subspace of a normed space E then there is, for each
η ∈ (0, 1), a vector x ∈ E such that

‖x‖ = 1

and, for all y ∈ F ,

‖x− y‖ ≥ η.

To prove this, first note that F is a proper subspace,
so there is a z /∈ F . Set

δ = inf
y∈F
‖y − z‖.

There is then a sequence yn such that ‖yn − z‖ →
δ. We know that δ > 0, because otherwise yn →
z, which would contradict the assumption that F is
closed. Now η ∈ (0, 1), so δ/η > δ and hence there is
a w ∈ F with 0 < ‖w− z‖ ≤ δ/η. Let γ = 1/‖w− z‖
and

x = −γ(w − z).

Then ‖x‖ = 1 and, for all y ∈ F ,

‖y − x‖= ‖y + γ(w − z)‖ = ‖(y + γw − γz‖

= γ

∥∥∥∥( 1

γ
y + w

)
− z
∥∥∥∥ ≥ η

δ
δ = η.

since γ ≥ η/δ and (1/γ)y + w ∈ F .
As a corollary, a normed vector space E is finite

dimensional if and only if every bounded sequence
has a convergent subsequence.

Suppose that E is finite dimensional, i.e. that
{x1, . . . , xn} is a basis for E, and (y1, y2, . . .) is a
bounded sequence in E, i.e. that there is a γ such
that ‖yk‖ ≤ γ for all k ∈ Z+. Take coordinates with
respect to the basis,

yk =

n∑
j=1

α
(k)
j xj .

Then there is a µ such that

n∑
j=1

|α(k)
j | ≤ µ

∥∥∥∥∥∥
n∑
j=1

α
(k)
j xj

∥∥∥∥∥∥ = µ‖yk‖ ≤ µγ.

Let
ak = (α

(k)
1 , . . . , α(k)

n ).

Then (a1, a2, . . .) is a bounded sequence in l1(n). It
therefore has a convergent subsequence akl → b =
(β1, . . . , βn). But then, for each j ∈ {1, . . . , n}, we

have α
(kl)
j → βj as l → ∞. From this it follows, as

we’ve already seen, that ykl → z, where z = β1x1 +
· · · + βnxn. So if E is finite dimensional then every
bounded sequence has a convergent subsequence.

Suppose now that E is infinite dimensional and
choose x1 ∈ E with

‖x1‖ = 1.

Let F1 be the span of {x1}. Being finite dimensional,
it must be closed and so, by the Riesz Lemma with
η = 1/2, there is an x2 ∈ E with

‖x2‖ = 1

and
‖x2 − y‖ ≥ 1/2

for all y ∈ F1. Let F2 be the span of {x1, x2} and
find an x3 with

‖x3‖ = 1

and
‖x3 − y‖ ≥ 1/2
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for all y ∈ F2. Since E is infinite dimensional we can
continue this procedure indefinitely, constructing a
sequence (x1, x2, . . .) in E which is bounded, because

‖xk‖ = 1

for all k, but no subsequence of which is convergent,
because

‖xkl − xkm‖ ≥ 1/2

for all l,m ∈ Z+ and so the Cauchy criterion fails for
ε = 1/2. So if E is infinite dimensional then there is
a bounded sequence with no convergent subsequence.

It follows from this, and from the definition of com-
pactness, that the following statements are equivalent
for a normed space E:

1. E is finite dimensional.

2. Every closed bounded subset of E is compact.

3. The closed unit ball in E is compact.

2.7 Geometric Series

Convergence of series in a normed space is defined in
the usual way, as a limit of finite sums:

∞∑
j=i

xj = lim
n→∞

n∑
j=1

xj .

If
∞∑
j=i

‖xj‖

converges then
∞∑
j=i

xj

is Cauchy. This follows immediately from∥∥∥∥∥∥
k∑
j=i

xj −
l∑
j=i

xj

∥∥∥∥∥∥ ≤
k∑
j=i

‖xj‖ −
l∑
j=i

‖xj‖,

which is a consequence of the triangle inequality,
combined with the fact that

σn =

n∑
j=i

‖xj‖.

is a Cauchy sequence. If our normed space is a Ba-
nach space then

∞∑
j=i

xj

converges. It is easy to see then that∥∥∥∥∥∥
∞∑
j=i

xj

∥∥∥∥∥∥ ≤
∞∑
j=i

‖xj‖.

Indeed the partial sums all have the right hand side as
a bound, as a consequence of the triangle inequality,
so the infinite sum must as well, since it’s a limit
of partial sums and the norm is continuous. So the
comparison test works for series in a Banach space.

If K ⊆ L(E) and

∞∑
j=0

Kj

converges then, using the fact that multiplication is
continuous,

K

∞∑
j=0

Kj =

∞∑
j=1

Kj =

∞∑
j=0

Kj − I

and similarly ∞∑
j=0

Kj

K =

∞∑
j=0

Kj − I

and hence
∞∑
j=0

Kj = (I −K)
−1
.

The series need not converge, of course, but it will,
by the comparison test, if

‖K‖ < 1

and the space is a Banach space. In fact, we have∥∥∥(I −K)
−1
∥∥∥ ≤ (1− ‖K‖)−1

in that case.
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2.8 Normed Algebras

An algebra is a vector space with a multiplication
satisfying

x(yz) = (xy)z, α(xy) = (αx)y = x(αy),

x(y + z) = xy + xz, (x+ y)z = xz + yz.

A commutative algebra satisfies

xy = yx

in addition. Since we’re considering vector spaces
there is automatically a zero element, i.e. an additive
identity. There may or may not be a multiplicative
identity, i.e. an element e such that

xe = x = ex.

This element, if it exists, is necessarily unique.
For example, the space L(E), where E is a normed

space, is a non-commutative5 algebra with the iden-
tity transformation as multiplicative identity. The
space C([a, b]), with multiplication defined by

(xy)(t) = x(t)y(t)

is a commutative algebra with a multiplicative iden-
tity consisting of the function which is equal to 1
everywhere.

A normed algebra is a normed space which is also
an algebra with multiplication satisfying

‖xy‖ ≤ ‖x‖‖y‖.

As in the special case of L(E) , addition, scalar mul-
tiplication and multiplication are necessarily contin-
uous and

‖xn‖ ≤ ‖x‖n

in any normed algebra.
A normed algebra whose induced metric is com-

plete is called a Banach algebra. An example of a
commutative Banach algebra is the space l1(Z) con-
sisting of functions on x: Z→ K with∑

j∈Z

|x(j)| <∞.

5provided dim(E) > 1

Addition, scalar multiplication and multiplication are
defined by

(x+ y)(j) = x(j) + y(j), (αx)(j) = αx(j),

(xy)(j) =

∞∑
k∈Z

x(j − k)y(k).

It has the multiplicative identity

e(j) =

{
1 if j = 0 ,
0 if j 6= 0 .

Just as for sequences, i.e. functions from Z+ to K,
we often use subscript notation in place of functional
notation. In other words, we write ξj in place of x(j).

Geometric series may be defined in a Banach al-
gebra with multiplicative identity, just as they were
in L(E). If ‖x‖ < 1 in such an algebra then e− x is
invertible, with

(e− x)−1 =

∞∑
j=0

xj .

More generally, if y is invertible then so is x for all x
with ‖x− y‖ < 1/‖y−1‖. To see this, observe that

‖y−1(y − x)‖ ≤ ‖y−1‖‖y − x‖ < 1

and so e− y−1(y − x) = y−1x is invertible. Let

z =
(
y−1x

)−1
y−1

Then zx = e. Similarly

‖(y − x)y−1‖ ≤ ‖y − x‖‖y−1‖ < 1

so e− (y − x)y−1 = xy−1 is invertible. Let

w = y−1
(
xy−1

)−1
.

Then xw = e. It follows that

w = ew = zxw = ze = z

and so
zx = e = xz.

In other words, z is an inverse to x, which is therefore
invertible. Since each invertible element is contained
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in a ball where every element is invertible we conclude
that the set of invertible elements in a Banach algebra
is open.

With x and y as above we have

x−1 − y−1 = y−1(y − x)
(
e− y−1(y − x)

)−1
y−1,

from which it follows that

∥∥x−1 − y−1
∥∥ ≤ ∥∥y−1

∥∥2 ‖x− y‖
1− ‖y−1‖ ‖x− y‖

.

From this it follows that inversion is a continuous
function on the set of invertible elements.

2.9 The Banach Fixed Point Theorem

Suppose that E is a complete metric space with met-
ric d and X ⊆ E. A function f :X → E is said to be
a contraction mapping on X if there is a q ∈ (0, 1)
such that for all x, y ∈ X

d(f(x), f(y)) ≤ qd(x, y).

This implies in particular that f is continuous on X.
Given x0 ∈ X we can define a sequence (x1, x2, . . .)

i E by
xn+1 = f(xn)

for n ≥ 0. If the ball of radius

ρ =
1

1− q
d(x0, f(x0))

about x0 is contained in X then, by generalised in-
duction,

d(xn, xn+1) ≤ qnd(x0, f(x0)),

d(x0, xn+1) ≤ 1− qn+1

1− q
d(x0, f(x0))

xn+1 ∈ X.

The first two statements are clear for n = 0, because
they then reduce to the d(x0, x1) is less than or equal
to itself. The third of these statements follows, not
just for n = 0 but for all n ≥ 0, from the second,
because

1− qn+1

1− q
d(x0, f(x0)) < ρ.

Suppose then the statements above hold for n = k.
Then xk, xk+1 ∈ X, so

d(xk+1, xk+2) = d(f(xk), f(xk+1) ≤ qd(xk, xk+1)

=≤ qqkd(x0, f(x0))

= qk+1d(x0, f(x0)).

Then

d(x0, xk+2)≤ d(x0, xk+1) + d(xk+1, xk+2)

≤ 1− qk+1

1− q
d(x0, f(x0))

+ qk+1d(x0, f(x0))

=
1− qk+2

1− q
d(x0, f(x0)).

These are the first two of our three statements with
n = k + 1 and the third, as noted previously, follows
from these, so this completes the induction. A further
induction shows that if j ≤ k then

d(xj , xk) ≤ qj − qk+1

1− q
d(x0, f(x0)).

It then follows that if j, k > N then

d(xj , xk) <
qN+1

1− q
d(x0, f(x0)).

so there is, for every ε > 0, an N such that j, k > N
implies

d(xj , xk) < ε.

In fact any N greater than or equal to

1 +
log
(

(1−q)ε
d(x0,f(x0))

)
log q

will work if f(x0) 6= x0 and any N will work if x0 =
f(x0). So the sequence (x1, x2, . . .) is Cauchy, and
hence converges to a limit point in X. Let

z = lim
j→∞

xj .

Then

f(z) = lim
j→∞

f(xj) = lim
j→∞

xj+1 = z.
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So z is a fixed point of f . Taking limits in

d(x0, xn+1) ≤ 1− qn+1

1− q
d(x0, f(x0))

shows that

d(x0, z) ≤ ρ.

Suppose w ∈ X is a fixed point of f , i.e. that

w = f(w).

Then

d(w, z) = d(f(w), f(z)) ≤ qd(w, z)

and hence

(1− q)d(w, z) ≤ 0.

But 1− q > 0 so

d(w, z) ≤ 0.

The reverse inequality is also true, since d is a metric,
so d(w, z) = 0 and hence

w = z.

What we’ve shown is that if E is a complete metric
space, X is a closed subset of E,

d(f(x), f(y)) ≤ qd(x, y).

for some q ∈ (0, 1) and all x, y ∈ X, and the ball of
radius

ρ =
1

1− q
d(x0, f(x0))

about x0 is contained in X then there is a unique
z ∈ X with

f(z) = z.

Further, d(x0, z) ≤ ρ. This statement, in the special
case X = E, and with the last sentence removed, is
known as the Banach Fixed Point Theorem.

As a quick application of this this theorem, con-
sider the function f :L(E)→ L(E) defined by

f(x) = I +Kx

where E is a Banach space, K ∈ L(E) and ‖K‖ < 1.
Then

‖f(x)− f(y)‖= ‖I +Kx− I −Ky‖
= ‖K(x− y)‖ ≤ ‖K‖‖x− y‖,

or, in terms of the associated metric,

d(f(x), f(y)) ≤ qd(x, y)

with q = ‖K‖ < 1. So the hypotheses of the Banach
Fixed Point Theorem are satisfied and there is a z ∈
L(E) such that f(z) = z, i.e.

I +Kz = z

or

I = (I −K)z.

Similarly, using f(x) = I + xK, we see that there is
a w in L(E) such that

I = w(I −K).

Then

w = wI = w(I −K)z = Iz = z.

So z is an inverse to I − K, which therefore must
be invertible. This gives an alternate proof to the
result from the section on geometric series. It’s only
superficially a different proof though. If you apply
the proof of the Banach Fixed Point theorem to this
special case then you get exactly the proof of the
invertibility of I−K that was presented in the earlier
section.

2.10 Zorn’s Lemma

Suppose S is a partially ordered set, i.e. a set with a
binary relation, which we’ll denote ≤, which satisfies
the following conditions:

1. For all x ∈ S, x ≤ x,

2. For all x, y ∈ S, if x ≤ y and y ≤ x then x = y,
and

3. For all x, y, z ∈ S, if x ≤ y and y ≤ z then x ≤ z
.
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The second property says that if x 6= y then at most
one of x ≤ y or y ≤ x is true, but it leaves open the
possibility that neither is true. If that possibility is
excluded, in other words if for every x, y ∈ S at least
one of x ≤ y or y ≤ x is true then we say that S is
totally ordered.

The set R of real numbers, ordered by the usual
less than or equal relation, is a totally ordered set.
The set of subsets of R, ordered by inclusion of sets,
is partially ordered, but the set of subsets of the reals
is not totally ordered, because there are pairs of sets
of real numbers neither of which includes the other.

Any subset of a partially ordered set is a par-
tially ordered set, with the relation inherited from
the larger set and any subset of a totally ordered set
is a totally ordered set.

If P is a subset of a partially ordered set S then
a bound for P is a y ∈ S such that for all x ∈ P
we have x ≤ y. A greatest element of P is a y ∈ P
such that for all x ∈ P we have x ≤ y. A maximal
element is a y ∈ P such that y ≤ z for z ∈ P only
when y = z. Only the first of these notions contains
any reference to the set S.

The following statements are easy consequences of
the definitions:

• Any greatest element is maximal and a bound.

• In a totally ordered set any maximal element is
a greatest element.

• There is at most one greatest element.

• If there is a greatest element then it is the only
maximal element.

• Any bound which is an element of the subset is
a greatest element.

• Any finite subset of a partially ordered set has a
maximal element.

• Any finite subset of a totally ordered set has a
greatest element.

The subset [0, 1] of R has a greatest element, which
is just 1. While this is the only greatest element and
only maximal element, it is not the only bound. It
is, however, the only bound lying within [0, 1]. The

subset (0, 1) of R has neither a greatest element nor
a maximal element, but it has many bounds. R, con-
sidered as a subset of itself has no bound, no maximal
element and no greatest element.

The set of subsets of R, with the inclusion rela-
tion, has a greatest element, namely R itself, since
every subset is contained in R. This greatest ele-
ment is both a bound and a maximal element. The
set of proper subsets of R has maximal elements but
no greatest element. The maximal elements are all
of the form R − {x} for some x ∈ R. The set of
proper subsets, considered as a subset of the set of
all subsets, has a bound, namely R.

