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1. Define f : [−π/2, π/2]→ [−∞,+∞] by

f(x) =


−∞ if x = −π/2,
tan(x) if − π/2 < x < π/2,

+∞ if x = π/2.

Show that f is continuous and has a continuous inverse.
Hint: You can save yourself some time by using Proposition 3.6.3 from
the notes and proving the following lemma:

Suppose (X, TX) and (Y, TY ) are topological spaces and f : X →
Y is a function. If x ∈ X, U ∈ O(x) and the restriction of f to
U is continuous then f is continuous at x.

2. Suppose that S is a set, f : S → [0,+∞] is a function and∑
s∈S

f(s) < +∞.

Show that for every δ > 0 the set

Gδ = {s ∈ S : f(s) > δ}

is finite.

3. Suppose that S is a set, f : S → [0,+∞] is a function and∑
s∈S

f(s) < +∞.

Show that the set
P = {s ∈ S : f(s) > 0}

is countable.
Hint: Use the result of the previous problem.

4. Suppose that S is a set, f : S → R is a function and that∑
s∈S

f(s)

converges (in R). Show that the set

{s ∈ S : f(s) 6= 0}

is countable.
Hint: Use the result of the previous problem.
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