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Properties of measures (1/7)

Suppose (X, B, u) is a measure space. Then

1. IfE F € B then
Hw(EUF)+u(ENF)=u(E)+wu(F).

2. IfE.F eBand ECF then u(E) < u(F).

3. IfE,F e Bthen u(EUF) < pu(E)+ p(F).

4. If A is a countable subset of Band ENF =@
whenever E, F € A and ENF = & then
M(UE@A E) :ZEGAM(E)-

5. If A is a countable subset of B then
N(UE@A E) < ZEGAU(E)-

The first three of these are properties of contents and all
measures are contents, so we don't need to re-prove them. The
fourth one is just part of the definition of a measure, so we don't
need to prove it either.



Properties of measures (2/7)
Suppose A is a countable subset of B. If A is finite then we've
already proved p (Ugea E) < X pea #(E) when we discussed
contents. So we can assume A is countably infinite, i.e.
.A:{E;L,EQ }fOI’ distinct E7, E», € B. Set G —E \U,<J
Then G; C E;. For every x € szl Ej there is a f|rst value of j for
which x € E; and so x € G; for thisj SO
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Properties of measures (3/7)

Suppose (X, B, ) is a measure space and E: N — B
Is a sequence of sets which is monotone increasing in

the sense that E; C Ey if j < k. Then p (Uf; Ej> =
lim; 00 ().
Again set G; = E; \ U,; Ei. As before, U2y G; = U2, E; and
the G’s are disjoint so u (Uf.io EJ-) > 2o k(G). Similarly,
UZo G = UM E and p (Uj."OE-) — Y7 u(Gy). The
monotonicity assumption on £ means that Um Ei=En

U Zu )= lim > w(G)= lim u(Em).
Jj=0

m—o0
Jj=0



Properties of measures (4/7)

Suppose (X, B, 1) is a measure space and E: N — B is
a sequence of sets which is monotone decreasing in the
sense that E; D Ey if j < k. If u(Em) < +oo for some m
then

oo

" DIEJ = lim u(E)
Note that there’s an additional hypothesis here compared to the
preceding proposition, that u(E,,) < +oo for some m. This
hypothesis is needed. There's a counterexample in the notes to
to show that the theorem is not true without it. This proposition
isn’t as important as the one for increasing sequences, but it's
useful practice in using the various properties.



Properties of measures (5/7)
Let F; =En\Ejym. Ifj < kthenj+m< k+ mso

Ejvm 2 Exym and F; C Fy. It follows from the proposition about
increasing sequences that

UF = lim u(F)).

j—o00
Now Ep, = F;UEjymand F;NEj = s0

W(Em) = w(F;) + w(Ejtm)-

w(Em) = lim p,(F)+ I|m p,(EJ-Jrm = U Fi | + lim u(Ej).
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Properties of measures (6/7)
Now
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If x € NZg Ej+m then x € Ep, and, by the monotonicity
assumptlon on E, x € E, for all k < m. But also x € E, for all
k > m because such k can be written as j + m for some m € N.
It follows that x € ;2 Ex. Therefore (25 Ejym € (Ni—o Ex-



Properties of measures (7/7)
We just proved (2o Ejym C (Ny—o Ex- The reverse inclusion
holds as well because if k=j+4+mandj >0 then k>0, so
20 Ej+m = Ny=o Ex- We therefore have

o 0
&) +u|{UFA
j=0 j=0
We combine this with the equation
,U«(Em U Fi | + lim /J'( )
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obtained earlier. Either of these equations, together with the fact

that w(Em) < 400, gives u (Uf’io Fj) < 400 so we can subtract
it from both sides to obtain

o
N E | = lim u(E).
j=0

Jj—o0



Some definitions

A measure space (X, B, ) is called finite if u(X) < +oo
and is called o-finite if there is a countable subset A C B
such that X = Uge 4 E and u(E) < +oo for all E € A.

Note that (X, B, u) does not mean that X is a finite set!
Suppose (X, T) is a locally compact o-compact Hausdorff
topological space. Let B be the Borel o-algebra on X. A
measure [ on (X, B) is called a Borel measure. If it also
satisfies the following conditions then it is called a Radon
measure:

1. If K is a compact subset of X then u(K) < 4oo0.

2. If E € B then u(E) = sup u(K), where the
supremum is over all compact subsets K of E.

3. If E € B then pu(E) = inf u(U), where the infimum
is over all open supersets U of E.

An important goal this semester is to construct Lebesgue
measure. The construction will show that it is a Radon measure.



