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Properties of contents (1/2)

Suppose X is a set, B is a Boolean algebra on X and p is a
content on (X, B).
» Monotonicity: If E,F € B and E C F then u(E) < u(F).
F=EU(F\E)and EN(F\E)=@ s0
w(F) = u(E) +u(F\E). u(F\E) = 0so u(E) < u(F).
» Finite additivity: If E1, E5, ..., E, are disjoint elements of B
then u (U, Ei) = 2% w(E).
This is true when m = 0 and the general case is proved by
induction on m.

» Finite subadditivity: If E1, E», ..., En, are elements of B
then u (U, Ei) < 30724 w(E))-
Let G = E;\ (U< ). Then the G's are disjoint elements
of Band UZ; G = UL, & so p (Uiy Ei) = 2721 w(Gi).
But G; C E; so u(G;) < p(E;) and
Siliu(G) < 30 w(E).



Properties of contents (2/2)

» The union/intersection property: If E, F € B then
w(EUF)+w(ENF) = u(E)+ u(F).
From EUF=EU(F\E)and EN(F\ E) =@ it follows
that

w(EUF) = u(E)+u(F\E).

From F=(F\E)U(ENF)and (F\E)U(ENF)=wo it
follows that

W(F) = u(F\ E) + w(E N F).
So

W(E)+u(F) = w(E)+u(F\E)+u(ENF) = p(EUF)+u(ENF).



Completion (1/7)
Suppose B is a Boolean algebra on a set X and w is
a content on (X,B). Let BT be the set of F € p(X)
such that for every € > 0 there are D, H € B such that
FAH C D and u(D) < €. Then Bt is a Boolean algebra
on X and B C Bf. For F € B we define

p~(F) = sup pu(E)
EeB
ECF

+ e
pr(F) = inf p(G).
FCG

Then u=(F) = wt(F) for all F € Bt. Let uf(F) be their
common value. Then u' is a content on (X, B) and

for all F € B.
(X, B, ut) is called the completion of (X, B, ).



Completion (2/7)

There's a long list of things to show:

» BC Bt

» B! is a Boolean algebra on X.

> If F e Bf then u=(F) = ut(F).

» ufis a content on (X, BY).

> If F € Bthen ui(F) = u(F).
First we show that B C Bf. For any F € B and € > 0 we choose
D=g@and H=F. Then D,H € B,

FAH=2CD

and
u(D) =pu(e)=0<e

so F € Bf. Soif F € Bthen F € Bf. In other words, B C Bf.



Completion (3/7)
Next we show that B' is a Boolean algebra on X. @ € B and
BC Bt so @€ B
Suppose F € Bt, i.e. that for all € > 0 there are D, H € B such
that FAH C D and p(D) < €. Then

(X \ F)A(X\ H)=FAH C D,

X\ HeBand u(D)<e So X\ F € Bt
Suppose F1, F> € Bt, i.e. that for any § > 0 there are
D1, Hi, D>, Hy € B such that F,AH;, C D, and ,U,(D,) <06 If
€ > 0 then ¢/2 > 0 so there are Dy, Hy, D>, Hy € B such that
F;,AH; C D; and /J,(D,‘) < 6/2. Let D=D;UDy and
H=H{UH,. Then D,H € B,
(Fl U FQ)AH = (Fl U FQ)A(Hl U H2) C (F1AH1) U (FQAHQ)
CDi1UDy,=D
p(D) = w(D1U D) < u(D1) +pu(D2) <€/2 +€/2 =€

So for every € > 0 there are D, H € B such that
(F1UF)AH C D and u(D) < €. Therefore Fy U F, € BT.



Completion (4/7)
Next we show that if F € B then u=(F) =u*(F). fE, G B
and E C F C G then E C G and hence u(E) C u(G). Taking
the supremum over E and the infimum over G gives

p(F) = sup u(E) < inf 4(G) = u*(F).

EeB €B

ECF FCG
So u™(F) < w*(F).
By hypothesis F € Bf so for any € > 0 there are D, H € B such
that FAHC D and u(D) <e. Let E=H\Dand G=HUD.
Then E,GeBand ECFC Gsou(E)<u (F)and
pt(F) < u(G). On the other hand, G = EUD so

u(G) < w(E) + (D) < u(E) +e.
Combining these inequalities,
pH(F) <p (F)+e

This holds for all € > 0 so u(F) < u~(F). Together with the
reverse inequality, proved above, this gives ut(F) = u~ (F).



Completion (5/7)

Next we show that u! is a content.

wH(@) = u (2) = sup u(E) = sup u(E) = u(2) = 0.

Suppose F1,Fo € Bt and FiNFy = @.
(EC€B-ECF)C{EE€B:-ECFUF)
50

pl(F)=u"(F)=sup u(E) < sup w(E)=u (FUR)=u'(FUF,
Ecr ECFUR

It follows that if uf(F;) = +oo then uf(F1 U F,) = +o0. So

pl(FLU R) = ui(F) + ui(F).



Completion (6/7)
The proof that
ul(FLU R) = ul(F) + ul(F)

when uf(F;) and p!(F,) are less than 4-oo is more complicated.
The crucial idea is to prove

po(FLUFR) > p (F)+u (F)

and
pt(FLUR) < pt(F) +ut(F).

separately. uf = ut = u~ so it then follows that
pH(FLUFo) = pf(F1) + ui(F).

See the notes for the proof of the two inequalities above.



Completion (7/7)

Finally we show that uf(F) = u(F)if FEB. IfE€Band ECF
then w(E) < u=(F), by the definition of u~. Taking E = F gives
w(F) < u (F). Similarly, if G € Band F C G then

u(F) < w(G). Taking G = F gives ut(F) < u(F). But

w(F) = pl(F) = u*(F)

SO