Zorn’s Lemma is the statement that if every to-
tally ordered subset of a partially ordered subset has
a bound then the partially ordered set has a maxi-
mal element. Zorn’s Lemma follows from the usual
axioms of set theory. In fact it is equivalent to one
of them, the Axiom of Choice, in the sense that if
we replace that axiom with Zorn’s Lemma then we
can prove the Axiom of Choice as a theorem. If, in-
stead, we simply drop the Axiom of Choice then we
can prove neither of them.

The main point of Zorn’s lemma is to “construct”
maximal objects of various types. For example, given
any linearly independent set A in a vector space V
we can consider the set P of all linearly independent
sets L of vectors with A ⊆ L, ordered by inclusion
of sets. Let T be a totally ordered subset of P and
let M = ∪L∈TL. Then M is a linearly independent
subset of V . To see this, observe that if

n∑
j=1

αjxj = 0

and a = (α1, . . . , αn) ∈ Kn, x1, . . . , xn ∈ M then
xj ∈ Lj for some Lj ∈ T . Since T is totally ordered
we can, after possibly rearranging the order in the
finite sum above, assume that L1 ⊆ L2 ⊆ . . . ⊆ Ln.
But then x1, . . . , xn ∈ Ln. Since Ln is a linearly in-
dependent subset it follows that a = 0. So any linear
relation in M is trivial. In other words M is a linearly
independent set. It contains A, so M ∈ P . It also
contains each L ∈ T , so its a bound for T . So the
hypothesis of Zorn’s Lemma, that every totally or-
dered subset is bounded, is satisfied. There therefore
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is a maximal element B ∈ P . This B must span V ,
because there would otherwise be an x ∈ V which
is not a linear combination of elements of B and the
set B ∪ {x} would be an element of P larger than
the maximal element B. So B is a spanning linearly
independent set, i.e. a basis. This shows that any
linearly independent set can be extended to a basis.
One can similarly use Zorn’s Lemma to show that
every spanning set has a subset which is a basis.

The word ‘basis’ is used here in the sense which
is standard in Linear Algebra. To avoid confusion
with other notions of basis it is standard to call such
bases Hamel bases in Functional Analysis. Hamel
bases are, as it turns out, almost completely useless
in Functional Analysis.

2.11 The Inverse Function Theorem

Suppose U is an open subset of a normed space E
and f is a function from U to a normed space F .
A bounded linear transformation A is said to be the
derivative of f at x if

lim
y→x

‖f(y)− f(x)−A(y − x)‖
‖y − x‖

= 0.

If E is not zero dimensional, as we shall henceforth
assume, then there is at most one derivative. The
derivative of f at x is then denoted (Df)(x). If there
is a derivative at x then we say that f is differen-
tiable at x. If there is a derivative all x ∈ U then we
say simply that f is differentiable. There is then a
function which associates to each x ∈ U the deriva-
tive of f at x, which is an element of L(E,F ). This
function is denoted by Df , which is consistent with
the notation (Df)(x) adopted above. f is said to be
continuously differentiable if Df :U → L(E,F ) is a
continuous function.

Suppose now that Df is bounded on a convex
set U , i.e. that

‖(Df)(y)‖ ≤ λ

for all y ∈ U . We will now show that

‖f(z)− f(x)‖ ≤ λ‖z − x‖

for x, z ∈ U .

Set
g(t) = f((tz + (1− t)x))

for 0 ≤ t ≤ 1 and

h(s, t) = (t− s)−1(g(t)− g(s))

for 0 ≤ s < t ≤ 1. Then, for 0 ≤ r < s < t ≤ 1 we
have

h(r, t) =
s− r
t− r

h(r, s) +
t− s
t− r

h(s, t)

and hence

‖h(r, t)‖ ≤
∣∣∣∣s− rt− r

∣∣∣∣ ‖h(r, s)‖+

∣∣∣∣ t− st− r

∣∣∣∣ ‖h(s, t)‖

and

‖h(r, t)‖ ≤ µmax (‖h(r, s)‖, ‖h(s, t)‖)

where

µ =

(∣∣∣∣s− rt− r

∣∣∣∣+

∣∣∣∣ t− st− r

∣∣∣∣) = 1.

So at least one of h(r, s) or h(s, t) has a larger
norm than h(r, t). We then define a sequence of
intervals [an, bn] inductively as follows. [a1, b1] is
[0, 1] and [ak+1, bk+1] is either [ak, (ak + bk)/2] or
[(ak + bk)/2, bk], chosen in such a way that

‖h(ak, bk)‖ ≤ ‖h(ak+1, bk+1)‖.

The sequence (a1, a2, . . .) is bounded and monotone
increasing. The sequence (b1, b2, . . .) is bounded and
monotone decreasing. Both therefore have limits.
Since bn − an = 21−n these limits are the same. Call
their common limit q and let

y = qz + (1− q)x.

For any ε > 0 there is then, by the definition of Df ,
a δ > 0 such that ‖w − y‖ < δ implies

‖f(w)− f(y)− (Df)(y)(w − y)‖
‖w − y‖

< ε,

from which it follows that

‖f(w)− f(y)‖
‖w − y‖

≤ (‖(Df)(y)‖+ ε) .
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For n sufficiently large, both

w = anz + (1− an)x

and
w = bnz + (1− bn)x

are within a distance δ of y. In fact

n > 1 + log

(
δ

‖z − x‖

)
/ log 2

suffices. For such n then

‖h(an, q)‖ ≤ (‖(Df)(y)‖+ ε) ‖z − x‖

and

‖h(q, bn)‖ ≤ (‖(Df)(y)‖+ ε) ‖z − x‖.

For any such n we apply the inequality derived above
with r = an, s = q and t = bn,

‖h(an, bn)‖ ≤ max (‖h(an, q)‖, ‖h(q, bn)‖)

and hence

‖h(an, bn)‖ ≤ (‖(Df)(y)‖+ ε) ‖z − x‖

It then follows that

‖f(z)− f(x)‖ = ‖h(a1, b1)‖ ≤ (λ+ ε) ‖z − x‖.

Since this holds for all ε > 0 we conclude that

‖f(z)− f(x)‖ ≤ λ‖z − x‖.

As a consequence of the inequality above, we note
that if X is an open convex subset of a Banach
space E, f :X → E is continuously differentiable and

‖(Df)(y)‖ ≤ q < 1

for y ∈ X then f is a contraction mapping on X.
The local version of the Inverse Function Theo-

rem states that if E,F are Banach spaces, U ⊆ E is
open f :U → F is continuously differentiable, x0 ∈ U ,
f(x0) = y0 and (Df)(x0) is invertible in L(E,F ) then
there are open sets V ⊆ E and W ⊆ F and a contin-
uously differentiable g:W → V such that

1. V ⊆ U ,

2. x0 ∈ V ,

3. y0 ∈W ,

4. f(V ) = W

5. g(f(x)) = x for all x ∈ V ,

6. f(g(y)) = y for all y ∈W ,

7. (Dg)(y) = (Df)(g(y))−1.

First note that (Df)(x0)−1(Df)(x) is continuous
and equal to I when x = x0 so there is a δ > 0 such
that ‖x− x0‖ < δ implies x ∈ U and∥∥(Df)(x0)−1(Df)(x)− I

∥∥ < 1

2
.

Let X be the closed ball of radius δ/2 about x0,

X =

{
x ∈ E: ‖x− x0‖ ≤

δ

2

}
.

So X is a closed convex set on which∥∥(Df)(x0)−1(Df)(x)− I
∥∥ < 1

2
.

Define

k(x) = x+ (Df)(x0)−1(y − f(x))

for x ∈ U . This k depends, of course, on a choice of
y ∈ F . For the moment we’ll leave this y arbitrary.
Then k is continuously differentiable in U . In fact

(Dk)(x) = I − (Df)(x0)−1(Df)(x).

With X as above,

‖(Dk)(x)‖ ≤ 1

2

for x ∈ X. k is then a contraction mapping in X.
By the version of the Banach Fixed Point Theorem
proved earlier we then have a unique fixed point in X
provided that the ball of radius

ρ =
x0 − k(x0)

1− 1/2
= 2

∥∥(Df)(x0)−1(y − y0)
∥∥
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is contained in X, i.e. provided that∥∥(Df)(x0)−1(y − y0)
∥∥ ≤ δ

4
.

Looking at the definition of k, we see that x is a fixed
point of k if and only if

y = f(x).

We define

W =

{
y ∈ F :

∥∥(Df)(x0)−1(y − y0)
∥∥ < δ

4

}
and define g(y) for y ∈ W to be the unique fixed
point x of k whose existence we’ve just shown. We
define V = g(W ).

By construction, f(g(y)) = y for y ∈ W . Also,
if x ∈ V then x = g(y) for some y ∈ W . Then
f(x) = f(g(y)) = y and g(f(x)) = g(y) = x. It
remains to show that g is continuously differentiable.

Let
h(x) = (Df)(x0)−1f(x)− x.

This is a continuously differentiable function on U
with derivative

Dh = (Df)(x0)−1Df − I

and therefore have

‖(Dh)(x)‖ ≤ 1

2

for x in the closed convex set X and then

‖h(x1)− h(x2)‖ ≤ 1

2
‖x1 − x2‖

for x1, x2 in X. Now

x1−x2 = (Df)(x0)−1(f(x1)−f(x2))−h(x1)−h(x2)

and hence

‖x1 − x2‖ ≤ ‖(Df)(x0)−1(f(x1)− f(x2))‖
+ ‖h(x1)− h(x2)‖,

≤ ‖(Df)(x0)−1(f(x1)− f(x2))‖
+

1

2
‖x1 − x2‖,

and

‖x1 − x2‖ ≤ 2‖(Df)(x0)−1(f(x1)− f(x2))‖.

Applying this to
x1 = g(y1)

and
x2 = g(y2)

for y1, y2 ∈W gives

‖g(y1)− g(y2)‖ ≤ 2‖(Df)(x0)−1(y1 − y2)‖
≤ 2‖(Df)(x0)−1‖‖(y1 − y2)‖.

This shows that g is continuous. A slightly more so-
phisticated version of the same argument shows that
it is in fact differentiable, with

(Dg)(y) = (Df)(g(y))−1.

This is the composition of g, Df and inversion, all of
which are known to be continuous, so Dg is continu-
ous as well.

It would be nice to have a global version of the In-
verse Function Theorem, showing that any continu-
ously differentiable function with an invertible deriva-
tive has an inverse defined on its entire range. Unfor-
tunately the functions exp: C → C shows that this
is impossible. The best substitute we can find is a
maximal version, proved using the local version and
Zorn’s Lemma. If E,F are Banach spaces, U ⊆ E is
open f :U → F is continuously differentiable, x0 ∈ U ,
f(x0) = y0 and (Df)(x0) is invertible in L(E,F ) then
there are open sets V ⊆ U and W ⊆ F and a contin-
uously differentiable g:W → V such that

1. x0 ∈ V ,

2. y0 ∈W ,

3. f(V ) = W

4. g(f(x)) = x for all x ∈ V ,

5. f(g(y)) = y for all y ∈W ,

6. (Dg)(y) = (Df)(g(y))−1, and

7. if Ṽ ⊆ E, W̃ ⊆ F are open sets and g̃: W̃ → Ṽ
a continuously differentiable function with
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(a) x0 ∈ Ṽ ,

(b) y0 ∈ W̃ ,

(c) f(Ṽ ) = W̃

(d) g̃(f(x)) = x for all x ∈ Ṽ ,

(e) f(g̃(y)) = y for all y ∈ W̃ ,

then W is not a proper subset of W̃ .

2.12 The Spaces Lp(I)

In this section we suppose that I is an interval in R,
whether finite, semi-infinite or infinite. In fact for
most of the results of this section we can take I to
be any measurable subset of Rn or even something
more general than that, but for purposes of illustra-
tion intervals are enough. All integrals are Lebesgue
integrals.

For 1 ≤ p < ∞ we define F p(I) to be the set of
measurable functions f on I for which |f |p is inte-
grable on I. For such functions

q(f) =

∫
I

|f |p

exists. In fact it defines a semi-norm. All the proper-
ties of a semi-norm are obvious except for the triangle
inequality, which follows from the integral version of
the Minkowski Inequality.

The semi-norm q is not, unfortunately, a norm.
q(f) = 0 if and only if the set of points x where
f(x) 6= 0 has measure 0. Let N be the space of
such functions. As saw in Question 1 of Assign-
ment 2, and as we can easily check directly, N is
a vector subspace. We can then form the quotient
spaces Lp(I) = F p(I)/N . As we also saw in the same
assignment question, q then defines a norm on the
quotient space Lp(I). This norm will be written as
‖f‖ or, when we need to distinguish different values
of p, as ‖f‖p.

The disadvantage of working with the quotient
space is that it doesn’t make sense to evaluate an
element of Lp(I) at a point, since points have mea-
sure zero and thus two elements of an N -coset may
take different values at a point. This is more than
compensated for though by the advantages of work-
ing with a norm rather than a semi-norm. To make

things less awkward we often refer to functions f as
elements of Lp(I) rather than as coset representatives
of cosets of N . As usual in measure theory, we refer
to statements which are valid except possibly on a
set of measure zero as holding ‘almost everywhere.’
So functions f and g represent the same element of
Lp(I) if and only if f = g almost everywhere.

A useful fact is that absolute convergence in Lp(I)
implies pointwise convergence almost everywhere.
More precisely, if (f1, f2, . . .) is a sequence in Lp(I)
such that

∞∑
j=1

‖fj‖ <∞

then there is a g ∈ Lp(I) such that

∞∑
j=1

fj = g

in Lp(I) and
∞∑
j=1

fj(x) = g(x)

almost everywhere in I.
To see this, define

hn(x) =

n∑
j=1

|fj(x)|, k(x) = lim
n→∞

hn(x).

The sequence (h1(x), h2(x), . . .) is monotone increas-
ing and converges to k(x). From this it follows
that the sequence (h1(x)p, h2(x)p, . . .) is monotone
increasing and converges to k(x)p. It follows from
the Monotone Convergence Theorem that

lim
n→∞

∫
I

hpn =

∫
I

kp.

By Minkowski’s Inequality

‖hn‖ ≤
n∑
j=1

‖fj‖ ≤
∞∑
j=1

‖fj‖ <∞.

It follows that k(x) is finite for almost all x, i.e. that
the sum of fj(x) is absolutely convergent for almost
all x. It therefore makes sense to define

g(x) =

∞∑
j=1

fj(x).
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Also |g(x)| ≤ k(x). The fact that this converges only
almost everywhere is irrelevant, because we are defin-
ing an element of Lp(I), not of F p(I). Then∣∣∣∣∣∣g(x)−

n∑
j=1

fj(x)

∣∣∣∣∣∣
p

≤ 2p|k(x)|p.

Since we already know that kp is integrable we can
apply the Lebesgue Dominated Convergence Theo-
rem to say that

lim
n→∞

∫
I

∣∣∣∣∣∣g −
n∑
j=1

fj

∣∣∣∣∣∣
p

=

∫
I

lim
n→∞

∣∣∣∣∣∣g −
n∑
j=1

fj

∣∣∣∣∣∣
p

= 0.

In other words

lim
n→∞

‖g −
n∑
j=1

fj‖p = 0.

