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Instructions to Candidates:

Answer two questions from Part A and two questions from Part B. In questions
with multiple parts you are allowed to use the results of earlier parts in later parts,
whether or not you did those parts.

Materials Permitted for this Examination:

Formulae and Tables are available from the invigilators, if required.

Calculators are permitted for this examination,—please indicate the make and
model of your calculator on each answer book used.

You may not start this examination until you are instructed to do so by the Invigi-
lator.
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Part A

1. (20 points) Suppose that (X, dx) and (Y, dy) are metric spaces. Suppose that A is
a dense subset of X, i.e. that the closure of A is X. Suppose that f: A — Y is a
function. We say that g: X — Y is an extension of f if g(x) = f(x) for all z € A.

(a) (10 points) Suppose that f is continuous. Prove that f has at most one continuous

extension.

Hint: If g; and g, are extensions then try showing that

{z € X: g1(x) = g2(2)}

is a closed set in X which contains A.

(b) (10 points) Prove that if (Y, dy) is complete and f is uniformly continuous then

f has at least one continuous extension.
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2. (20 points)

(a) (4 points) State, but do not prove, the Heine-Borel Theorem.

(b) (8 points) Give an example of a metric space (X, d) and a set K C X such that

K is closed and bounded, but not compact.

(c) (8 points) The Extreme Value Theorem says that any continuous real valued func-
tion on a non-empty compact set has a minimum and a maximum on that set.

Prove the following partial converse for subsets of R"™:

Suppose K C R"™ is such that every continuous function f: K — R has

a minimum and maximum on K. Then K is compact.

Hint: Consider the functions f(x) = ||x — y|| for y € R".
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3. (20 points)

(a) (12 points) Suppose (X,7Tx) and (Y, Ty) are topological spaces, C is an open
cover of X and f: X — Y is a function. Prove that f is continuous if and only

if its restriction to each U € C is continuous.

(b) (8 points) Show, by means of an example, that the statement above can fail if we

merely assume that C is a cover rather than an open cover.
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Part B

4. (20 points) Suppose (X, 3, ;1) is a measure space. For any measurable function f: X —

[—00, +00] we define the essential supremum and essential infimum of f by

esssup f = inf{y € [—oo, +oo]: u(f*((y, +oc])) = 0}

and
essinf f = sup{y € [—o0, +-00]: pu(f*([~00,y))) = 0}.

where f* is the preimage
f1(E) ={z e X: f(z) € E}.
f is said to be essentially bounded if
essinf f > —o0

and

esssup f < +o0.

(a) (12 points) Prove the following statements.

i. (3 points) If f and g are measurable functions such that f(z) = —g(x) for
all z € X then essinf f = —esssupg.

ii. (3 points) If f and g are measurable functions such that f(z) < g(x) for all
x € X then essinf f < essinf g and esssup f < esssup g

iii. (3 points) If u(X) > 0 and f is a measurable function then essinf f <
esssup f.

iv. (3 points) If f, g and h are measurable functions such that f = g + h then

esssup f < esssup g + esssup h.

(b) (8 points) Find an example of a measurable function which is essentially bounded
but not bounded.
Note: You're allowed to choose any measure space you want but you might find

it convenient to choose R with Lebesgue measure.
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5. (20 points) Suppose (X, B, u) is a measure space and Ey, Ej, ...is a sequence of
elements of B. Let F' be the set of x € X such that x € FE, for all but finitely many

n € N. Let GG be the set of all x € X such that x € F,, for infinitely many n € N

(a) (2 points) Prove that F' = J,,~o (s En-
(b) (2 points) Prove that G = (1,50 U5 En-

(c) (2 points) Prove that

Xr = sup inf xg,
m>0n=m

where x denotes characteristic functions, i.e.

1 ifxeA,
Xa(z) =
0 ifzxé¢ A
(d) (2 points) Prove that

X¢ = inf sup xg,

m20 5>,

(e) (4 points) Prove that lim,,_,o X, (%) isequal to 1 if z € F, isequal to 0 if x ¢ G,

and does not exist if z € G\ F.

(f) (8 points) Suppose that there is an H € B such that E; C H for all j and
pu(H) < +oo. Suppose also that p(G'\ F') = 0. Prove that

p(F) = lim p(E;) = p(G).

Jj—o0

Hint: Apply the Dominated Convergence Theorem.
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6. (20 points) For each Lebesgue measurable subset E of R let ¢(FE) be the set
o1
o(E) = {:B € R: }lgﬁm(Eﬂ [t —h,z+ h]) = 1},

where m is Lebesgue measure. This ¢(FE) is a Lebesgue measurable subset, a fact which

you may use without proof in the following.
(a) (8 points) Show if £ = (—1,0) U (0,1) U {2} then there is a point which is in E
but not in ¢(F) and a point which is in ¢(E) but not in E.
(b) (12 points) Show that
m(EAp(E)) =0,

where A denotes the symmetric difference

EAp(E) = (E\ ¢(E)) U (p(E) \ E).

Hint: Apply the Lebesgue Differentiation Theorem, i.e. the version of the First
Fundamental Theorem of Calculus in terms of averages rather than derivatives, to

the characteristic function of E.
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