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Measurable functions

Unsigned measurable functions are de�ned (1.3.8) as pointwise

limits of simple unsigned functions.

Lemma 1.3.9 gives 10

equivalent conditions, which are more useful. Another condition

appears in Exercise 1.3.6 and is shown to be equivalent in Section

1.7: f : Rd ! [0;+1] is measurable if and only if{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
is Lebesgue measurable. You

might expect the Lebesgue integral of f to be the measure of{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
That's correct, but it's not

convenient as a de�nition. Instead, it's an exercise (1.3.13). Any

function you might ever want to integrate is likely to be

measurable (Exercise 1.3.3).

Most of this extends to real or complex valued functions. For real

valued f you'd want both
{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
and{

(x ; t) 2 Rd+1 : f (x) � t � 0
}
to be Lebesgue measurable.



Measurable functions

Unsigned measurable functions are de�ned (1.3.8) as pointwise

limits of simple unsigned functions. Lemma 1.3.9 gives 10

equivalent conditions, which are more useful.

Another condition

appears in Exercise 1.3.6 and is shown to be equivalent in Section

1.7: f : Rd ! [0;+1] is measurable if and only if{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
is Lebesgue measurable. You

might expect the Lebesgue integral of f to be the measure of{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
That's correct, but it's not

convenient as a de�nition. Instead, it's an exercise (1.3.13). Any

function you might ever want to integrate is likely to be

measurable (Exercise 1.3.3).

Most of this extends to real or complex valued functions. For real

valued f you'd want both
{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
and{

(x ; t) 2 Rd+1 : f (x) � t � 0
}
to be Lebesgue measurable.



Measurable functions

Unsigned measurable functions are de�ned (1.3.8) as pointwise

limits of simple unsigned functions. Lemma 1.3.9 gives 10

equivalent conditions, which are more useful. Another condition

appears in Exercise 1.3.6 and is shown to be equivalent in Section

1.7:

f : Rd ! [0;+1] is measurable if and only if{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
is Lebesgue measurable. You

might expect the Lebesgue integral of f to be the measure of{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
That's correct, but it's not

convenient as a de�nition. Instead, it's an exercise (1.3.13). Any

function you might ever want to integrate is likely to be

measurable (Exercise 1.3.3).

Most of this extends to real or complex valued functions. For real

valued f you'd want both
{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
and{

(x ; t) 2 Rd+1 : f (x) � t � 0
}
to be Lebesgue measurable.



Measurable functions

Unsigned measurable functions are de�ned (1.3.8) as pointwise

limits of simple unsigned functions. Lemma 1.3.9 gives 10

equivalent conditions, which are more useful. Another condition

appears in Exercise 1.3.6 and is shown to be equivalent in Section

1.7: f : Rd ! [0;+1] is measurable if and only if{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
is Lebesgue measurable.

You

might expect the Lebesgue integral of f to be the measure of{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
That's correct, but it's not

convenient as a de�nition. Instead, it's an exercise (1.3.13). Any

function you might ever want to integrate is likely to be

measurable (Exercise 1.3.3).

Most of this extends to real or complex valued functions. For real

valued f you'd want both
{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
and{

(x ; t) 2 Rd+1 : f (x) � t � 0
}
to be Lebesgue measurable.



Measurable functions

Unsigned measurable functions are de�ned (1.3.8) as pointwise

limits of simple unsigned functions. Lemma 1.3.9 gives 10

equivalent conditions, which are more useful. Another condition

appears in Exercise 1.3.6 and is shown to be equivalent in Section

1.7: f : Rd ! [0;+1] is measurable if and only if{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
is Lebesgue measurable. You

might expect the Lebesgue integral of f to be the measure of{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}

That's correct, but it's not

convenient as a de�nition. Instead, it's an exercise (1.3.13). Any

function you might ever want to integrate is likely to be

measurable (Exercise 1.3.3).

Most of this extends to real or complex valued functions. For real

valued f you'd want both
{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
and{

(x ; t) 2 Rd+1 : f (x) � t � 0
}
to be Lebesgue measurable.