Hence

lim
n→∞

‖g −
n∑
j=1

fj‖ = 0

and

lim
n→∞

n∑
j=1

fj = g

in Lp(I).
We can use this fact to show that Lp(I) is com-

plete, i.e. that it is a Banach space. Suppose that
(f1, f2, . . .) is a Cauchy sequence in Lp(I). In other
words, suppose there is for each ε > 0 an N such that

‖fj − fk‖ < ε

whenever j, k > N . This holds in particular for

ε =
1

2m
,

so there is an Nm such that for j, k > Nm we have

‖fj − fk‖ ≤
1

2m
.

Let
gm = flm

where

lm = max(m,Nm−1, Nm) + 1

and

hm = gm+1 − gm.

Then

‖hm‖ = ‖gm+1 − gm‖ <
1

2m
.

So
∞∑
m=1

‖hm‖ <∞.

But as we’ve seen this implies the convergence of

lim
n→∞

n∑
m=1

hm

in Lp(I). But

gn = g1 +

n−1∑
m=1

hm

so (g1, g2, . . .) = (fl1 , fl2 , . . .) converges in Lp(I). A
Cauchy sequence with a convergent subsequence is
convergent, so (f1, f2, . . .) must be convergent.

3 Inner Product and Hilbert
Spaces

3.1 Inner Product Spaces

An inner product on a vector space E is a function
q:E×E → K such that for all α ∈ K and x, y, z ∈ E
we have

1. q(x+ y, z) = q(x, z) + q(y, z),

2. q(αx, y) = αq(x, y),

3. q(x, y) = q(y, x), and

4. q(x, x) ≥ 0

5. q(x, x) = 0 only if x = 0.
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The bar in the third property above denotes complex
conjugation. If K = R then it has no effect. The
second to last of these properties requires some com-
ment, since in general q(x, y) ∈ K and K is allowed
to be C, which doesn’t have a ≥ relation. But it
follows from the third property that

q(x, x) = q(x, x)

so q(x, x) ∈ R even if K = C.
A vector space together with an inner product is

called an inner product space. Unless we are consid-
ering multiple inner products on the same space we
will write (x|y) in place of q(x, y), so the properties
above become

1. (x+ y|z) = (x|z) + (y|z),

2. (αx|y) = α (x|y),

3. (x|y) = (y|x), and

4. (x|x) ≥ 0

5. (x|x) = 0 only if x = 0.

Some useful additional properties which follow imme-
diately from these are

(x|y + z) = (x|y) + (x|z)

and
(x|αy) = α (x|y) .

Given an inner product, we can define a norm by

‖x‖ =
√

(x|x).

The first two properties of norms are clearly satis-
fied by this, but the triangle inequality requires more
work. We start by noting that if

z = αx+ βy

where α, β ∈ K and x, y ∈ E then we have

(z|z) = (αx+ βy|αx+ βy)
= (αx|αx+ βy) + (βy|αx+ βy)
= α (x|αx+ βy) + β (y|αx+ βy)

= α(αx+ βy|x) + β(αx+ βy|y)

= α[(αx|x) + (βy|x)] + β[α (x|y) + β (y|y)]

= αα(x|x) + αβ(y|x) + βα(x|y) + ββ(y|y)

= αα (x|x) + αβ (x|y) + βα (y|x) + ββ (y|y) .

If
α = (y|x) , β = − (x|x)

then

(z|z) = (y|x) (y|x) (x|x)− (y|x) (x|x) (x|y)

− (x|x) (y|x) (y|x) + (x|x) (x|x) (y|y)
= (y|x) (x|y) (x|x)− (y|x) (x|x) (x|y)
− (x|x) (x|y) (y|x) + (x|x) (x|x) (y|y)

= (x|x) [(x|x) (y|y)− (x|y) (y|x)].

Similarly, if

α = (y|y) , β = − (x|y)

then

(z|z) = (y|y) [(x|x) (y|y)− (x|y) (y|x)].

We know that (x|x) ≥ 0 and (y|y) ≥ 0 for all x, y ∈
E. If either (x|x) > 0 or (y|y) > 0 then it follows
that

(x|x) (y|y)− (x|y) (y|x) ≥ 0.

If both (x|x) = 0 and (y|y) = 0 then we take

α = 1, β = − (x|y) .

This gives

(z|z) = −2 (x|y) (y|x) = −2| (x|y) |2.

From the non-negativity of (z|z) it then follows that
| (x|y) |2 ≤ 0 and then that

| (x|y) |2 = 0,

and hence
| (x|y) |2 ≤ (x|x) (y|y) .

Thus
| (x|y) |2 ≤ (x|x) (y|y) .

for all x, y ∈ E. For future reference we note that we
never used the last property of the inner product in
this proof.

Taking square roots,

| (x|y) | ≤
√

(x|x) (y|y)

or
| (x|y) | ≤

√
‖x‖‖y‖.
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This is known as the Cauchy-Schwarz inequality. The
various other Cauchy-Schwarz inequalities we’ve seen
are all special cases of this one.

Using the Cauchy-Schwarz inequality,

‖x+ y‖2 = (x+ y|x+ y)
= (x|x) + (x|y) + (y|x) + (y|y)

= (x|x) + (x|y) + (x|y) + (y|y)
= ‖x‖2 + 2 Re (x|y) + ‖y‖2
≤ ‖x‖2 + 2‖x‖‖y‖+ ‖y‖2

≤ (‖x‖+ ‖y‖)2
.

Taking square roots,

‖x+ y‖ ≤ ‖x‖+ ‖y‖.

That’s the triangle inequality, so this completes the
proof that what we’ve called the norm is in fact a
norm.

The inner product is continuous in the sense that
if xn → w and yn → z then (xn|yn)→ (w|z). To see
this, note that

| (xn|yn)− (w|z) |= | (xn − w|z) + (xn|yn − z) |
≤ ‖xn − w‖‖z‖+ ‖xn‖‖yn − z‖.

Since (x1, x2, . . .) is a convergent sequence it is
bounded, i.e.

‖xn‖ ≤ µ

for some µ ∈ R+. Choose a ν ∈ R+ such that ‖z‖ ≤
ν. ν = ‖z‖ will do if z 6= 0 and any ν ∈ R+ will do if
z = 0. For ε > 0 the quantities

ε

2µ
,

ε

2ν

are both positive so there are N1, N2 ∈ Z+ such that
j > N1 implies

‖xn − w‖ <
ε

2ν

and j > N2 implies

‖yn − z‖ <
ε

2µ
.

Taking N = max(N1, N2), if j > N then

| (xn|yn)− (w|z) | < ε.

This shows that (xn|yn)→ (w|z).
Examples of inner product spaces include l2(n)

with the inner product

(x|y) =

n∑
j=1

ξjηj ,

l2 with the inner product

(x|y) =

∞∑
j=1

ξjηj ,

and L2(I) with the inner product∫
I

xy.

In each case the norm induced by the inner product is
the usual norm. Another example, generalising l2(n)
and l2, is the set l2(T ) where T is an arbitrary set
and l2(T ) consists of functions x:T → K such that
x(t) 6= 0 for at most countably many t ∈ T and∑

t∈T
|x(t)|2 <∞.

The inner product is

(x|y) =
∑
t∈T

x(t)y(t).

An inner product space which is complete as a
metric space or, equivalently, is a Banach space as
a normed space is called a Hilbert space. All of the
examples of inner product spaces above are Hilbert
spaces. To get an example of an inner product space
which is not a Hilbert space we can take C([a, b])
with the inner product it inherits as a subspace of
L2([a, b]).

3.2 Orthogonality

We say that vectors x and y in an inner product space
are orthogonal if

(x|y) = 0.

There are two useful ways to generalise this. We say
that subsets M and N are orthogonal if (x|y) = 0
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for all x ∈ M and y ∈ N . We also say that a set S
of vectors are pairwise orthogonal if (x|y) = 0 for all
distinct x, y ∈ S. We’ll refer to such a subset as an
orthogonal subset. If S = {x1, . . . xn} is such a subset
then the distributive law shows that∥∥∥∥∥∥

n∑
j=1

xj

∥∥∥∥∥∥
2

=

n∑
j=1

‖xj‖2.

There are no cross terms because of the orthogonal-
ity assumption. We can generalise this is countable
subsets S = {x1, x2, . . .}, with∥∥∥∥∥∥

∞∑
j=1

xj

∥∥∥∥∥∥
2

=

∞∑
j=1

‖xj‖2.

More precisely, if we assume that
∑∞
j=1 xj converges

then so does
∑∞
j=1 ‖xj‖2 and the equation holds. Let

sn =

n∑
j=1

xj

and
z = lim

n→∞
sn

which, by assumption, exists. Then the finite version
shows that

n∑
j=1

‖xj‖2 = ‖sn‖2 = (sn|sn)

The right hand side tends to (z|z) by the continuity
of the inner product, so the left hand side tends to
that as well.

An orthogonal subset is called orthonormal if all its
elements have norm 1. If S is a maximal orthonor-
mal set and {y} is orthogonal to S then y = 0, since
otherwise S ∪ {y/‖y‖} would be a strictly larger or-
thonormal set. Conversely, if 0 is the only vector
orthogonal to S then S is maximal. An examples of
a maximal orthonormal subsets is

{e1, e2, . . . , en} ⊆ l2(n),

where ej is all zeroes except in the j’th position,
which is a 1. Similarly

{e1, e2, . . .} ⊆ l2

is a maximal orthonormal set. Maximality is clear in
both cases because if x = (ξ1, ξ2, . . .)

(x|ej) = ξj

so if x is orthogonal to all the e’s then it must be the
zero sequence. The set{

1√
2
, cos(πt), sin(πt), cos(2πt), sin(2πt), . . .

}
is a maximal orthonormal set in L2([−1, 1]). Or-
thonormality is an easy calculation but maximality
is less clear in this case. Another maximal orthonor-
mal set for L2([−1, 1]) is p1, p2, . . .

pj =

√
j − 1

2
Pj−1

and Pn is the n’th Legendre polynomial.
Suppose S = {u1, . . . un} is an orthonormal set in

an inner product space E, but not necessarily a max-
imal one. Suppose that x ∈ E and α1, . . . , αn ∈ K.
Let

z = x−
n∑
j=1

αjuj .

Then

‖z‖2 = (z|z)

= (x|x)−
n∑
j=1

αj (uj |x)

−
n∑
k=1

αk (x|uk) +

n∑
j=1

n∑
k=1

αjαk (uj |uk)

= (x|x)−
n∑
j=1

αj(x|uj)

−
n∑
j=1

αj (x|uj) +

n∑
j=1

αjαj

= (x|x) +

n∑
j=1

[αj − (x|uj)][αj − (x|uj)]

−
n∑
j=1

(x|uj) (x|uj)

= ‖x‖2 −
n∑
j=1

| (x|uj) |2 +

n∑
j=1

|αj − (x|uj) |2.
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It follows that

‖z‖2 ≥ ‖x‖2 −
n∑
j=1

| (x|uj) |2

with equality if and only if

αj = (x|uj)

for each j. Taking αj = (x|uj) in the equation above
gives∥∥∥∥∥∥x−

n∑
j=1

(x|uj)uj

∥∥∥∥∥∥
2

= ‖x‖2 −
n∑
j=1

| (x|uj) |2,

which is called Bessel’s identity. Since the left hand
side is non-negative this implies the Bessel inequality

n∑
j=1

| (x|uj) |2 ≤ ‖x‖2.

3.3 Orthogonalisation

If {x1, x2, . . .} is a linearly independent subset of an
inner product space E then we can find an orthonor-
mal set {u1, u2, . . .} as follows. Set

yk = xk −
k−1∑
j=1

(xk|uj)uj .

and

uk =
yk
‖yk‖

.

The sum is empty if k = 1. By induction, starting
with k = 1, we have the following facts

1. The vectors u1, . . . , uk are linear combinations of
the vectors x1, . . . , xk and vice versa. In partic-
ular they have the same span.

2. If j < k then uj is orthogonal to yk and hence
to uk.

3. yk 6= 0, so uk exists and has norm 1.

These are all straightforward. Suppose they’re all
true for a given value of k. Then yk+1 is non-
zero since the equation defining it would otherwise
give xk+1 as a linear combination of u1, . . . , uk and
hence of x1, . . . , xk, contradicting our linear inde-
pendence assumption. uk+1 is given explicitly as
a linear combination of u1, . . . , uk, xk+1 and by the
inductive assumption u1, . . . , uk are linear combina-
tions of x1, . . . , xk, so uk+1 is a linear combination of
x1, . . . , xk, xk+1. Also

xk+1 = ‖yk+1‖uk+1 +

k∑
j=1

(xk+1|uj)uj ,

so xk+1 is a linear combination of u1, . . . ul, uk+1.
Taking inner products with ul in the equation

yk+1 = xk+1 −
k∑
j=1

(xk+1|uj)uj

gives

(yk+1|ul) = (xk+1|ul)−
k∑
j=1

(xk+1|uj) (uj |ul)

for l < k + 1. In the sum on the right

(uj |ul) =

{
1 if j = l ,
0 if j 6= l

by the inductive hypotheses, so

(yk+1|ul) = (xk+1|ul)− (xk+1|ul) = 0.

The algorithm which finds u1, u2, . . . from x1, x2,
. . . is known as the Gram-Schmidt procedure. It can
also be applied to check whether the set {x1, x2, . . .}
is linearly independent. Simply run the algorithm
and if yk = 0 at some stage then {x1, . . . , xk−1} are
linearly independent but {x1, . . . , xk} are not. An or-
thonormal set is automatically linearly independent
because ∥∥∥∥∥∥

n∑
j=1

αjuj

∥∥∥∥∥∥
2

=

n∑
j=1

|αj |2,

which is zero if and only if all the α’s are.
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3.4 Orthogonal Complements

Suppose E is a Hilbert space, x ∈ E and Y is a closed
convex subset of E, for example a closed subspace.
Then there is a unique y ∈ Y which minimises ‖x −
y‖. In fact this holds in the more general setting
where E is an inner product space and Y is a convex
subset of E which is complete as a metric space. For
the uniqueness we don’t even need the completeness
assumption. We now prove this.

The identity

‖u+ v‖2 + ‖u− v‖2 = 2‖u‖2 + 2‖v‖2,

which is known as the Parallelogram Identity, holds in
any inner product space, as shown in Assignment 4.
Applied to

u = x− w, v = x− z

this gives

‖w − z‖2 = 2‖x− w‖2 + 2‖y − z‖2

− 4

∥∥∥∥x− w + z

2

∥∥∥∥2

= 2

(
‖x− w‖2 −

∥∥∥∥x− w + z

2

∥∥∥∥2
)

+ 2

(
‖x− z‖2 −

∥∥∥∥x− w + z

2

∥∥∥∥2
)

If w, z ∈ Y then
w + z

2
∈ Y

by convexity. If w, z are minimisers of ‖x− y‖ then

‖x− w‖2 ≤
∥∥∥∥x− w + z

2

∥∥∥∥2

,

‖x− z‖2 ≤
∥∥∥∥x− w + z

2

∥∥∥∥2

,

and hence
‖w − z‖2 ≤ 0

from which it follows that w = z. This establishes
the uniqueness part of the statement.

Set
λ = inf

y∈Y
‖x− y‖2.

