MAU22200 2021-2022 Practice Problem Set 1
Solutions

The following is a theorem in Real Analysis:

Suppose f and g are functions from R to R, that w € R and
that z € R. Suppose further that f(z) < g(z) for all z € R
and that lim,_,, f(z) and lim,_,,, g(z) exist. Then lim,_,,, f(z) <

limg ., g().
Here is a proof:

Suppose A > 0. Let e = A\/2. Then € > 0. Let

z1 = lim f(z)
and

29 = a}gl}ﬂ g(x).
By the definition of limits of real valued functions of a real variable
there is a §; > 0 such that if 0 < |z — w| < &1 then |f(x) — 21| < €
and a dy > 0 such that if 0 < |z — w| < J3 then |g(x) — 22| < €. Let

0= min(él, (52)

Set x = w+§/2. Then 0 < |z —w| < §s0o0 < |z —w| <d and
0 < |z —w| < . Tt follows that |f(z) — 21| < € and |g(x) — 22| < €.
Therefore

< flx)+e<g(x)+e<za+2e=20+ A

So limg . f(x) < A+lim, ., f(g) for all positive A, which is possible
only if lim, . f(2) < limg_y, f(9g)-

1. State and prove the corresponding theorem for functions from R™ to R,
where m > 0.
Solution: The corresponding theorem is

Suppose f and g are functions from R™ to R, w € R and
z € R. If f(x) < g(x) for all x € R™ and that limy_,w f(x)
and limy_,w g(x) exist. Then limy_w f(X) < limx_w g(x).

and its proof is

Suppose A > 0. Let e = A\/2. Then € > 0. Let

z1 = lim f(x)
and
zo = lim g(x).

X—W



By the definition of limits of real valued functions of a real
variable there is a §; > 0 such that if 0 < ||x — w|| < d; then
|f(x) — 21| < € and a d3 > 0 such that if 0 < ||x — w|| < d2 then
|g(x) — 22| < €. Let

o= min(él, 62)

Set x = w+ Su, where u = (1,0,...,0). Then 0 < ||x—w|| <
50 0 < [|x —w| < 01 and 0 < ||x — w|| < da. It follows that
|f(x) — 21| < € and |g(x) — 22| < €. Therefore

21 < f(x)+e<g(x)+e<zo+2e=r20+ A

So limy_w f(x) < A+ limyx_w f(g) for all positive A, which is
possible only if limy_w f(x) < limx—,w f(9).

2. State and prove the corresponding theorem for functions from a normed
vector space to R.
Solution: The corresponding theorem is

Suppose that (X, p) is a normed vector space, that X is not the
zero vector space, that f and g are functions from X to R, that
w € X and that z € R. Suppose further that f(x) < g(x) for
all x € X and that limy_,w f(x) and limy_,w g(x) exist. Then
limy w f(x) < limysw g(x).

and its proof is

Suppose A > 0. Let e = A\/2. Then € > 0. Let

z1 = lim f(x)

and
2o = lim g(x).

X—W

By the definition of limits of real valued functions of a real
variable there is a §; > 0 such that if 0 < p(x — w) < 07 then
|f(x) — 21| < e and a 3 > 0 such that if 0 < p(x —w) < d2 then
lg(x) — 22| < e. Let

6= min(él, 62)

X is not the zero vector space so there is v £ 0 in X. Set

1

= A%
p(v)
Then p(u) = 1. Set x = w + Su. Then

o ()|



s0 0 < p(x —w) < § and therefore 0 < p(x —w) < 01 and 0 <
p(x—w) < 3. Tt follows that | f(x) — 21| < € and |g(x) — 22| < e.
Therefore

21 < f(x)+e<g(x)+e<za+2e=20+ A\

So limyw f(x) < A+ limyx_w f(g) for all positive A, which is
possible only if limy_sw f(x) < limx—,w f(9).

3. State and prove the corresponding theorem for functions from a subset of
a metric space to R.
Solution: The corresponding theorem is

Suppose that (X,d) is a metric space, that U C X, that f
and ¢ are functions from X to R, that w € X is a limit point
of U and that z € R. Suppose further that f(z) < g(x) for
all z € U and that lim,_,,, f(z) and lim,_,,, g(z) exist. Then
limg sy f(:L‘) < limg sy 9(33)

and its proof is

Suppose A > 0. Let ¢ = A/2. Then € > 0. Let

z1 = lim f(z)
and

2= Jny o(a).

By the definition of limits of real valued functions of a real
variable there is a §; > 0 such that if 0 < d(z,w) < d; then
|f(z) — 21| < € and a d2 > 0 such that if 0 < d(z,w) < 3 then
|g(x) — 22| < e. Let

d = min(dy, da).

By assumption w is a limit point of U so there is an z € U
such that 0 < d(z,w) < §, and therefore 0 < d(z,w) < &
and 0 < d(z,w) < d2. It follows that |f(xz) — 21| < € and
|g(x) — 22| < e. Therefore

< flx)+e<glx)+e<zo+2e=20+ .

So limg_yq f(2) < A+ limg_, f(g) for all positive A, which is
possible only if lim, ., f(x) < limg_, f(g)-



