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Instructions to candidates:

Additional instructions for this examination:

Credit will be given for the best 3 questions answered.

You may not start this examination until you are instructed to do so by the Invigi-
lator.
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1. (20 points)

(a) (4 points) What is the order of the system

x′(t) = x(t)− x(t)y(t)? y′(t) = x(t)y(t)− y(t)

Is it autonomous? Is it linear? If so, is it homogeneous?

(b) (6 points) Show that

V (x, y) = xy exp(−x− y)

is an invariant of the system above.

(c) (10 points) Prove that all solutions to this system with initial conditions x0, y0 > 0

are bounded.
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2. (20 points)

(a) (10 points) Compute exp(tA) where

A =


−1 1 0 −1

0 −1 −1 2

4 −2 −1 4

2 −2 −1 3

 .

Hint: What is A2?

(b) (10 points) Do all solutions to

x′′′(t) + 2x′′(t) + 2x′(t) + 3x(t) = 0

tend to zero as t tends to +∞? Why or why not?
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3. (20 points) The Legendre equation of order two

(1− x2)y′′(x)− 2xy′(x) + 6y(x) = 0

has a non-zero polynomial solution of degree 2.

(a) (5 points) Find such a solution.

(b) (5 points) Find an equivalent first order system.

(c) (10 points) Find the Green’s function for this equation.
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4. (20 points) All of these questions relate to the autonomous system

x′(t) = x(t)2 + y(t)2 − 2x(t) y′(t) = x(t)2 + y(t)2 − 2y(t)

(a) (2 points) Find the equilibria.

(b) (4 points) Find the linearisation at each equilibrium.

(c) (6 points) Which equilibria, if any, are stable? Which, if any, are strictly stable?

(d) (8 points) Find a strict Lyapunov function for any strictly stable equilibria.
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