Since λ+1/n is greater than λ it is not a lower bound
for ‖x − y‖2 and hence there is then a yn ∈ Y such
that

‖x− yn‖2 < λ+
1

n
.

The convexity of Y implies that

yj + yk
2

∈ Y

and hence ∥∥∥∥x− yj + yk
2

∥∥∥∥ ≥ λ
We already know that

‖x− yj‖2 < λ+
1

j
, ‖x− yj‖2 < λ+

1

k

and so

‖yj − yk‖2 <
2

j
+

2

k
.

If ε > 0 then we choose any N > 4/ε2 and we have
that j, k > N implies

‖yj − yk‖ < ε.

So the sequence is Cauchy and hence, by our com-
pleteness assumption, tends to an element z ∈ Y .
Taking limits in the inequality

‖x− yn‖2 < λ+
1

n

shows that
‖x− z‖2 ≤ λ

The reverse inequality follows from the definition of λ
and the fact that z ∈ Y . So

‖x− z‖ = inf
y∈Y
‖x− y‖

and therefore z is the minimiser we’re looking for.
If Y is a subspace of an inner product space E,

x ∈ E and the function ‖x − y‖ for y ∈ Y has a
minimiser z then x− z is orthogonal to Y . We show
this as follows.

‖x− z‖2 ≤ ‖x− (z + αy)‖2
= ‖x− z‖2 − α (x− z|y)
− α (y|x− z) + αα‖y‖2
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for all y ∈ Y and α ∈ K, since z + αy ∈ Y . In
particular this holds for any y 6= 0 and

α =
(x− z|y)

(y|y)

and so

‖x− z‖2 ≤ ‖x− z‖2 − | (x− z|y) |2

‖y‖2
.

It then follows that

(x− z|y) = 0.

This, of course, also holds for y = 0, so x − z is or-
thogonal to Y , as promised. Note that we’ve already
shown the existence of z if E is a Hilbert space and
Y is closed, but we are not making that assumption
here.

From the preceding results it follows that if F is
a closed subspace of a Hilbert space E then every
vector x ∈ E can be written uniquely in the form

x = u+ v

where u ∈ F and v is orthogonal to F . Indeed, we
take u to be the minimiser of ‖x − y‖ over y ∈ F ,
which have already seen exists, and v = x− u, which
we have already seen is orthogonal to F . In fact we
only need to assume that F is a Hilbert space. E is
allowed to be a non-complete inner product space,
which can be useful when dealing with finite dimen-
sional subspaces.

The set of vectors orthogonal to F is called the
orthogonal complement of F and is denoted F⊥. The
decomposition above then shows that

E = F ⊕ F⊥.

Orthogonal complements are always closed. To see
this, observe that if y ∈ F then the set

{x ∈ E: (x|y) = 0}

is closed by the continuity of the inner product. Then

F⊥ = ∩y∈F {x ∈ E: (x|y) = 0}

is the intersection of closed sets and hence also closed.

It is easy to see, from the fact that the orthogonal-
ity relation is symmetric, that

F⊥⊥ = F.

It follows that only closed spaces have orthogonal
complements.

The projection from P ∈ L(E) defined by

Px = u

with x and u as above. Since u ∈ F we have Pu = u
and hence P 2 = P . Since u and v are orthogonal we
have

‖x‖2 = ‖u‖2 + ‖v‖2

and hence
‖Px‖2 = ‖u‖2 ≤ ‖x‖2.

It follows that ‖P‖ ≤ 1. On Assignment 4 we saw
that P 2 = P implies ‖P‖ ≥ 1 unless P = 0 so

‖P‖ = 1

unless F = 0.
Finally, if x, y ∈ E then in addition to writing

x = u+ v

where u ∈ F and v ∈ F⊥ we can write

y = w + z

where w ∈ F and z ∈ F⊥. We then have

(Px|y) = (u|w + z) = (u|w) + (u|z)
= (u|w) = (u+ v|w) = (x|Py) .

3.5 Orthogonal Sets

Suppose S is an orthonormal set for an inner product
space E and x ∈ E and δ > 0. Let

Sδ = {u ∈ S: | (x|u) | ≥ δ}

and suppose T is a finite subset of Sδ. By Bessel’s
inequality

‖x‖2 ≥
∑
u∈T
| (x|u) |2 > nδ2
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where n is the number of elements of T . So

n <

(
‖x‖
δ

)2

.

Since this holds for all finite subsets T ⊆ Sδ it follows
that Sδ itself has at most that many elements. In
particular, it is finite. If (x|u) 6= 0 then u ⊆ S1/n for
some n, so it lies in

∪n∈Z+S1/n,

which is a countable union of finite sets and so is
countable.

If S = {u1, u2, . . .} is a countable orthonormal set
then

∞∑
j=1

αjuj

is Cauchy if and only if

∞∑
j=1

|αj |2

converges. This follows from one of the problems on
Assignment 5. In a Hilbert space therefore

∞∑
j=1

αjuj

converges if and only if

∞∑
j=1

|αj |2

converges. It’s a standard fact from Real Analysis
that absolute convergence is unaffected by reordering
the sequence, so the convergence of

∞∑
j=1

αjuj

doesn’t depend on the ordering in S. Combining this
with the preceding paragraph, we can see how to give
a meaning to ∑

u∈S
(x|u)u

for arbitrary, not necessarily countable, orthonormal
sets S. We can eliminate all u for which (x|u) = 0,
leaving countably many summands, which we may or-
der however we choose. The sum will converge when
E is a Hilbert space because the partial sums

n∑
j=1

|αj |2

are all bounded by ‖x‖ and therefore form a bounded
monotone sequence.

There’s no guarantee that∑
u∈S

(x|u)u,

if it converges, converges to x. The set S could, for
example, be empty. In fact the sum converges to x if
and only if

‖x‖2 =
∑
u∈S
| (x|u) |2.

The remainder

x−
∑
u∈S

(x|u)u

is orthogonal to all u ∈ S and hence to the sum∑
u∈S (x|u)u, from which we see that∥∥∥∥∥x−∑

u∈S
(x|u)u

∥∥∥∥∥
2

= ‖x‖2 −

∥∥∥∥∥∑
u∈S

(x|u)u

∥∥∥∥∥
2

and hence that

x =
∑
u∈S

(x|u)u

if and only if

‖x‖2 =
∑
u∈S
| (x|u) |2,

as claimed.

3.6 Orthonormal Bases

An orthonormal basis for an inner product space E
is a set S such that for all x ∈ E

x =
∑
u∈S

(x|u)u.

31



From the preceding section we see that this holds if
and only if

‖x‖2 =
∑
u∈S
| (x|u) |2.

An orthonormal subset of a Hilbert space is an or-
thonormal basis if and only if it is maximal. By
Zorn’s lemma any orthonormal subset is a subset of a
maximal orthonormal set. In particular every Hilbert
space has an orthonormal basis.

3.7 Continuous Linear Functionals

If E is an inner product space and z ∈ E then

f(x) = (x|z)

defines a bounded linear transformation f :E → K.
Linearity is clear from the properties of an inner prod-
uct. Boundedness follows from

|f(x)| = | (x|z) | ≤ ‖z‖‖x‖.

This shows that ‖z‖ is a bound for f and hence that

‖f‖ ≤ ‖z‖.

To get the reverse inequality note that

|f(z)| = | (z|z) | = (z|z) = ‖z‖2.

We’ll denote L(E,K) by E′ and call it the dual of E.
So we’ve associated to each z ∈ E an f ∈ E′ with
the same norm.

If E is a Hilbert space then all bounded linear func-
tions from E to K are of this form. This is called the
Riesz Representation Theorem6 This is clear when
f = 0, so assume f 6= 0 and let F be the null space
of F , which must then be a proper subspace. It’s
closed because f was assumed to be continuous. We
can therefore write

E = F ⊕ F⊥.

F⊥ 6= {0} because F 6= E. Now f restricted to F⊥

is an invertible linear transformation from F⊥ to K.

6Confusingly, several other results are also known by this
name.

Linearity follows from the linearity of f on E, the null
space is zero by the definition of F and the range is
all of K because otherwise it would have to be {0},
contradicting the assumption that f 6= 0. Let

g = (f |F⊥)
−1
,

y = g(1)

and

z =
1

(y|y)
y.

Then if x = u+ v with u ∈ F and v ∈ F⊥,

v = g(f(v)) = g(f(v)1) = f(v)g(1) = f(v)y,

f(v) = f(x− u) = f(x)− f(u) = f(x)

and

(x|z) = (u+ f(v)y|z) = (u|z) + f(v) (y|z) = f(x).

We can define a function h which takes z ∈ E to
the function f ∈ E′ given by f(x) = (x|z). We’ve
just shown that it’s invertible if E is a Hilbert space.
We’ve already seen that ‖h(z)‖ = ‖z‖. It follows
from the properties of inner products that

h(w + z) = h(w) + h(z)

and
h(αz) = αh(z).

So h is linear if K = R, but is anti-linear if K = C.

3.8 Weak Convergence

Suppose that (x1, x2, . . .) is a sequence in a Hilbert
space E and that y ∈ E. We say that the former
converges weakly to the latter if, for all z ∈ E, we
have

lim
n→∞

(xn|z) = (y|z) .

Equivalently, we can say that it converges weakly if

f(xn)→ f(x)

for all f ∈ E′, using the results of the previous sec-
tion. We’ll use the notation xn ⇀ y, which is com-
mon but not universal.
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As an example of a sequence which converges
weakly but not in the usual sense, consider the se-
quence (e1, e2, . . .) ∈ l2, where, as usual, ej has its
j’th entry equal to 1 and all others equal to 0. This
converges weakly to 0, because if z = (ζ1, ζ2, . . .) ∈ l2
then

lim
n→∞

(en|z) = lim
n→∞

ζn = 0 = (0|z) .

If xn → y then xn ⇀ y and ‖xn‖ → ‖y‖. The first
of these statements follows from

| (xn|z)− (y|z) | = | (xn − y|z) | ≤ ‖xn − y‖‖z‖.

The second then follows from the fact that the norm
is continuous. The converse is also true. If xn ⇀ y
and ‖xn‖ → ‖y‖ then xn → y. To see this, note that

‖xn − y‖2 = 2 Re (xn − y|y) +
(
‖xn‖2 − ‖y‖2

)
.

If xn ⇀ y then (xn − y|y) → 0. If ‖xn‖ → ‖y‖ then
‖xn‖2−‖y‖2 → 0. If both are true then ‖xn−y‖2 → 0
and hence xn → y.

Every bounded sequence has a weakly convergent
subsequence. The proof of this is somewhat compli-
cated. Suppose (x1, x2, . . .) is a bounded sequence,
i.e. that

‖xj‖ ≤ γ

for all j ∈ Z+ and some γ ∈ R+. Use Gram-Schmidt,
throwing away any x’s which are linearly dependent
on those earlier in the sequence to construct a count-
able orthonormal set {u1, u2, . . .} with the same span
as {x1, x2, . . .}. Let D be the set of vectors w ∈ E
for which (w|uj) is rational for each j and is zero for
all but finitely many j. Then D is countable. Let
(y1, y2, . . .) be a sequence which includes every ele-
ment of D among its values. The sequence

((x1|y1) , . . . (x2|y1) , . . .)

is a bounded sequence in K. By Bolzano-Weierstrass
it has a convergent subsequence. In other words there
is a subsequence of (x1, x2, . . .) whose inner products
with y1 converge. We can then look at the inner
products of that subsequence with y2 and select a
subsequence whose inner products with y2 converge.
Continuing, we obtain a sequence of subsequences

xj,k such that (x1,1, x1,2, . . .) is a subsequence of
(x1, x2, . . .) and, for each j ∈ Z+, (xj+1,1, xj+1,2, . . .)
is a subsequence of xj,1, xj,2, . . .) and, again for each
j ∈ Z+,

lim
k→∞

(xj,k|yj) = ξj

exists. Set
zn = xn,n.

for each j the terms starting with the j’th one
in the sequence (u1, u2, . . .) form a subsequence of
(zj,1, zj,2, . . .) and so their inner products with yj con-
verge to the same limit. In other words

lim
n→∞

(zn|yj) = ξj

for each j. Let

fn(x) = (x|zn) .

Then
‖fn‖ = ‖zn‖ ≤ γ,

since (z1, z2, . . .) is a subsequence of (x1, x2, . . .). If v
belongs to the closure F of the span of {x1, x2, . . .},
or equivalently of {u1, u2, . . .}, then we can find a k
with

‖v − yk‖ <
ε

3γ
.

and hence
‖fn(v)− fn(yk)‖ < ε

γ
.

for all n. To find such a k we write

v =

∞∑
j=1

(v|uj)uj

and choose an n such that

‖v −
n∑
j=1

(v|uj)uj‖ <
ε

6γ

and then choose α1, . . . , αn ∈ Q sufficiently close to
(v|u1) , . . . , (v|un) that

‖
n∑
j=1

(v|uj)uj −
n∑
j=1

αjuj‖ <
ε

6γ
.
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There is then, because of how the y’s were defined, a
k such that

yk =

n∑
j=1

αjuj .

For this k the sequence

(f1(yk), f2(yk), . . .) = ((yk|z1) , (yk|z2) , . . .)

is Cauchy, so there is an N such that if m,n > N
then

|fm(yk)− fn(yk)| < ε

3
.

Now

|fm(v)− fn(v)| ≤ |fm(v)− fm(yk)|
+ |fm(yk)− fn(yk)|
+ |fn(v)− fn(yk)| < ε

so the sequence (f1(v), f2(v), . . .) has a limit, which
we will call f(v). It’s easy to see that f :F → K is
linear. Also

f(v) = lim
n→∞

fn(v)

implies

|f(v)| ≤ lim sup |fn(v)| ≤ γ‖v‖

so f ∈ F ′. We then extend f from F to

E = F ⊕ F⊥

by setting
f(w) = 0

for w ∈ F⊥. By the Riesz Representation Theorem
there is a z ∈ E such that

f(x) = (x|z)

for all x ∈ E. Writing x = v + w with v ∈ F and
w ∈ F⊥ we see that

lim
n→∞

(x|zn) = lim
n→∞

(v|zn) = lim
n→∞

fn(v)

= f(v) = f(x) = (x|zn)

and, since x was arbitrary,

zn ⇀ z.

4 Spectral Theory of Compact
Symmetric Operators

4.1 Compact Operators

For simplicity we will refer to bounded linear trans-
formations from here on as operators.7 An operator A
from a normed space E to a normed space F is called
compact if the image in F of every bounded sequence
in E has a convergent subsequence. If either E or F is
finite-dimensional then this holds for all A ∈ (E,F ).
For a less trivial example, set E = F = C([a, b]) and
define A by

(Ax)(s) =

∫ b

a

k(s, t)x(t) dt

where k is a continuous K-valued function on [a, b]×
[a, b]. The compactness of A then follows from the
Arzelà-Ascoli Theorem.

It’s straightforward to see that linear combinations
of compact operators are compact. Also, the prod-
uct of a compact operator with any operator, in ei-
ther order, is compact. Suppose, for example, that
A:F → G is a compact operator and B:E → F is
an operator. If (x1, x2, . . .) is a bounded sequence
in E then (Bx1, Bx2, . . .) is a bounded sequence in F
and therefore (ABx1, ABx2, . . .), which is a sequence
in G, has a convergent subsequence. If it’s B which
is compact then, if If (x1, x2, . . .) is a bounded se-
quence in E, the sequence (Bx1, Bx2, . . .) in F has
a convergent subsequence. Because A is continuous
the corresponding subsequence of (ABx1, ABx2, . . .)
in G is also convergent.

