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Almost everywhere

A statement is said to hold for almost all points in a
content/measure space if there is a set of content/measure zero
in the complement of which it holds.

For an uninteresting example, a statement holds for almost all x
with respect to counting measure if and only if it holds for all x.
For a more interesting example, for almost all x € R thereisa 7
somewhere in the decimal expansion of x. The content here can
be taken to be Jordan content. The proof of this closely follows
the proof that the Cantor set has content zero, since the Cantor
set is the set of points in [0, 1] which have no 1 in their trinary
expansion.

Still sticking to Jordan content, it's not true that almost every
real number is irrational. This will be true of Lebesgue measure,
which we will see after the break.



Functions which agree almost everywhere (1/3)

Suppose (X,B,u) is a content/measure space, Y C
[—00, +00], and g, h: X — Y are such that g(x) = h(x)
for almost all x € X. If g integrable then so is h and

/xex 9(x) dulx) = /XEX h(x) d(x).

The hypothesis that g(x) = h(x) almost everywhere means that
there is an E € B with u(E) = 0 such that g(x) = h(x) for all

x € X'\ E. With notation as in the definition of the integral,
suppose T € RZ*(£), i.e. that RG(T) € €. Let V = Ry (T).
Then V € & so there is Q € P such that a(Q) C V. Let R be
the common refinement of Q and {E, X \ E}. If w € a(R) then
w e a(Q)andsow e V. So a(R)C V. Also a(R) € £. For
w € a(R) we have £ € Bg so >, .r w(x) = u(E) =0 and
w(x) = 0 for all x € E and hence

2xee IIW(X) = 0 =3 e h(x)w(x).



Functions which agree almost everywhere (2/3)
On the other hand, we have g(x) = h(x) for x € X'\ E so

Z x)w(x) = Z h(x

x€X\E xEX\E

Then

xeX

=3 gw() + > g(x)w(x)
x€E xeX\E

=Y h)w(x)+ Y h(x)w(x)
xeE xeX\E

= > h(x)w(x) = Ry(w)
xeX

So Ry(w) = Rp(w) for all w € a(R).



Functions which agree almost everywhere (3/3)
Let S = Rp(a(R)). If w € a(R) then Ry(w) € S so w € R;(S).
Therefore a(R) C Ri(S). a(R) € £ and £ is upward closed so
Ri(S) € € and hence S € R}*(£). If z € S then z = Ry(w) for
some w € a(R). Then z = Ry(w). a(R) C V so w € V and
hence z = Ry(w) € T, since V = Ry(T). This holds forall z€ S
so S C T. From this and S € R;*(€) it follows that T € R;*(€),
since R;*(€) is upward closed. T was an arbitrary element of
Ry (€) so Rg*(€) € Ry*(£). The same argument with the roles
of g and h reversed gives R;*(£) € R3*(£), so

R (E) = Ri*(€).

Therefore R;*(€) converges if and only if R;*(£) converges, in
which case the limits are the same. In terms of integrals this
means that g is integrable if and only if his, in which case

[ atdut)= [ nexduo).
xeX

xeX



Lower and upper integrals (1/2)

Suppose (X, B, ) is a content/measure space, Y C [—o0, +0]
and g: X — Y is a function.
The lower integral of g with respect to (X, B, i),

/ 96 au()

is the supremum of all integrals [, f(x) du(x) where f ranges
over the simple/semisimple functions such that f(x) < g(x) for
almost all x € X.

The upper integral of g with respect to (X, B, u),

/ 9(x) du(x).
xeX

is the infimum of all integrals [, h(x) du(x) where h ranges
over the simple/semisimple functions such that g(x) < h(x) for

almost all x € X.



Lower and upper integrals (2/2)

The “for almost all x € X" is natural in since we only really care
about the integrals. It's also necessary to make the following
theorem work:
Suppose (X,B,u) is a content/measure space, Y C
[—00, +o0] and g: X — Y. Then

/

o) ) < [ ax)dut).
xeX xeX

g is integrable with respect to (X, B, p) if and only if also

[ stoduts [ gtdut
xeX < xeX

and both the upper and lower integrals belong to Y. In
that case the integral of g is their common value.

This criterion is easier to work with than the definition.



Sketch of the proof (1/3)

The proof is made up of two parts, one general and one specific
to integration.
Suppose £ is a filter on a set X, Y C [-o0, 40|, and
r: X — Y is a function. Then

sup inf r(w) < inf sup r(w
\/QEWGV ( )_VGSWQF\)/ ( )

in [—oo, +o0]. r**(&) is convergent in Y if and only if

inf sup r(w) €Y,
Vegwer\)/ (w)

sup inf r(w)eY,
\/e@'WEV ( )

and

inf sup r(w) < sup inf r(w).
VngeF\)/ ( )_VEEZ,'WEV (W)

In this case their common value is the limit of r**(£).



Sketch of the proof (2/3)

The convergence criterion on the preceding slide is the filter
version of one we've already seen for sequences and nets. We
apply it to r = Ry and £ as in the definition of the integral. To
do that we need to identify infyeg sup,, ¢y Rg(w) and
supyce infyey Rg(w).
Suppose that (X, B, 1) is a content/measure space, Y C
[—o00, +o0] and g: X — Y is a function. Then

infsupRW:/ g(x) du(x
inf, sup Ry(w) = | g(x) du(x)

and

sup inf R‘g(w):/ g(x) du(x).



Sketch of the proof (3/3)

Suppose f is a simple/semisimple function such that f(x) < g(x)
for almost all x € X, i.e. there's a finite/countable partition Q of
x such that f is constant on each element of Q. If (X, B, 1), Q
and w are compatible then

/X N Fx) du(x) = D> FOOw(x) < D g(x)w(x) = Rg(w).

xeX xeX

This is not quite true, but it’s close enough. The heart of the
proof is showing that for any Q@ we can choose f and w to get
Jyex f(x) du(x) and Ry(w) arbitrarily close to equal.

It's rather complicated because there are many special cases to
be considered or, preferably, avoided. For details see the notes.



