MAU22200 2021-2022 Practice Problem Set 10

1. Suppose Ey, F1, ...is a sequence of elements of a o-algebra on a set X.
Let F' be the set of x € X such that z € E, for all but finitely many
n € N. Let G be the set of all z € X such that « € E,, for infinitely many
neN

(a) Show that F' C G.

(b) Show that F € B.
Hint: What is U,,,50 Npsm En?

(¢) Show that G € B.
Hint: What is (1,50 U,>m En?

2. Suppose that (X, B, ) is a measure space an Ey, F1, ...is a sequence of
elements of B such that
lim u(E,)=0.
n—oo

Let F be the set of z € X such that « € FE,, for all but finitely many
n € N. Show that p(F) = 0.

Hint: Apply Fatou’s Lemma to the sequence of characteristic functions of
the E’s.

3. Suppose that (X, B, ) is a measure space an Ey, F1, ...is a sequence of
elements of B such that

> u(E) < +oo.
=0

Let G be the set of all z € X such that x € F,, for infinitely many n € N
Show that u(G) = 0.

Hint: Apply the Monotone Convergence Theorem to a sequence of sums
of characteristic functions.