If An → B in L(E,F ), F is a Banach space and
An is compact for each n then B is compact. To see
this, suppose that (x1, x2, . . .) is a bounded sequence
in E, i.e. that there is a γ ∈ R+ such that

‖xj‖ ≤ γ

for all j. There’s then a subsequence (y1,1, y1,2, . . .)
of (x1, x2, . . .) such that (A1y1,1, A1y1,2, . . .) con-
verges. This subsequence is still bounded, so we

7The term is often used for unbounded operators as well,
but not for all unbounded operators. There is no commonly
agreed definition of the term.
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can extract a subsequence (y2,1, y2,2, . . .) such that
(A2y2,1, A2y2,2, . . .) converges. Letting

zn = yn,n

we see that (z1, z2, . . .) is, for each j, equal from it’s
j’th term on to a subsequence of (yj,1, yj,2, . . .) and
therefore that (Ajz1, Ajz2, . . .) is convergent. Then

Bzj−Bzk = An(zj− zk) + (An−B)zk− (An−B)zj .

If ε > 0 then we choose n such that

‖An −B‖ <
ε

2γ + 1

and hence

‖(An −B)zj‖ <
γε

2γ + 1

and

‖(An −B)zk‖ <
γε

2γ + 1

Because (Anz1, Anz2, . . .) is a Cauchy sequence there
is an N such that if j, k > N then

‖An(zj − zk)‖ = ‖Anzj −Anzk‖ <
ε

2γ + 1
.

Then, by the triangle inequality, we have

‖Bzj −Bzk‖ < ε.

So (Bz1, Bz2, . . .) is Cauchy and hence, by the com-
pleteness of F , is convergent. But (z1, z2, . . .) is a
subsequence of (x1, x2, . . .), which was an arbitrary
bounded sequence in E, so B is compact.

4.2 Symmetric Operators

We say that an operator A ∈ L(E), where E is an
inner product space, is called symmetric if, for all
x, y ∈ E,

(Ax|y) = (x|Ay) .

It follows immediately from the definition and the
properties of inner products that sums of symmetric
operators are symmetric, as are real multiples. If A

and B are symmetric and AB = BA then AB is
symmetric because

(ABx|y) = (Bx|Ay) = (x|BAy) = (x|ABy) .

Without the assumption that A and B commute this
need not be true.

We have already seen that orthogonal projections
are symmetric. The operatorA ∈ L(C([a, b])) defined
by

(Ax)(s) =

∫ b

a

k(s, t)x(t) dt

is symmetric if

k(t, s) = k(s, t)

for all s, t ∈ [a, b], because

(Ax|y) =

∫ b

a

(Ax)(s)y(s) ds

=

∫ b

a

(∫ b

a

k(s, t)x(t) dt

)
y(s) ds

=

∫ b

a

∫ b

a

k(s, t)x(t)y(s) dt ds

=

∫ b

a

∫ b

a

k(t, s)x(s)y(t) ds dt

=

∫ b

a

∫ b

a

k(t, s)x(s)y(t) dt ds

while

(x|Ay) =

∫ b

a

x(s)(Ay)(s) ds

=

∫ b

a

x(s)

∫ b

a

k(s, t)y(t) dt ds

=

∫ b

a

∫ b

a

x(s)k(s, t)y(t) dt ds

=

∫ b

a

∫ b

a

k(s, t)x(s)y(t) dt ds.

If A ∈ L(E) is symmetric and x ∈ E then

(Ax|x) = (x|Ax) = (Ax|x) ,

so (Ax|x) must be real. A symmetric operator is
called positive8 if

(Ax|x) ≥ 0

8This terminology is standard, but is not ideal. Positive
operators behave more like non-negative numbers than like
positive numbers.
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for all x ∈ E. Sums and non-negative real multiples
of positive operators are positive.

It is easy to see that if A is positive then

q(x, y) = (Ax|y)

satisfies all the properties of an inner product except
the last one. Since that property was not used in
the proof of the Cauchy-Schwarz inequality it follows
that

|q(x, y)|2 ≤ q(x, x)q(y, y),

i.e. that

| (Ax|y) |2 ≤ (Ax|x) (Ay|y) .

If A is a symmetric operator then

‖A‖ = sup
‖x‖=1

| (Ax|x) | = sup
x6=0

| (Ax|x) |
(x|x)

.

The second equation is easier. If ‖x‖ = 1 then x 6= 0
and

| (Ax|x) | = | (Ax|x) |
(x|x)

so, since the supremum over a larger set is at least as
large as the supremum over a smaller set,

sup
‖x‖=1

| (Ax|x) | ≤ sup
x6=0

| (Ax|x) |
(x|x)

.

But if x 6= 0 and y = x/‖x‖ then ‖y‖ = 1 and

| (Ay|y) | = | (Ax|x) |
(x|x)

.

so

sup
x 6=0

| (Ax|y) |
(x|x)

≤ sup
‖y‖=1

| (Ax|x) |.

Thus

sup
‖x‖=1

| (Ax|x) | = sup
x6=0

| (Ax|x) |
(x|x)

.

From the Cauchy-Schwarz inequality we have

| (Ax|x) | ≤ ‖Ax‖‖x‖ ≤ ‖A‖‖x‖2 = ‖A‖ (x|x)

and hence
| (Ax|x) |

(x|x)
≤ ‖A‖

for x 6= 0 and, taking suprema,

sup
x 6=0

| (Ax|x) |
(x|x)

≤ ‖A‖.

Let

w = αx+ α−1Ax, z = αx+ α−1Ax.

where λ ∈ R+. Then

(Aw|w)− (Az|z) = 4 (Ax|Ax) = 4‖Ax‖2.

But

(Aw|w) ≤ sup
x 6=0

| (Ax|x) |
(x|x)

(w|w)

and

(Az|z) ≤ sup
x 6=0

| (Ax|x) |
(x|x)

(z|w)

so

4‖Ax‖2 ≤ sup
x 6=0

| (Ax|x) |
(x|x)

(
‖w‖2 + ‖z‖2

)
.

By the Parallelogram identity

‖w‖2 + ‖z‖2 =≤ 2
(
α2‖x‖2 + α−2‖Ax‖2

)
We choose

α =

√
‖Ax‖
‖x‖

so that the two terms in parentheses are both equal
to ‖Ax‖‖x‖ and

‖w‖2 = ‖z‖2 = 4‖Ax‖‖x‖.

Combining everything,

4‖Ax‖2 ≤ 4 sup
x 6=0

| (Ax|x) |
(x|x)

‖Ax‖‖x‖

and hence

‖Ax‖ ≤ sup
x 6=0

| (Ax|x) |
(x|x)

‖x‖.

Thus the supremum on the right is a bound for A
and hence

‖A‖ ≤ sup
x 6=0

| (Ax|x) |
(x|x)

.

We’ve already shown the reverse inequality, so

‖A‖ = sup
x 6=0

| (Ax|x) |
(x|x)

.
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4.3 Eigenspace Decomposition

We say that λ is an eigenvalue and v an eigenvector
of an operator A if

Av = λv

with v 6= 0. Suppose now that A is symmetric. If
v is an eigenvector with eigenvalue λ and w is an
eigenvector with eigenvalue µ0 then

λ (v|w) = (λv|w) = (Av|w) = (v|Aw)
= (v|µw) = µ (v|w) ,

so either
λ = µ

or
(v|w) = 0.

In the case λ = µ, v = w we can’t have (v|w) = 0
so λ = µ. In other words, the eigenvalues of a sym-
metric operator are all real. If λ 6= µ then, since
both are real, λ 6= µ and hence (v|w) = 0. In other
words, eigenvectors corresponding to distinct eigen-
vectors are orthogonal. If A is positive then

λ (v|v) = (λv|v) = (Av|v) ≥ 0

so
λ ≥ 0.

In other words the eigenvalues of a positive operator
are non-negative.

Assume for the moment that A is a non-zero com-
pact symmetric operator. We saw at the end of the
last section that

‖A‖ = sup
‖x‖=1

| (Ax|x) |

so there is a sequence (x1, x2, . . .) with

‖xn‖ = 1

for each n and

lim
n→∞

| (Axn|xn) | = ‖A‖ 6= 0.

It follows that, except possibly for finitely many n,
the quantity (Axn|xn) is non-zero. It’s always real, so

there are infinitely many n for which it’s positive or
infinitely many for which it’s negative. There could
be both, of course, but in any case we have a subse-
quence (y1, y2, . . .) of (x1, x2, . . .) for which

lim
n→∞

(Ayn|yn) = λ.

and

|λ| = ‖A‖.

Taking limits in the inequalities

0 ≤ ‖Ayn − λyn‖2 = ‖Ayn‖2 − 2λ (Ayn|yn) + λ2

we see that

lim
n→∞

(Ayn − λyn) = 0.

The sequence (y1, y2, . . .) is bounded, because ‖yn‖ =
1 for all n, so by the compactness of A we can find
a subsequence (z1, z2, . . .) such that (Az1, Az2, . . .) is
convergent:

lim
n→∞

zn = u.

By the continuity of the norm we have

‖u‖ = 1.

Also

lim
n→∞

(Azn − λzn) = 0,

so

Au− λu = 0.

So u is an eigenvector with eigenvalue λ.
The preceding construction can be repeated. If

A1 is a compact symmetric operator on an infinite
dimensional Hilbert space E1 then set

E1 = E, A1 = A.

After finding an eigenvector u1 of norm 1 with eigen-
value λ1,

‖u1‖ = 1, Au1 = λ2u2,

we can form the subspace

E2 = {x ∈ E1: (x|u1) = 0}
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and the operator A2 on E2 obtained by restricting
A1 to E2. This makes sense, since if x ∈ E2 then

(A1x|u1) = (x|Au1) = (x|λ1u1) = λ (x|u1) = 0,

so A1x ∈ E2. A2 is also compact and symmetric.
Indeed if (x1, x2, . . .) is a bounded sequence in E2

then it’s a bounded sequence in E1 and hence has
a subsequence (y1, y2, . . .) such that (A1y1, A1y2, . . .)
is convergent in E1. But each yn ∈ E2, A2 is the
restriction to E2 of A1, A2 multiplied by anything
in E2 is, as we’ve seen, in E2 and E2 is closed, so
(A2y1, A2y2, . . .) is convergent in E2. That estab-
lishes compactness. Symmetry is easier. If x, y ∈ E2

then

(A2x|y) = (A1x|y) = (x|A1y) = (x|A2y) .

We can therefore find a u2 in E2, of norm 1, which
is an eigenvector of A2 with eigenvalue λ2. In other
words,

‖u2‖ = 1, A2u2 = λ2u2.

Since A2 is the restriction of A = A1 we could equally
well write

‖u2‖ = 1, Au2 = λ2u2.

Also since u2 ∈ E2 we have

(u1|u2) = 0.

We can then define

E3 = {x ∈ E2: (x|u2) = 0}

and let A3 be the restriction to E3 of A2 or, equiva-
lently, of A. We then find u3 and λ3 such that

‖u3‖ = 1, Au3 = λ3u3,

(u1|u3) = 0, (u2|u3) = 0.

The process described above will fail if at some stage
An = 0, which may or may not happen. If this hap-
pens then we construct un, un+1, . . . by taking an
infinite orthonormal set in En. Since An = 0 the ele-
ments of this set are all eigenvectors of eigenvalue 0.
So even if this happens we still obtain an orthonormal

set {u1, u2, . . .} of eigenvectors and a corresponding
set of eigenvalues {λ1, λ2, . . .}.

Auj = λj , (uj |uk) =

{
1 if j = k,
0 if j 6= k.

Let ε > 0. If there are infinitely many j with |λj | ≥
ε then, selecting only the corresponding uj , we can
form a bounded sequence (v1, v2, . . .). We then have

‖Avj −Avk‖ ≥
√

2ε

for all j, k, so the sequence (Av1, Av2, . . .) is not
Cauchy and hence not convergent. This contradicts
the compactness of A, so the assumption that there
are infinitely many such j. Thus there are only
finitely many j with |λj | ≥ ε.

N = max{j ∈ Z+: |λj | ≥ ε}.

Then
j > N

implies
|λj − 0| < ε.

There is such an N for each ε > 0. In other words,

lim
n→∞

λn = 0.

The orthonormal set {u1, u2, . . .} could still fail to
be an orthonormal basis. Indeed it must fail to be
an orthonormal basis if our Hilbert space is so large
that it doesn’t have a countable orthonormal basis.
We can show though that if

(x|uj) = 0

for all j then
Ax = 0.

Indeed (x|uj) = 0 for all j implies

x ∈ Ej

for all j and hence

(Ax|x) = (Ajx|x) ≤ ‖Ajx‖‖x‖
= ‖Aj‖‖x‖2 = |λj |‖x‖2.
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Taking limits as j →∞ we find that

(Ax|x) = 0.

We apply the analogue

(Ax|y) ≤
√

(Ax|x)
√

(Ay|y)

of the Cauchy-Schwarz Inequality derived earlier with
y = Ax to get

‖Ax‖2 ≤ (Ax|y) ≤
√

(Ax|x)
√

(Ay|y) = 0

and hence ‖Ax‖2 = 0 and

Ax = 0.

So even if {u1, u2, . . .} isn’t maximal we can extend
it to an orthonormal set consisting entirely of eigen-
vectors of A, at most countably many of which have
non-zero eigenvalues. We thus always obtain an or-
thonormal set S and a function λ:S → R such that
for all x ∈ E we have

x =
∑
u∈S

(x|u)u, Ax =
∑
u∈S

(x|u)λ(u)u.

Another way to express the decomposition above
is to let Λ be the set of all µ ∈ R such that µ = λ(u)
for some u ∈ S and

Sµ = {u ∈ S:λ(u) = µ}, Pµx =
∑
u∈Sµ

(x|u)u.

where µ ∈ Λ. The P ’s are called spectral projections.
We then have the following relations:

PµPν = PνPµ =

{
Pµ if µ = ν,
0 if µ 6= ν,∑

µ∈Λ

Pµx = x

and
APµ = PµA = µPµ.

for all µ, ν ∈ Λ and x ∈ E. It’s tempting to say that
since

∑
µ∈R Pµx = x for all x we must have∑

µ∈R

Pµ = I,

but this is not true, at least with the meaning to
which we’ve given infinite sums up until now.

4.4 The Equation (µI − A)x = y

Suppose A is a compact symmetric operator on a
Hilbert space E and let Λ be it’s set of eigenvalues.
so that there is an orthonormal set S and a function
λ:S → Λ such that

Au = λ(u)u

for all u ∈ S. If x ∈ S then

x =
∑
u∈S

(x|u)u

and

Ax =
∑
u∈S

(x|u)λ(u)u.

If

y = (µI −A)x = µx−Ax

then, taking the inner product with v ∈ S,

(y|v) = (µ− λ(v)) (x|v) .

If µ /∈ Λ then we can solve this to obtain

(x|v) =
(y|v)

µ− λ(v)

and hence

x =
∑
v∈S

(y|v)

µ− λ(v)
v.

So far we have assumed the existence of x. But if
µ /∈ Λ as we’ve already assumed, and also µ 6= 0 then
we can show that ∑

v∈S

(y|v)

µ− λ(v)
v.

converges and that its limit solves

(µI −A)x = y.

