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1. Prove the following ‘converse’ to the spectral theorem:
If {uy,usa,...} is an orthonormal set in a Hilbert space E and (A1, Ag,...)
is a sequence in R with limit 0 and |A1| > |[Aa| > -+ then

Az = N (aluy) u;
=1

defines a compact symmetric operator on F.
Hint: Remember that the limit of a sequence of compact operators is
compact.

2. Show that every compact symmetric operator A on a Hilbert space F can
be written in the form

A=B-C
where B and C' are compact positive operators.

3. The left and right unilateral shifts L, R € £(I?) are defined by

Lx:(éQaé?n"'), R$:(0,€1,£2,...),

where

xr = (61762,...).

a) Show that neither L nor R is compact.

()
(b)
()

)

(d) Find the eigenvectors and eigenvalues of R.

Show that neither L nor R is symmetric.

Find the eigenvectors and eigenvalues of L.

4. Show that {1,v/2 cos(mt), /2 cos(2rt), ...} and {v/2sin(nt), /2 sin(2nt), ...}
are orthonormal bases for L?([0, 1]).
Hint: Write them as solutions to a Sturm-Liouville problem.



5. Show that {%, cos(mt), sin(wt), cos(2nt), sin(2xt), ...} is an orthonormal
basis for L?([—1,1]).
Hint: Use the result of the previous problem. You may find the func-
tions A: L?([—1,1]) — L2([0,1])® L?([0,1]) and B: L2([0,1]) L3([0,1]) —
L?([-1,1]) useful where

A(z) = (y,2), y(t)=

and
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B((y2) = o, a(t) = { 020 g




