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Compatibility (1/3)

(X, B, ) is called a content/measure space if B is a
Boolean/o-algebra on X and w is a content/measure on (X, B).
The convention here that that you consistently take either the
left or right side of the / and you get something sensible.
A partition on X is a Q € p(p(X)) such that @ ¢ Q and if
EFeQthenE=ForENF=2.
A system of weights on X is just a function w: X — [0, +o0].
A content/measure space (X, B, 1) a partition P and a system of
weights w: X — [0, +o0] are called compatible if P C B and
W(E) = ycp w(x) forall E€P.
How does this depend on the choices of (X, B, 1) and P?
If (X, B',u') is a refinement of (X, B, u) then (X, B, 1),
P and w are compatible if (X,B,u), P and w are.
(X,B,u), P and w are compatible if (X, B, u'), P and
w are and P C B.



Compatibility (2/3)

Suppose (X, B, ) is a content/measure space and P and
Q are finite/countable partitions of X and w is a system
of weights on X. If Q is a refinement of P and (X, B, i),
Q and w are compatible then so are (X, B, ), P and w.

This is a consequence of the following characterisation of

compatibility in terms of refinements:
Suppose (X, B, ) is a content/measure space, P is a fi-
nite/countable partition of X and w is a system of weights
on X. Define uy(E) = > cgw(x) for E € p(X) and
pup(E) = ce w(x) for E € Bp where Bp is the atomic
algebra associated to P. Then (X,B,u), P and w are
compatible if and only if both (X, B, u) and (X, p(X), thw)
are refinements of (X, Bp, up).

Combining this with the fact the the refinement of a refinement is
a refinement gives the proposition above.



Compatibility (3/3)

Here's a diagram proof:
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(X, 0(X), w)

Arrows in the diagram mean “is a refinement of”.

The red solid arrows exist because (X, Bg, o) is a refinement of
(X, B, 1) and of (X, p(X), uw), i.e. because (X, B, u), Q and w
are compatible. The blue squiggly arrow exists because

(X, Bg, o) is a refinement of (X, Bp, up), i.e. because Q is a
refinement of P, The black dashed arrows exist because the
refinement of a refinement is a refinement. Because they exist,
(X, Bp, up) is a refinement of (X, B, 1) and of (X, p(X), ), SO
(X, B, ), P and w are compatible.



Definition of the integral

Suppose (X, B, ) is a content/measure space, Y = [0, +-o0] or
Y =R, and f: X — Y is a function.

Let P be the set of finite/countable subsets of 5 which are
partitions of X. Let U be the set of systems of weights w such
that > oy w(x)f(x) converges (in Y). This is all of them if

Y = [0, +o0], but generally not if Y = R. Define R: U — Y by
R(w) = ex w(x)f(x). Define a: P — p(U) by saying

w € o(Q) if and only if (X, B, 1), @ and w are compatible. Let £
be the upward closure of a.(P).

f is said to be integrable with respect to (X, B, 1) if @ ¢ £ and
R**(€) is convergent. In that case we call its limit the integral of
f with respect to (X, B, ), and write it as [, f(x) du(x).

P is a non-empty directed set, a is monotone, and & is filter on
X. Also, Y is Hausdorff, so there is at most one element of Y to
which R**(&) converges.



Elementary properties

No definition of integrals is easy to use on examples, and this one
iS no exception!
It does fit into the framework from Section 1.16 though, so we
get some theorems for free. We already got one, the uniqueness
of the integral. Here's another:
Suppose (X, B, ) is a content/measure space, f, g are
integrable, and f(x) < g(x) for all x € X. Then

Jeex F(x) du(x) < [ex 9(x) du(x).

And another:
Suppose (X.B,u) is a content/measure space

Ci, ... Cm € Y and fi,..., fn are inte-
grable with respect to (X, B, u). Define g by
g(x) = S icifi(x). Then g is integrable and

fxEX g(X) d,Ll,(X) = Z;il Ci fxEX f’(X) d[j,(X)



A less elementary property

Suppose (X,B,u) is a content/measure space and
(X,B',u') is a content/measure space which is a re-
finement of (X,B,u). If f is integrable with respect

to (X,B,u) then it is also integrable with respect to
(X, B, u') and

| rawe= [ e duco),
xeX

xeX

In addition to being true if both are content spaces or if both are
measure spaces this one holds if (X, B, 1) is a content space and
(X,B', u') is a measure space. It can fail though if (X, B, u) is a
measure space and (X, B, u') is a content space.
This one’s also a consequence of properties of limits,
Lemma 4.6.2a:
If (X, T) is a topological space, F is a convergent filter
on X and G is a filter on X such that F C G then G is a
convergent filter.



Simple/semisimple functions (1/2)

Can we actually evaluate any integrals?
Suppose B is a Boolean/c-algebra and Y is a set.
f: X — Y is called simple/semisimple if there is a
finite/countable partition Q of X such that p(Y) C
f**(B).

This may seem opaque, but simple/semisimple functions are
really simple. f is simple/semisimple if and only if there is a
finite/countable partition @ of X and a function ¢: Q@ — Y such
that f(x) = @(E) where x is the unique element of Q such that
x € E. The easiest example of a simple function is a
characteristic function,

() 1 ifxefF,
X)) =
xF 0 ifx¢F.

All finite sets are countable so every simple function is semisimple.



Simple/semisimple functions (2/2)

The integral of a simple or semisimple function is

/X (6980 = 3 @(EDu(E).

EeQ

In particular,

| xe () due) = ().
xeX

Every simple/semisimple function is a finite/countable linear
combination of characteristic functions.

In the next lecture we'll see that integrable functions are those
which can be well approximated by simple/semisimple functions.