The convergence follows from

∑
v∈S

∣∣∣∣ (y|v)

µ− λ(v)

∣∣∣∣2 ≤ γ∑
v∈S
| (y|v) |2 = γ‖y‖2

39



where

γ = max
v∈S

1

|µ− λ(v)|2
. = maxλ ∈ Λ

1

|µ− λ|2
.

The maximum is finite because

Λ ⊆ Λ ∪ {0}

is compact. The bar here denotes closure rather than
complex conjugation. If we call the limit x then

x =
∑
v∈S

1

µ− λ(v)
(y|v) v,

µx =
∑
v∈S

µ

µ− λv
(y|v) v,

and

Ax =
∑
v∈S

λ(v)

µ− λv
(y|v) v,

so
µx−Ax

∑
v∈S

(y|v) v = y.

The equation
(µI −A)x = y

therefore has a unique solution x for all y ∈ E pro-
vided that µ /∈ Λ and µ 6= 0.

If µ ∈ Λ then the situation is more complicated. It
follows from

(y|v) = (µ− λ(v)) (x|v)

that (y|v) = 0 for all v such that λ(v) = µ. In terms
of the spectral projection

Pµy = 0.

This is therefore a necessary condition for the equa-
tion

(µI −A)x = y

to have a solution. If µ 6= 0 then it is also a sufficient
condition, since

x =
∑

v∈S−Sµ

1

µ− λ(v)
(y|v) v

is a a solution. There is no uniqueness however, since

w +
∑

v∈S−Sµ

1

µ− λ(v)
(y|v) v

is also a solution for any eigenvector w of A with
eigenvalue µ.

4.5 Sturm-Liouville Problems

Many problems in mathematical physics can be re-
duced to solving ordinary differential equations of the
form

p(t)x′′(t) + p′(t)x′(t) + q(t)x(t) + µr(t)x(t) = y(t)

subject to certain boundary conditions. In this sec-
tion all constants and functions will be assumed to be
real. For simplicity we will restrict our attention here
to problems on a compact interval [a, b] where p, p′,
q, r and y are all continuous and p and r are positive.
Also all constants and functions in this section will
be real. The boundary conditions we’ll consider are
of the form

α0x(a) + α1x
′(a) = 0, β0x(b) + β1x

′(b) = 0

with (α0, α1) and (β0, β1) non-zero. Boundary value
problems of this type are called Sturm-Liouville prob-
lems.

Integration by parts shows that if x, z are twice
differentiable and

p(t)x′′(t) + p′(t)x′(t) + q(t)x(t) + µr(t)x(t) = 0

then ∫ b

a

[p(t)x′(t)z′(t)− q(t)x(t)z(t)] dt

= p(b)x′(b)z(b)− p(a)x′(a)z(a)

+ µ

∫ b

a

r(t)x(t)z(t) dt.

If also

p(t)z′′(t) + p′(t)z′(t) + q(t)z(t) + νr(t)z(t) = 0
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then, switching the roles of x and z and of µ and ν,∫ b

a

[p(t)x′(t)z′(t)− q(t)x(t)z(t)] dt

= p(b)x(b)z′(b)− p(a)x(a)z′(a)

+ ν

∫ b

a

r(t)x(t)z(t) dt.

Combining these,

(µ− ν)

∫ b

a

r(t)x(t)z(t) dt = w(b)− w(a)

where

w(t) = p(t) [x′(t)z(t)− x(t)z′(t)]

If

α0x(a) + α1x
′(a) = 0, α0z(a) + α1z

′(a) = 0

then w(a) = 0 and if

β0x(b) + β1x
′(b) = 0, β0z(b) + β1z

′(b) = 0

then w(b) = 0. If both are true then

(µ− ν)

∫ b

a

r(t)x(t)z(t) dt = 0.

So if µ 6= ν then∫ b

a

r(t)x(t)z(t) dt = 0.

In other words x and z are orthogonal elements
of the Hilbert space E of measurable functions x for
which ∫ b

a

r(t)x(t)2 dt <∞.

If r = 1 then E = L2([a, b]). As in that special case
we need to take the quotient by the space of functions
which vanish almost everywhere in order to get norm
rather than a semi-norm. The corresponding inner
product is

(x|z) =

∫ b

a

r(t)x(t)z(t) dt.

We can try to view the equation

p(t)x′′(t) + p′(t)x′(t) + q(t)x(t) + µr(t)x(t) = 0

as an eigenvector-eigenvalue equation

Lx = µx

with

L = − 1

r(t)

(
d

dt
p(t)

d

dt
+ q(t)

)
.

This would explain why eigenvectors corresponding
to distinct eigenvalues are orthogonal. But we quickly
run into problems. This differential operator is not
well defined on all of E. Worse still, even on the
subset where it is well defined it is not bounded, and
hence has no chance of being compact. It is possible,
and useful, to develop a version of spectral theory
for densely defined, unbounded operators, but this is
difficult. Fortunately there is a way around this for
Sturm-Liouville problems.

Choose ϕ0 and ϕ1 such that

α0ϕ0 + α1ϕ1 = 0,

but (ϕ0, ϕ1) 6= (0, 0). By the existence and unique-
ness theorem for ordinary differential equations there
is a unique twice continuously differentiable function
u: R× [a, b]→ R such that

p(t)u′′(µ, t)+p′(t)u′(µ, t)+q(t)u(µ, t)+µr(t)u(µ, t) = 0,

u(µ, a) = ϕ0, u′(µ, a) = ϕ1.

Primes here denote t derivatives. Similarly, if

β0ψ0 + β1ψ1 = 0,

but (ψ0, ψ1) 6= (0, 0), then there’s a unique solution v
to

p(t)v′′(µ, t)+p′(t)v′(µ, t)+q(t)v(µ, t)+µr(t)v(µ, t) = 0,

v(µ, b) = ψ0, v′(µ, b) = ψ1.

We then define

w(µ, t) = p(t)[u(t)v′(t)− u′(t)v(t)]
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and note that

w′(µ, t) = 0.

Abusing notation slightly, we write

w(µ, t) = w(µ).

Let

k(µ, s, t) =

{
u(µ, s)v(µ, t) if a ≤ s ≤ t ≤ b,
v(µ, s)u(µ, t) if a ≤ t ≤ s ≤ b.

If

z(µ, s) =

∫ b

a

k(µ, s, t)y(t) dt

then direct calculation shows that

z(µ, a) =

∫ b

a

u(µ, a)v(µ, t)y(t) dt

= α0

∫ b

a

v(µ, t)y(t) dt,

z(µ, b) =

∫ b

a

v(µ, b)u(µ, t)y(t) dt

= β0

∫ b

a

u(µ, t)y(t) dt,

z′(µ, s) =

∫ s

a

v′(µ, s)u(µ, t)y(t) dt

+

∫ b

s

u′(µ, s)v(µ, t)y(t) dt,

z′(µ, a) =

∫ b

a

u′(µ, a)v(µ, t)y(t) dt

= α1

∫ b

a

v(µ, t)y(t) dt,

z′(µ, b) =

∫ b

a

v′(µ, b)u(µ, t)y(t) dt

= β1

∫ b

a

u(µ, t)y(t) dt,

α0z(µ, a) + α1z
′(µ, a) = 0,

β0z(µ, b) + β1z
′(µ, b) = 0,

z′′(µ, s) =

∫ s

a

v′′(µ, s)u(µ, t)y(t) dt

+

∫ b

s

u′′(µ, s)v(µ, t)y(t) dt,

+ [u(µ, s)v′(µ, s)− u′(µ, s)v(µ, s)]y(s)

=

∫ s

a

v′′(µ, s)u(µ, t)y(t) dt

+

∫ b

s

u′′(µ, s)v(µ, t)y(t) dt+
w(µ)

p(s)
y(s),

p(s)z′′(µ, s) + p′(s)z′(µ, s) + q(s)z(µ, s) + µr(s)z(µ, s)
= w(µ)y(s).

For each µ ∈ R either w(µ) = 0 or w(µ) 6= 0. If
w(µ) 6= 0 then preceding calculation shows us that

x(µ, s) =
z(µ, s)

w(µ)

is a solution to

px′′ + p′x′ + qx+ µrx = y,

α0z(µ, a) + α1z
′(µ, a) = 0,

β0z(µ, b) + β1z
′(µ, b) = 0.

If w(µ) = 0 then u and v are linearly dependent, since

u(a)v′(a)− u′(a)v(a) =
w(µ, a)

p(a)
= 0

which means that (v(a), v′(a)) is a multiple of
(u(a), u′(a)) = (α0, α1) and, by the uniqueness part
of the existence and uniqueness theorem for the ini-
tial value problem, v is the same multiple of u. So
there is then a non-zero solution to

px′′ + p′x′ + qx+ µrx = 0,

α0z(µ, a) + α1z
′(µ, a) = 0,

β0z(µ, b) + β1z
′(µ, b) = 0.

Define Aµ ∈ L(E) by

(Aµx)(s) =

∫ b

a

k(µ, s, t)r(t)x(t) dt.
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Aµ is symmetric because

((Aµ)x|y) =

∫ b

a

r(s)(Aµx)(s)y(s) ds

=

∫ b

a

∫ b

a

r(s)k(µ, s, t)r(t)x(t)y(s) dt ds

=

∫ b

a

∫ b

a

r(s)k(µ, s, t)r(t)x(t)y(s) ds dt,

(x|(Aµ)y) =

∫ b

a

r(s)x(s)(Aµy)(s) ds

=

∫ b

a

∫ b

a

r(s)k(µ, s, t)r(t)y(t)x(s) dt ds

=

∫ b

a

∫ b

a

r(s)k(µ, t, s)r(t)y(s)x(t) dt ds

and k(µ, s, t) = k(µ, t, s). Also Aµ is compact be-
cause of the Arzelà-Ascoli Theorem.

It can be shown that w is not identically zero. We
can therefore choose a µ for which w(µ) 6= 0. Let x
be an eigenvector of Aµ with eigenvalue λ,

y(t) = r(t)x(t)

z(s) =

∫ b

a

k(µ, s, t)y(t) dt

=

∫ b

a

k(µ, s, t)r(t)x(t) dt.

= (Aµx)(s) = λx(s).

By the calculation we did earlier,

p(s)z′′(s) + p′(s)z′(s) + q(s)z(s) + µr(s)z(s)
= w(µ)y(s),

or

p(s)x′′(s) + p′(s)x′(s) + q(s)x(s) + νr(s)x(s) = 0

where
ν = µ− w(µ)/λ.

Constructing an orthonormal set {x1, x2, . . .} of
eigenvectors of Aµ with eigenvalues λ1, λ2, . . . with

lim
n→∞

λn = 0,

as in Section 4.3, we have

p(s)x′′n(s) + p′(s)x′n(s) + q(s)xn(s) + νnr(s)xn(s) = 0

where
lim
n→∞

|νn| =∞.

In fact it can be shown that

lim
n→∞

νn = +∞.

As in Section 4.3 we have to worry about the pos-
sibility that our orthonormal set is not complete. We
saw there though that this can only happen if the
null space of Aµ is non-trivial. We’ve seen that

p(s)z′′(s) + p′(s)z′(s) + q(s)z(s) + µr(s)z(s)
= w(µ)x(s)

where z = Aµx. If x belongs to the null space of Aµ
then the left hand side is zero, so the right hand side
is as well. But µ was chosen such that w(µ) 6= 0, so
x = 0. The null space of Aµ is therefore trivial.

5 The Main Theorems of Func-
tional Analysis

5.1 Hahn-Banach

Suppose E is a vector space over K, p is a semi-norm
on E, F is a subspace of E, f is a linear transforma-
tion from F to K and, for all x ∈ F ,

|f(x)| ≤ p(x).

In that case there is linear transformation g from E
to K such that

g(x) = f(x)

for all x ∈ F and

|g(x)| ≤ p(x)

for all x ∈ E. This result is known as the Hahn-
Banach Theorem, or rather as the semi-norm version
of the Hahn-Banach Theorem. There is also a norm
version, which we will derive from the semi-norm ver-
sion once we have proved it. The Hahn-Banach The-
orem should be thought of as an extension theorem
because the equation g(x) = f(x) says that g is an
extension of f from F to E.
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Consider the set P of pairs (H,h) where H is a
subspace of E, F is a subspace of H, h is linear on H

h(x) = f(x)

for all x ∈ F and

|h(x)| ≤ p(x)

for all x ∈ H. On P we impose a partial order by
saying

(H1, h1) ≤ (H2, h2)

if H⊆H2 and
h1(x) = h2(x)

for all x ∈ H1. Any totally ordered subset T of P has
a bound, namely (G, g) where

G = ∪(H,h)∈TH

and
g(x) = h(x)

if x ∈ H, (H,h) ∈ T . This last equation defines
g(x) unambiguously because if x ∈ H1 and x ∈ H2

then either H1 ⊆ H2 or H2 ⊆ H1 and then h1(x) =
h2(x). The hypotheses of Zorn’s lemma are therefore
satisfied, so there is a maximal (H,h) ∈ P .

For the moment, assume K = R. If u, v ∈ H and
z ∈ E then

h(u)− h(v) = h(u− v) ≤ p(u− v)
= p(u+ z − v − z)
≤ p(u+ z) + p(v + z).

Equivalently,

−p(v + z)− h(v) ≤ p(u+ z)− h(u).

Taking the supremum over v ∈ H and the infimum
over u ∈ H gives the inequality

sup
y∈H

[−p(y + z)− h(y)] ≤ inf
y∈H

[p(y + z)− h(y)] .

Let ξ be the average of the left and right hand sides
of this inequality. Then

−p(y + z)− h(y) ≤ ξ ≤ p(y + z)− h(y)

for all y ∈ H. If α > 0 then y/α ∈ H and, replacing
y by y/α in

ξ ≤ p(y + z)− h(y)

gives
ξ ≤ p(y/α+ z)− h(y/α)

and hence
h(y) + αξ ≤ p(y + αz).

Similarly, if α < 0 then, replacing y by y/α in

−p(y + z)− h(y) ≤ ξ

gives
−p(y/α+ z)− h(y/α) ≤ ξ,

and
−p(y + αz) ≤ h(y) + αξ

For any α 6= 0 and y ∈ H then

|h(y) + αξ| ≤ p(y + αz)

This also holds if α = 0 though, since h(y) ≤ p(y) for
all y ∈ H.

Let K be the space spanned by H and z. In other
words, x ∈ G if and only if

x = y + αz

for some y ∈ H and α ∈ R. This y and α are uniquely
determined if z /∈ K, so it makes sense to define

k(x) = h(y) + αξ.

But then
k(x) = h(y)

and
|k(x)| ≤ p(x)

for all x ∈ K. Also H ⊆ K. In other words,

(H,h) ≤ (K, k).

This contradicts the maximality of (H,h), so there
can be no z ∈ E −H. In other words, H = E. This
proves the theorem in the case K = R.

Suppose now that K = C. Since R ⊆ C we can
consider F as a vector space over R. We write

f1(x) = Re f(x)
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and
f2(x) = Im f(x)

so that
f(x) = f1(x) + if2(x).

