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Completion (1/10)

Suppose B is a o-algebra on a set X and . is a measure
on (X, B). Let Bt be the set of F € p(X) such that for
every € > 0 there are D, H € B such that FAH C D and
u(D) < €. Then Bt is a o-algebra on X and B C Bt. For
F € Bt we define

po(F)=supu(E).  w'(F)=inf u(G).
EcB €B
ECF Fce

Then w=(F) = ut(F) for all F € Bt. Let u'(F) be their

common value. Then u' is a measure on (X, B') and
u'(F) = u(F) for all F € B.

(X, Bf, u?) is called the completion of (X, B, u). We saw an
almost identical theorem last week, but with Boolean algebras in
place of g-algebras and contents in place of measures.



Completion (2/10)
B is a Boolean algebra and w is a content so last week's theorem
shows that B' is a Boolean algebra on X, that B C Bt, that
ut(F) = w (F) for all F € Bf, that u' is a content on (X, BY)
and that uf(F) = u(F) for all F € B.
So we only need to show that B is a o-algebra rather than just a
Boolean algebra and that ' is a measure rather than just a
content, i.e. that (Jgc 4 F € BT if Ais a countable subset of BT
and that u" (Upea F) = X peq uf(F) if, in addition, the F's are
disjoint. Only the countably infinite case is needed because for
finite A we already have both statements, so we can take

A={Fy, F1....}
for some sequence of distinct F’s and prove that

[e.e]
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Completion (3/10)
F; € Bt so for any §; > 0 there are D;, H; € B such that

FAH; C D; and M(D,‘) < ;. If € >0 then §; = 2,+1 >0 so we
can choose D; and H; such that F,AH; C D; and u(D;) < 557

Let - - -
p=Jo, F=FR H=UH
i=0 i=0 i=0

If xe FAHthenx e Fandx¢ Horxe Hand x ¢ F. If xe F
and x ¢ H we have x € F; for some i but x ¢ H, for any j. In
particular x ¢ H; so x € F;AH, and therefore x € D; and x € D.
The same argument works if x € H and x ¢ F, but with the roles
of F and H reversed. So FAH C D.

uo)-u(Uo) <3 uor <355 e
i=0

i=0

So F € Bt. Therefore B is a o-algebra.



Completion (4/10)
pi(F) = u(F) < i (U F) = (U ). since
Fi € U2 Fi- If ui(Fj) = 400 for some i then
m (Uf.io Fj) = 400 and so pf (Uf.io Fj) = Zf.io MT(’:j)-
What's left is the case uf(F;) < +oo for all i.
ut(F;) = inf Ges u(G;). If € > 0 then ut(F;) +€/2+1 is greater

l—l

than the infimum so there is a G; € B such that F; C G; and
,LL(G,') < /J,+(F,') + Q,Gﬁ Let G = U?io G;. Then

Now F C G and G € B so u*(F) < u(G), and therefore

Mg

This holds for all € > 0 so u*(F) < > 72, ut(Fi).



Completion (5/10)
Similarly, u=(F;) = sup ges w(E;). If € > 0 then u=(F;) — ¢/2'*!

i="i

is less than the supremum so there is an E; € B such that E; C F;

and
€

w(Ei) < p~(Fi) - ST
Let £ = U7, Ei. Then

Zu >§(u‘(ﬁ- So1) = Zu Fi) +e.

Here we've used the fact that the F’s are disjoint so the E’s,
which are subsets of the F's, are also disjoint. Now £ C F and
F e Bsou (F)>u(E), and therefore

po(F)>Y w(F)—e
=0

This holds for all € > 0 so u=(F) > Y72, u™ (Fi).



Completion (6/10)
F; € Bf for each i and F € Bf, so

From

Thus u! is a measure on (X, BY).



Completion (7/10)
The statement of the theorem we just proved was chosen to look
as much as possible like the one for Boolean algebras and
contents. There are simpler versions if we only care about
o-algebras and measures.
Suppose that (X, B, u) and (X, Bf, ut) are as in the pre-
ceding theorem. Then F € B' if and only if there are
D,H € B such that FAH C D and u(D) = 0. Then
wI(F) = u(H).
Suppose that there are D, H € BB such that FAH C D and
u(D) = 0. For any € > 0 we have u(D) < € so F € B,
Suppose, conversely, that F € Bf. 1/2kt1 > 0 so there are
Dy Hx € B such that FAH, C Dy and u(Dy) < z4r. Let
D=NZ,UZ;Djand H=NZ,UZ; H;. Note that D, H € B.
FAH = m?io Uj‘i, FAH,‘. FAH,‘ - D,‘ SO

o} o o000 oo 0
UrawiclUo.  NUJFaHic D
j=i j=i

=0 j=i =0 j=i



Completion (8/10)

ﬁGFAH,QﬁGD,-, FAH C D.

i=0 j=i i=0 j=i
Also,

o0
wlUD) <3 wD) <) 57 = 5
j=i j=i j=i
The sequence of sets |J72; D; is monotone decreasing

p(Dg) < 400 so

So there are D, H € B such that FAH C D and p(D) = 0. This
completes the “if and only if” part of the statement. We still
have to prove that uf(F) = u(H).



Completion (9/10)
uwf(HU D) + uf(Hn D) = ut(H) + uf(D) and

u'(D) = u(D) = 0, from which it follows that uf(HN D) =0 as
well. Therefore uf(HU D) = uf(H). Now F C HUD so

wi(F) < uf(H U D) = uf(H) = u(H).
On the other hand,
wl(F U D)+ ui(F N D) = ul(F)+ (D),

u'(D) = u(D) =0 and pf(HN D) =0 so uf(FUD) = ui(F).
Now HC FUD so

w(H) = ul(H) < uf(F U D) = ui(F).

Therefore uf(F) = w(H). This completes the proof.



Completion (10/10)
Suppose that (X, B, u) and (X, Bf, u') are as in the pre-
ceding theorem. The following two statements are equiv-
alent:
1. FeBand uf(F)=0.
2. Thereisa G € B such that F C G and u(G) = 0.

Suppose F € Bt and uf(F) = 0. By the preceding proposition
there are D, H € B such that FAH C D, u(D) =0 and

w(H) = u(F)=0. Let G=DUH. Then G € B and

w(G) =pu(DUH) < u(D)+ w(H) =0 and hence u(G) = 0. Also
FCQG.

Suppose conversely that there is a G € B such that F C G and
uw(G)=0.Let D=H=G. Then FAH=G\F C G=D and
uw(D) = u(G) = 0. So F € Bt by the preceding proposition. Also,
F CGso

and hence uf(F) = 0.



