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Where we left off and what's next

Last time we defined

Cfoyxo,Z(y) = uren[g,);] ||Zto,X0,Z(Yv u)||

where
u
Zey oy, u) = y(u) - / F(s + to,y(s) + X0.2) s
0

and showed that it was continuous. We also showed that
Ctoxo.z(¥) = 0 if and only if X¢, xp.2(t) = Yey.x0.2(t — to) + X0 is a
solution of the initial value problem Xy x,.2(to) = Xo,
Xiox0.2(1) = F(£, Xt,0,2(t). 2).-

Cty.x0.2(Y) is clearly non-negative for all y. Our next task is to
show that it can be made arbitrarily small, i.e. that for every

€ > 0 thereis a'y € K such that (s ,2(y) < €. For this we'll use
the Euler scheme.



Euler scheme (1/5)

The Euler scheme with step size h > 0 is

Yto,XO,Z(O) =0
yto,Xo,Z(_jh + h) - yto,Xo,Z(.jh) + hF(_/h + tOv yto,Xo,Z(_jh) +X01 Z)

and linear in between. We want to show (¢, x,.-(y) < € for h
small. Let § = i;@ and suppose h < §.

If jh < s < min(jh+ h,T) then
Vio.0,2(S) = Yioxo,2(Uh) + (5 — jN)F(ih + to, Yig.x0.2(j1) + X0, Z)
For all such s we have |s — jh| < h so
[¥to.%0,2(S) +X0.Z) = ¥t,x,,20h) +X0.2)|| < Lh
and hence
1(S + t0. Yto,x0,2(S) + X0, 2) = (jh + t0, Y15, x0,2(/) + X0, 2) ||
is less than v/[2 + 1h.



Euler scheme (2/5)
Then VL2 + 1h < b (e/T) s0

IF(s + o0, Yto.x0.2(S) + X0, 2) = F(jh + t0, Yty x0,2(/h) + X0, Z)
is less than €/7.
Yio,x0,2(S) = Ytox0,2UN) + (s = JA)F(jh + t0. Y15, x0,2(U1) + X0, 2)
o)
Zy, xo.2(Ytox0.20 U) = Lty x0.2(Yto x0.2: 1)

u
+/ F(s + to. Yiy.x0,2(S) + X0, 2) ds
ik

u
- / F(-jh+ tov yto,Xo,Z(jh)+XO,Z) dS
Jh

Therefore || Z s xo,2(U) = Zgyxo,2(M)|| < £(u — jh) when
Jh < u < min(jh + h, 7). By induction on j we have
||Zt0,Xo,Z(U) - Zto,XO,Z(O)H < %U



Euler scheme (3/5)
1Zt9,x0,2(U) = Zty,%0,2(0)|| < £u. But Zgy 4,2(0) =0 and v < 7 so
1 Z ¢y x0,2(t)]| < € forall u € [0, 7] and (tp, X0, 2z) € D. Therefore
Ctoxoz(¥) < € as promised.
We're not done yet! We still need to show that y¢, .- € K.

Yio.x0.2(S) = Yioo,2(Jh) + (5 — JH)F(jh + to, Yis.x0,2(jh) + X0, Z)
for jh < s <jh+ hand ||[F(jh+ to, Ye,.x.2(h) + X0, Z)|| < L so
1Yt0.%0,2(S) = Yeo.x0.2UMI < L(s = jh)
and, by induction on j
1¥t0.x0.2(S) = ¥to.x0.2(0) || < Ls.
But yt,.x,2(0) and s < 7 so

1Yto.x0,2(S)I < LT < 6x.



Euler scheme (4/5)

||yt0,x0,z(5)“ S Lt S 6x-

This means that y¢, ..z is a function from [0, 7] to B(0, ),
which is one of the requirements for yy, «,.z to belong to K. We
need it to be a continuous function as well, but this is clear from
the definition.