Then f1 and f2 are linear transformations from E,
considered as a real vector space, to R. We have

|f1(x)| ≤ |f(x)| ≤ p(x)

for all x ∈ F and so, by the real version of the the-
orem, which we have just proved, there is a linear
g1:E → R such that

g1(x) = f1(x)

for all x ∈ F and

g1(x) ≤ p(x)

for all x ∈ E. Define g:E → C by

g(x) = g1(x)− ig1(ix).

Then
g(x) = f(x)

for all x ∈ F . Also, using the polar decomposition

g(x) = ρeiθ,

we have that e−iθg(x) is real and hence

|g(x)|= |e−iθg(x)|
= |g(e−iθx)|
= |g1(e−iθx)|
≤ |p(e−iθx)|
≤ |p(x)|.

This proves the complex version of the theorem.
The main point of the semi-norm version of the

Hahn-Banach Theorem is to prove the norm version,
which says that if F is a subspace of a normed space E
and f ∈ F ′ = L(F,K) then there is a g ∈ E′ =
L(E,K) with

g(x) = f(x)

for all x ∈ F and

‖g‖ = ‖f‖.

To prove this we apply the semi-norm version of
the theorem with

p(x) = ‖f‖‖x‖.

This gives an extension g of f from F to E satisfying

‖g(x)‖ ≤ ‖f‖‖x‖

from which is follows that g ∈ E′ and

‖g‖ ≤ ‖f‖.

But if x ∈ F then

|f(x)| = |g(x)| ≤ ‖g‖‖x‖

so
‖f‖ ≤ ‖g‖

and hence
‖g‖ = ‖f‖.

As a special case, note that if F is finite dimen-
sional then any linear transformation f :F → K is
bounded and so can be extended to a bounded trans-
formation on E. In particular this shows that E′ is
non-trivial, i.e. not {0}, if E is non-trivial.

5.2 The Baire Category Theorem

The diameter of a metric space X with metric d is
defined to be

δ(M) = sup
x,y∈X

d(x, y).

This applies to any subset of a metric space, since
subsets of metric spaces are themselves metric spaces.
Suppose that X is a complete metric space and S1 ⊇
S2 ⊇ · · · are non-empty closed subsets of X with
δ(Sn)→ 0. Then

∩n∈Z+Sn

contains exactly one point. To see this, we choose
xj ∈ Sj for each j. If ε > 0 then there is an N such
that if j > N then δ(Sj) < ε. If j, k > N then

xj , xk ∈ Smax(j,k)
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and hence

d(xj , xk) ≤ δ(Smax(j,k)) < ε.

So (x1, x2, . . .) is a Cauchy sequence and hence

y = lim
n→∞

xn

exists. For any m we then have

lim
n→∞

xm+n = y.

But xm+n ∈ Sm+n ⊆ Sm and Sm is closed, so

y ∈ Sm.

Since this is true for all m we have

y ∈ ∩m∈Z+Sm

If z ∈ ∩m∈Z+Sm as well then

d(y, z) ≤ δ(Sm)

for all m and hence d(y, z) = 0 and therefore

y = z.

The Baire Category Theorem says that if a com-
plete metric space X is a countable union

X = ∪n∈Z+Sn

of closed sets Sn then at least one of the Sn contains
an open ball. The proof is by contradiction.

We begin by establishing a lemma that if S ⊂ X
is closed, x1 ∈ S and r1 > 0 then either the open
ball B1 of radius r1 about x1 is contained in S or
there’s an x2 ∈ X − S and an r2 > 0 such that the
closed ball B2 of radius r2 about x2 is contained in
X − S and B2 ⊆ B1. The lemma is easy enough to
prove. If B1 is not contained in S then there is a
y ∈ B1 − S. Because B1 − S is open we can find an
r > 0 such that the open ball B of radius r about y
is contained in B1−S. We can then choose an r2 > 0
which is less than r. Letting B2 be the closed ball of
radius r2 about y we then have B2 ⊆ B ⊆ B1 − S.
That concludes the proof of the lemma.

If S1 contains no open ball then there is a closed
ball B1 of radius at most 1 whose intersection with S1

is empty. If also S2 contains no open ball then there is
then a closed ball B2 of radius at most 1/2 contained
in B1 whose intersection with S2 ∩B1 is empty, and
therefore whose intersection with S1 ∪ S2 is empty.
Continuing in this way, if no Sj contains an open ball
then we obtain a nested sequence B1 ⊇ B2 ⊇ · · ·, of
closed balls such that

Bn ∩
(
∪nj=1Sj

)
= ∅

and
δ(Bn) < 1/2n.

By the lemma there is an

x ∈ ∩j∈Z+Bj .

But then
x /∈ ∪nj=1Sj

for all n ∈ Z+. Equivalently

x /∈ ∪j∈Z+Sj .

But
∪j∈Z+Sj = X,

so we have a contradiction, and our assumption that
no Sj contains an open ball must be false. That con-
cludes the proof of the theorem.

As an application of the Baire Category Theorem
we show that there is a continuous nowhere differen-
tiable function. Let Xn ⊆ C([a, b]), with a < b, con-
sist of those functions x such that there is an s ∈ [a, b]
such that for all t ∈ [a, b]

|x(s)− x(t)| ≤ n|s− t|.

Then Xn is closed. To see this, suppose xj → y in
C([a, b]) and xj ∈ Xn for each j. Because xj ∈ Xn

there is an sj ∈ [a, b] such that for all t ∈ [a, b] we
have

|xj(sj)− xj(t)| ≤ n|sj − t|.

The sequence (s1, s2, . . .) has a convergent subse-
quence (sj1 , sj2 . . .). Let

r = lim
k→∞

sjk .
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Then, for all k ∈ Z+ and t ∈ [a, b]

|xjk(sjk)− xjk(t)| ≤ n|sjk − t|.

Taking limits,

|y(r)− y(t)| ≤ n|r − t|

for all t ∈ [a, b] and hence

y ∈ Xn,

as claimed.
Also, Xn does not contain any open balls. To see

this we make use of the ‘sawtooth function’

w(t) =

{
1− 4k + 2t if 2k − 1 ≤ t ≤ 2k,
1 + 4k − 2t if 2k ≤ t ≤ 2k + 1.

This function has the property that ‖w‖ = 1 and, for
each s ∈ R ∣∣∣∣w(s)− w(t)

s− t

∣∣∣∣ = 2.

for all t in a neighborhood of s. If x ∈ C([a, b]) then
for every ρ > 0 there is, by the Weierstrass Approx-
imation Theorem, a polynomial p whose restriction
to [a, b], which we will also call p, satisfies

‖x− p‖ < ρ

2
.

Choose
γ > max

[a,b]
|p′|

and define y ∈ C([a, b]) by

y(t) = p(t) + ρ2w(κt),

where

κ =
γ + n

ρ
,

and note that
‖x− y‖ < ρ.

If s, t ∈ [a, b] and s 6= t then

|p(s)− p(t)| < γ|s− t|.

For any s ∈ [a, b] there is a t ∈ [a, b] such that s 6= t
and

|w(κs)− w(κt)| = 2κ|s− t|

and hence

|y(s)− y(t)| > (κρ− γ)|s− t| = n|s− t|.

Thus y /∈ Xn. So the open ball of radius ρ about x
is not contained in Xn. But x and ρ we arbitrary, so
Xn contains no open balls.

By the Baire Category Theorem,

C([a, b]) 6= ∪n∈Z+Xn.

But if x is differentiable even at a single point then

x ∈ ∪n∈Z+Xn.

Indeed, if x is differentiable at s ∈ [a, b] then the
function

z = (t) =

{
x(s)−x(t)

s−t if t 6= s,
x′(s) if t = s

is continuous and hence bounded, so there is an n
such that

|z(t)| ≤ n

for all t ∈ [a, b]. But then x ∈ Xn. Thus the functions
which are differentiable at at least one point form
a subset of ∪n∈Z+Xn, which is a proper subset of
C([a, b]).

5.3 The Open Mapping and Closed
Graph Theorems

Suppose that A ∈ L(E,F ), where E and F are Ba-
nach spaces, is surjective. Let Kρ and Lρ be the open
balls of radius ρ about 0 in E and F , respectively:

Kρ = {x ∈ E: ‖x‖ < ρ}, Lρ = {x ∈ E: ‖x‖ < ρ}.

A consequence of the Baire Category Theorem is that
there is an α > 0 such that for all ρ > 0

Lαρ ⊆ A(Kρ).

To prove this we observe that the surjectivity of A
means that for all y ∈ F there is an x ∈ E with
Ax = y. If n > ‖x‖ then

y ∈ A(Kn) ⊆ A(Kn).
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Since y was arbitrary,

F = ∪n∈Z+A(Kn).

By the Baire Category Theorem there is at least one
n for which A(Kn) contains an open ball. Let σ and
z be the radius and centre of this ball. A is surjective,
do z = Aw for some w ∈ E. Then

Lσ ⊆ A(Kn+‖w‖).

Let
α =

σ

n+ ‖w‖
.

Then
Lαρ ⊆ A(Kρ)

for all ρ > 0.
The fact that we have the closure of A(Kρ) instead

of A(Kρ) itself is a nuisance. We can get rid of it at
the expense of replacing α by a smaller number β.
More precisely, if 0 < β < α then

Lβρ ⊆ A(Kρ).

To show this, let

γ =
α− β
α

< 1.

If
y ∈ Lβρ

then
y ∈ A(Kβρ/α).

In other words there is, for any ε1 > 0 a w1 ∈ Kβρ/α

such that
‖y −Aw1‖ < ε1.

This holds in particular for

ε1 = γβρ.

So
y −Aw1 ∈ Lγβρ.

But then
y −Aw1 ∈ A(Kγβρ/α)

and there is, for any ε2 > 0 a w2 ∈ Kγβρ/α such that

‖y −Aw1 −Aw2‖ < ε2.

This holds in particular for

ε2 = γ2βρ.

So
y −Aw1 −Aw2 ∈ Lγ2βρ.

We continue on in this way, obtaining a sequence
(w1, w2, . . .) in E such that

‖wn‖ < γn−1βρ/α

and

‖y −A
n∑
j=1

wj‖ < γnβρ.

By the comparison test, the sum of the w’s converges.
Let

x =

∞∑
j=1

w.

Then

‖x‖ <
∞∑
j=1

γn−1βρ/α = ρ

and
y = Ax

In other words,
y ∈ A(Kρ).

But y ∈ Lβρ was arbitrary, so

Lβρ ⊆ A(Kρ).

Suppose that U ⊂ E is open and y ∈ A(U). Then
y = Ax for some x ∈ U and, because U is open, there
is a δ > 0 such that the ball of radius δ about x is
contained in U . Then the ball of radius δ/β is con-
tained in A(U), so every y ∈ A(U) is contained in an
open ball in A(U). Mappings, i.e. functions, between
topological spaces with the property that the image
of every open set is open are called open mappings.
What we’ve just shown is that every bounded linear
transformation between Banach spaces which is sur-
jective is an open mapping. This is called the Open
Mapping Theorem.

Suppose that E and F are Banach spaces and
A ∈ L(E,F ) is bijective. Then A, considered as a
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mapping between sets, has an inverse, which we will
call A−1. It’s straightforward to check that A−1 is
a linear transformation, but it’s not immediately ob-
vious that this inverse is continuous. Indeed there
are continuous mappings from metric space to a met-
ric space which are bijective, but whose inverses are
not continuous. But fortunately this does not happen
for A. If U ∈ E is open and V ∈ F is the pre-image of
U under A−1 then V = A(U) and this, by the Open
Mapping Theorem, is an open set.

If f :E → F is a function then its graph is, by
definition, the set

G = {(x, y) ∈ E × F : y = f(x)}.

We can make E × F into a Banach space by means
of the norm

‖(x, y)‖E×F = ‖x‖E + ‖y‖F .

If f is continuous then G is closed. To see this, sup-
pose ((x1, y1), (x2, y2), . . .) is a sequence in E × F
converging to (w, z), with (xj , yj) in G for each j.
Then

lim
n→∞

‖(xn, yn)− (w, z)‖ = 0

or

lim
n→∞

(‖xn − w‖+ ‖yn − z‖) = 0

and hence

lim
n→∞

‖xn − w‖ = 0, lim
n→∞

‖yn − z‖ = 0

and

lim
n→∞

xn = w, lim
n→∞

yn = z.

Since (xn, yn) ∈ G we have yn = f(xn) and the last
of the equations above can be written as

lim
n→∞

f(xn) = z.

By the continuity of f we then have

f(w) = f
(

lim
n→∞

xn

)
= lim
n→∞

f(xn) = z.

So

(w, z) ∈ G.

The limit of any sequence in G is therefore also in G,
so G is closed, as claimed.

For linear transformations between Banach spaces
the converse holds: If A:E → F is linear and G is
closed then A is continuous. To see this, let PE :G→
E and PF :G→ F be the projections

PE((x, y)) = x, PF ((x, y)) = y.

These are linear and bounded, with ‖PE‖ = ‖PF ‖ ≤
1. Also PE is bijective, by the definition of a function!
So by the corollary to the Open Mapping Theorem
PE has continuous inverse P−1

E . But

A = PFP
−1
E ,

so A is continuous.
We’ve just seen that a linear transformations from

a Banach Space to a Banach space is continuous if
and only if its graph is closed. This statement is
called the Closed Graph Theorem.

5.4 Banach-Steinhaus

The Uniform Boundedness Principle says the if E and
F are Banach spaces and S ⊆ L(E,F ) is such that
for all x ∈ E

sup
A∈S
‖Ax‖ <∞

then
sup
A∈S
‖A‖ <∞.

Let En be the subset of E consisting of those x for
which

sup
A∈S
‖Ax‖ ≤ n.

Now
En = ∩A∈S{x ∈ E: ‖Ax‖ ≤ n}

is an intersection of closed sets and hence is closed.
Also

∪n∈Z+En = E.

By the Baire Category Theorem there is an open ball
B ⊆ En for some n. Let w be the centre of B and let
ρ be its radius. If ‖x‖ ≤ 1 and A ∈ S then

w ∈ B ⊆ En, w +
ρ

2
x ∈ B ⊆ En
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and

‖Ax‖=

∥∥∥∥2

ρ

(
A
(
w +

ρ

2
x
)
−Aw

)∥∥∥∥
≤ 2

ρ

(∥∥∥A(w +
ρ

2
x
)∥∥∥+ ‖Aw‖

)
≤ 2

ρ
(n+ n) =

4n

ρ
.

This holds for all x with ‖x‖ ≤ 1, so

‖A‖ ≤ 4n

ρ
.

This holds for all A ∈ S, so

sup
A∈S
‖A‖ ≤ 4n

ρ
<∞.

This completes the proof of the theorem.
Suppose that (A1, A2, . . .) is a sequence in L(E,F )

and
lim
n→∞

Anx

exists for each x ∈ E. Define B:E → F by

Bx = lim
n→∞

Anx.

Then, by the properties of limits, B is linear. But
is it bounded? In general the answer is no, but if
E is a Banach space then the Uniform Boundedness
Principle shows that the answer is yes. Convergent
sequences are bounded, so

sup
n∈Z+

‖Anx‖ <∞

for each x ∈ E. By the Uniform Boundedness Prin-
ciple,

sup
n∈Z+

‖An‖ <∞

so there is a γ ∈ R+ such that

‖An‖ ≤ γ

for all n ∈ Z+. In other words, pointwise convergence
implies boundedness. Now

‖Anx‖ ≤ ‖An‖‖x‖ ≤ γ‖x‖

for all n ∈ Z+ and x ∈ E. Taking limits,

‖Bx‖ ≤ γ‖x‖

for all x ∈ E. Thus γ is a bound for B, and so B is
bounded. In fact we can take γ = sup ‖An‖, so

‖B‖ ≤ sup ‖An‖.

With a little more effort we can replace the sup with
a lim sup.

We saw in the course of the proof that pointwise
convergence of a sequence in L(E,F ) implies bound-
edness. Equivalently, unboundedness implies a fail-
ure of pointwise convergence. We can use this to show
that there are periodic continuous functions whose
Fourier series fail to converge somewhere. Suppose x
is periodic with period 2. Its Fourier coefficients are
then

αm =
1

2

∫ 1

−1

x(t) exp(−πimt) dt

and its n’th Fourier approximand is

n∑
m=−n

αm exp(πimt) =

∫ 1

−1

kn(s− t)x(t) dt

where

kn(t) =
sin
((
n+ 1

2

)
πt
)

2 sin
(

1
2πt
) .

Note that kn is even. We will show that there is a con-
tinuous periodic function x of period 2 whose Fourier
approximands fail to converge to x at s = 0. Let E be
the subspace of C([−1, 1]) consisting of functions for
which x(−1) = x(1), i.e. of functions which can be
extended to periodic continuous function of period 2,
and let F = C. Let An:E → F defined by

Anx =

∫ 1

−1

kn(t)x(t) dt

Then

‖An‖=

∫ 1

−1

|kn(t)| dt

≥
∫ 1

−1

∣∣sin ((n+ 1
2

)
πt
)∣∣

2
∣∣ 1

2πt
∣∣ dt

=
1

π

∫ (n+1/2)π

−(n−1/2)π

∣∣∣∣ sin ss
∣∣∣∣ ds→∞.
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If (A1x,A2x, . . .) converged for each x then the se-
quence (‖A1‖, ‖A2‖, . . .) would have to be bounded,
so there is at least one continuous function on [−1, 1]
whose Fourier series is not convergent at 0.

Recall again that pointwise convergence of a se-
quence in L(E,F ) implies boundedness. The con-
verse is false, but the Banach-Steinhaus Theorem
provides a sort of converse, with the additional as-
sumption of pointwise convergence on a dense sub-
space. More precisely, suppose E and F are Banach
spaces, D is a subspace of E, D = E, and (A1, A2, . . .)
is a bounded sequence in L(E,F ) such that

lim
n→∞

Anx

exists for all x ∈ D. Then there is a B ∈ L(E,F )
such that

lim
n→∞

Anx = Bx

for all x ∈ E.

To prove the Banach-Steinhaus Theorem we con-
sider an arbitrary x ∈ E and ε > 0. Let

γ = sup ‖An‖

and choose y ∈ D such that

‖x− y‖ < ε

3γ

Because y ∈ D the sequence (A1y,A2y, . . .) is con-
vergent and hence Cauchy. Choose N such that for
all j, k > N we have

‖Ajy −Aky‖ <
ε

3
.

Then

‖Ajx−Akx‖
= ‖Aj(x− y) + (Ajy −Aky)−Ak(x− y)‖
≤ ‖Aj(x− y)‖+ ‖Ajy −Aky‖+ ‖Ak(x− y)‖
≤ ‖Aj‖‖x− y‖+ ‖Ajy −Aky‖+ ‖Ak‖‖x− y‖
< γ

ε

3γ
+
ε

3
+ γ

ε

3γ
= ε,

so (A1x,A2x, . . .) is Cauchy and hence, since we as-
sumed F was a Banach space, convergent. This holds

for all x ∈ E, so the preceding corollary to the Uni-
form Boundedness Principle shows that there is a
B ∈ L(E,F ) such that

lim
n→∞

Anx = Bx

for all x ∈ E.

5.5 Krein-Milman

If K is a convex subset of a vector space then it con-
tains the midpoint of any two distinct in K. It may
happen that all points in K are midpoints of distinct
points in K. In any non-trivial Banach space the unit
ball has this property, for example. Any point which
is not the midpoint of a pair of distinct elements of K
is called an extreme point. As we’ve just seen, there
need not be any extreme points.

If S is a subset of a normed space E then we define
the closed convex hull of S to be the intersection of
all closed convex subsets of E which contain S. The
closed convex hull is itself closed and convex, because
the intersection of closed sets is closed and the inter-
section of convex sets is convex. The closed convex
hull of S is in fact the smallest closed convex sub-
set of E containing S, because the intersection of a
collection of sets is a subset of any element of the
collection.

The Krein-Milman Theorem states that if K is a
compact convex subset of a Banach space E then K is
the closed convex hull of its set of extreme points.
There is no loss of generality in assuming that K =
R, so we will assume that in the proof.

Our proof of the Krein-Milman theorem will rely
on the Hahn-Banach Separation Theorem, which says
that if E is a real Banach space, U is a non-empty
open convex subset of E, V is a non-empty convex
subset of E and U ∩ V = ∅ then there is a g ∈ E′

and γ ∈ R such that for all x ∈ U and y ∈ V we
have g(x) > γ ≥ g(y). The proof is based on the
seminorm version of the Hahn-Banach Theorem. We
choose u ∈ U and v ∈ V and define S to be the set
of points in E of the form

z = x− y − u+ v
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with x ∈ U and v ∈ V . We then define

p(z) = inf{t ∈ R: t ≥ 0, z ∈ tS}

and show that p is a semi-norm on E. If F is the span
of the single vector u − v and f ∈ F ′ is the unique
function with

f(u− v) = 1

then
|f(z)| ≤ p(z)

for all x ∈ F . The Hahn-Banach gives us a g ∈ E′
such that

g(z) = f(z)

for z ∈ F and
|g(z)| ≤ p(z)

for z ∈ E. Then

g(x) > g(y)

for all x ∈ U and y ∈ V and so, taking

γ = inf
x∈U

g(x),

we get
g(x) > γ ≥ g(y)

for all x ∈ U and y ∈ V . This completes the proof of
the Hahn-Banach Separation Theorem.

The theorem has a useful corollary. Suppose V is a
non-empty closed convex subset of a Banach space E
and z /∈ V . Then there is an open ball U with centre z
and radius ρ such that U ∩ V = ∅. Applying the
theorem we have g ∈ E′ and γ ∈ R such that

g(x) > γ ≥ g(y)

for all x ∈ U and y ∈ V . Then

inf
x∈U

g(x) ≥ γ.

Now

‖g‖ = sup
‖u‖<1

g(u) = sup
‖z−x‖<ρ

g(z)− g(x)

ρ

and hence

inf
x∈U

g(x) = g(z)− ‖g‖ρ.

If

β = γ − 1

2
‖g‖ρ

then
g(z) > β > g(y)

for all y ∈ V .
If the Krein-Milman Theorem is correct then it fol-

lows in particular that K has extreme points, which
is not obvious. We don’t however need the Krein-
Milman Theorem to prove this. We say that a closed
non-empty subset of S ⊂ K is extreme if

s, t ∈ R+, x, y ∈ K, sx+ ty

s+ t
∈ S

implies
x, y ∈ S.

Note that K itself is extreme. The terminology is
somewhat misleading because not every point in an
extreme set is necessarily extreme. We’ll soon see
though that at least one of them is. We can order the
extreme sets by reverse inclusion. The intersection of
a totally ordered collection of extreme sets is extreme.
The compactness of K ensures that the intersection
is non-empty. We can then use Zorn’s Lemma to
show that there is a maximal extreme set. ‘Maximal’
here means that no proper subset is extreme. This
maximal extreme set must be a single point. To see
this, suppose M is maximal and x, y ∈ M . If x 6= y
then, by the corollary to the Hahn-Banach Separation
Theorem, there is a g ∈ E′ such that g(x) > g(y).
The set

{z ∈M : g(z) ≥ g(x)}

would be a smaller extreme set, contradicting maxi-
mality. So we have at least one maximal extreme set
and this set contains only exactly one point. That
point must be an extreme point. In fact we have
something a bit stronger. We could apply Zorn’s
Lemma not to all extreme sets but to all extreme
sets contained in any given one, so every extreme set
contains an extreme point, as mentioned above.

The set of extreme points of K is contained in K.
Since K is closed and convex the closed convex hull
of the set of extreme points is also contained in K.
The non-trivial part of Krein-Milman is the reverse
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inclusion. Let V be the closed convex hull of the
extreme points. We need to show that K ⊆ V .

There is at least one extreme point, so V is a non-
empty closed convex set. If z ∈ K − V then there
is, by the corollary to the Hahn-Banach Separation
Theorem, a g ∈ E′ and β ∈ R such that

g(z) > β > max
V

g.

But then
{x ∈ K: g(x) = max

K
g}

would be an extreme set without extreme points,
which we’ve seen is impossible. So there is no z ∈
K − V and therefore K ⊆ V . That concludes the
proof of the Krein-Milman Theorem.

As an application, we consider a class of combina-
torial optimisation problems called assignment prob-
lems. The classical version of this is assigning people
to tasks. We have n people and n tasks. The pro-
ductivity of the j’th person performing the k’th task
is pj,k. Let xj,k be 1 if the j’th person is assigned to
the k’th task and 0 otherwise. We want each person
assigned to one and only one task,

n∑
j=1

xj,k = 1

and we want each task to have one and only person
assigned to it,

n∑
k=1

xj,k = 1.

Among all such assignments we want to select one
which maximises the total productivity

n∑
j=1

n∑
k=1

pj,kxj,k.

Possible assignments correspond to permutations of
{1, 2, . . . , n}, so we could just check all the possibili-
ties, but there are n! of them and that’s not practical
for large n.

Linear programming problems are ones where we
seek to maximise a linear function of finitely many
real variables subject to finitely many inequality con-
straints on those variables. The assignment problem

looks like a linear programming problem, but the con-
straints are equations and the variables are restricted
to the set {0, 1}.

A first step in converting our assignment problem
to a linear programming problem is to rewrite the
constraints as

xj,k ≥ 0,

n∑
j=1

xj,k ≥ 1,

n∑
k=1

xj,k ≤ 1.

Any possible assignment satisfies these inequalities.
Conversely, suppose the inequalities are satisfied.
Summing

n∑
j=1

xj,k ≥ 1

over k gives
n∑
j=1

∑
k=1

xj,k ≥ n,

while summing
n∑
k=1

xj,k ≤ 1

over j gives the reverse inequality. The only way
to satisfy both is if all the inequalities involved are
actually equations, so

xj,k ≥ 0,

n∑
j=1

xj,k = 1,

n∑
k=1

xj,k = 1.

Also,

xj,k ≤
n∑
l=1

xj,l = 1,

since xj,l ≥ 0 for l 6= k. So if xj,k ∈ Z for each j, k
then

xj,k ∈ {0, 1},
n∑
j=1

xj,k = 1,

n∑
k=1

xj,k = 1.

In other words, it represents a possible assignment of
people to tasks. There are, however, plenty of non-
integer solutions to the inequalities, e.g. xj,k = 1/n.

The set

K =

x ∈ Rn2

:xj,k ≥ 0,

n∑
j=1

xj,k ≥ 1,

n∑
k=1

xj,k ≤ 1


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is compact and the function

f(x) =

n∑
j=1

n∑
k=1

pj,kxj,k

is continuous, so it has a maximum. The set

Kf =
{
x ∈ K: f(x) = max

K
f
}

is compact and convex, so by the Krein-Milman The-
orem it is the convex hull of its extreme points. In
particular, it has an extreme point. Any extreme
point has xj,k ∈ {0, 1} though.

First of all, if x is an extreme point of Kf then it
must also be an extreme point of K. This isn’t simply
a consequence of Kf ⊆ K, but it is nonetheless true.
If x is an extreme point of Kf but not of K then

x =
y + z

2
, y, z ∈ K

with y 6= z. Then

f(x) =
1

2
f(y) +

1

2
f(z).

So either
f(x) = f(y) = f(z),

in which case
y, z ∈ Kf ,

which is impossible because x is an extreme point
of Kf , or one of f(y) > f(x) or f(z) > f(x) is true.
But

f(x) = max
K

f,

so this too is impossible. So we only need to consider
extreme points of K. Given x ∈ K we construct two
permutations σ, τ ∈ Sn as follows. Let

J1 = K1 = {1, 2, . . . n}

Choose j1 ∈ J1 and k1 ∈ K1 to make

xj1,k1 = max j ∈ J1, k ∈ K1xj,k

There may be multiple choices which work, but just
choose one and Set

J2 = J1 − j1, K2 = K1 − k1

and

σ(1) = j1, τ(1) = k1.

Choose 21 ∈ J2 and k2 ∈ K2 to make

xj2,k2 = max j ∈ J2, k ∈ K2xj,k

Set

J3 = J2 − j2, K3 = K2 − k2

and

σ(2) = j2, τ(2) = k2.

Continue in this way until we’ve chosen σ(n) and τn.
The effect of this is find a permutation σ of rows and
a permutation τ of columns such that the permuted
version of x has the property that each of the sub-
matrices xσ(m),τ(m) · · · xσ(m),τ(n)

...
. . .

...
xσ(n),τ(m) · · · xσ(n),τ(n)


has its largest entry in its upper left hand corner. If

xσ(n),τ(n) < 1

then set

δ = max

(
1,

xσ(n),τ(n)

1− xσ(n),τ(n)

)
,

yj,k =

{
(1 + δ)xj,k − δ if j = k,
(1 + δ)xj,k if j 6= k,

zj,k =

{
(1− δ)xj,k + δ if j = k,
(1− δ)xj,k if j 6= k.

Then

y, z ∈ K, x =
y + z

2
,

so x is not an extreme point of K. So any extreme
point x has

xσ(n),τ(n) = 1.

But then

xσ(j),τ(k) =

{
1 if j = k,
0 if j 6= k
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for all j ∈ {1, . . . , 1} and x is the permutation matrix

xl,m =

{
1 if σ−1(l) = τ−1(m),
0 if σ−1(l) 6= τ−1(m).

We’ve just seen that there is at least point in Kf ,
i.e. one solution of the linear programming problem,
which is an extreme point of K and that this must
be given by an element of Sn, i.e. a solution of the
assignment problem.

It’s not necessarily true that every solution of the
linear programming problem is a solution of the as-
signement problem, but there are efficient methods
of solving the linear programming problem which are
guaranteed to find such a solution. Alternatively,9

we can first find a w which maximises

n∑
j=1

n∑
k=1

pj,kwj,k

wj,k ≥ 0,

n∑
j=1

wj,k ≥ 1,

n∑
k=1

wj,k ≤ 1

and then, if w itself is not a solution to the assignment
problem, find an x which maximises

n∑
j=1

jekkxj,k

subject to

xj,k ≥ 0,

n∑
j=1

xj,k ≥ 1,

n∑
k=1

xj,k ≤ 1,

n∑
j=1

n∑
k=1

pj,kxj,k ≥
n∑
j=1

n∑
k=1

pj,kwj,k.

We know the constraints in the second problem are
satisfiable because x satisfies them. Anything which
satisfies the second problem is a solution to the first
problem as well, and the solution to the second prob-
lem must occur at an extreme point because the ob-
jective function takes a different value at each ex-
treme point.

9The method which follows works with exact arithmetic,
but needs some modification to work with floating point arith-
metic.
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