Also, we define yy, x,.- only for s € [0, 7] and (to,%0,2) € D, so
0<s<7 <8, [to— ] <6, |Ixo —x[| <6 and ||z — 2| <94,
This means that

(5410, Yey.x0.2(S+ 10, to, X0 )+X0, Z) € B(t, 26)x B(x,26¢)xB(z,8,) = K

This is important because that's where we have quantitative
information on F.

Strictly speaking, this part of the argument should be moved into
the induction on j and checked at every step.



Euler scheme (5/5)

Also from
yto,Xo,Z(S) = Yto,Xo,Z(J'h) + (5 _jh)F(fh + to, Yto,xo,z(jh) + Xo, Z)
and

ytOvXO-Z(S) = yto,Xo,Z(jh + h)
— (Jh + h— S)F(jh + 1o, th,X(),Z(_jh) + Xq, Z)

it follows that ||ys.xe.2(5”) — Yeomo,z(ST)I < L[s” — st
SO Yigxo.z € K and iy xo,2(Vtgx0.2) < € for all h < 6.



Arzela-Ascoli

The Arzela-Ascoli Theorem gives necessary and sufficient
conditions for a space of continuous functions to be compact.
There are many versions but the one we want is
Suppose X and Y are compact metric spaces and A is
a subset of the metric space of functions from X to Y.
Then A is compact if and only if A is closed and (uni-
formly) equicontinuous.

Y is compact so all functions from X to Y are bounded. So the
set of functions is indeed a metric space with metric

d(. ) = sup dy (£(x). 9()).

For continuous functions the supremum is actually a maximum
since X is compact and d is continuous. The word “uniformly” is
redundant, but sometimes useful.



K is compact (1/2)

We define_d K to be the space of continuous functions y from
[0, 7] to B(x, 0x) such that

ly(s”) —y(s)Il < LIs* "]

for all s°, st € [0, 7]. The condition that y is continuous is
redundant since it follows from the inequality. Take § = €/(L+1).
K is a closed subset. If y ¢ K then there are s”, st € [0, 7] such
that

ly(s”) = y(s")Il > L|s" — s".
Let

r

_ly(s”) —y(sHIl - LIs” — S|
5 .

If § € B(y, r) then [|§(s”) — y(s")Il < r and [|§(s") — y(s")I| < r.



K is compact (2/2)

ly(s”) = y(sHIl < [1§(") — (M) + 1§(s") — y(s")
< [I§(s") = §(sh)Il +2r
< 1I§(s") = §(sM) + [ly(s) — y(s*)

|+ 15(s") = y(shI

—L]s* — st

So [|§(s”) — §(sh)|| > L|s” — s|. In other words, if y ¢ K then
there is an r > 0 such that if y € B(y,r) then § ¢ K. So the
complement of K is open and K is closed.

Forande, let 6 =¢/(L+1). Ify €K, s" st € [0, 7] and

dio.r = (5", s")|s” — s| < & then

50,89 (V(s"). ¥(s")) = Hy(S") - y(S”)H <Ls"-st<Ls<e

So K is uniformly equicontinuous and hence compact.



The existence theorem

For every (tp, X0, z) € D we have that (y, x,.z IS continuous on the
compact metric space K and therefore has a minimum. This
minimum is non-negative, but also non-positive, so must be zero.
In other words, there is a yz, x,z € K such that

Ctoxoz(Yto.xo,z) = 0. We've already seen that if

Ctoxoz(Ytoxo.z) = 0 and X¢, x,.z 1S defined by

Xto,xo,z(t) - yto,xo,z(t - tO) + Xgp
then X, x,.z(t) solves the initial value problem
Xlto,xo,z(t) = F(t, Xfo,XO,Z(t)' Z)' Xto,xo,z(tO) = Xo.

This solution is valid at least for t — to € [0, 7], i.e. for
t € [to, to + T]. This 7 is the same for all (tp,%0,2) € D, i.e. for
all (to,xo, z) sufficiently close to (£, x, z).