Measurable functions

Unsigned measurable functions are de�ned (1.3.8) as pointwise

limits of simple unsigned functions. Lemma 1.3.9 gives 10

equivalent conditions, which are more useful. Another condition

appears in Exercise 1.3.6 and is shown to be equivalent in Section

1.7: f : Rd ! [0;+1] is measurable if and only if{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
is Lebesgue measurable. You

might expect the Lebesgue integral of f to be the measure of{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
That's correct, but it's not

convenient as a de�nition.

Instead, it's an exercise (1.3.13). Any

function you might ever want to integrate is likely to be

measurable (Exercise 1.3.3).

Most of this extends to real or complex valued functions. For real

valued f you'd want both
{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
and{

(x ; t) 2 Rd+1 : f (x) � t � 0
}
to be Lebesgue measurable.



Measurable functions

Unsigned measurable functions are de�ned (1.3.8) as pointwise

limits of simple unsigned functions. Lemma 1.3.9 gives 10

equivalent conditions, which are more useful. Another condition

appears in Exercise 1.3.6 and is shown to be equivalent in Section

1.7: f : Rd ! [0;+1] is measurable if and only if{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
is Lebesgue measurable. You

might expect the Lebesgue integral of f to be the measure of{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
That's correct, but it's not

convenient as a de�nition. Instead, it's an exercise (1.3.13).

Any

function you might ever want to integrate is likely to be

measurable (Exercise 1.3.3).

Most of this extends to real or complex valued functions. For real

valued f you'd want both
{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
and{

(x ; t) 2 Rd+1 : f (x) � t � 0
}
to be Lebesgue measurable.



Measurable functions

Unsigned measurable functions are de�ned (1.3.8) as pointwise

limits of simple unsigned functions. Lemma 1.3.9 gives 10

equivalent conditions, which are more useful. Another condition

appears in Exercise 1.3.6 and is shown to be equivalent in Section

1.7: f : Rd ! [0;+1] is measurable if and only if{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
is Lebesgue measurable. You

might expect the Lebesgue integral of f to be the measure of{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
That's correct, but it's not

convenient as a de�nition. Instead, it's an exercise (1.3.13). Any

function you might ever want to integrate is likely to be

measurable (Exercise 1.3.3).

Most of this extends to real or complex valued functions. For real

valued f you'd want both
{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
and{

(x ; t) 2 Rd+1 : f (x) � t � 0
}
to be Lebesgue measurable.



Measurable functions

Unsigned measurable functions are de�ned (1.3.8) as pointwise

limits of simple unsigned functions. Lemma 1.3.9 gives 10

equivalent conditions, which are more useful. Another condition

appears in Exercise 1.3.6 and is shown to be equivalent in Section

1.7: f : Rd ! [0;+1] is measurable if and only if{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
is Lebesgue measurable. You

might expect the Lebesgue integral of f to be the measure of{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
That's correct, but it's not

convenient as a de�nition. Instead, it's an exercise (1.3.13). Any

function you might ever want to integrate is likely to be

measurable (Exercise 1.3.3).

Most of this extends to real or complex valued functions.

For real

valued f you'd want both
{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
and{

(x ; t) 2 Rd+1 : f (x) � t � 0
}
to be Lebesgue measurable.



Measurable functions

Unsigned measurable functions are de�ned (1.3.8) as pointwise

limits of simple unsigned functions. Lemma 1.3.9 gives 10

equivalent conditions, which are more useful. Another condition

appears in Exercise 1.3.6 and is shown to be equivalent in Section

1.7: f : Rd ! [0;+1] is measurable if and only if{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
is Lebesgue measurable. You

might expect the Lebesgue integral of f to be the measure of{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
That's correct, but it's not

convenient as a de�nition. Instead, it's an exercise (1.3.13). Any

function you might ever want to integrate is likely to be

measurable (Exercise 1.3.3).

Most of this extends to real or complex valued functions. For real

valued f you'd want both
{
(x ; t) 2 Rd+1 : 0 � t � f (x)

}
and{

(x ; t) 2 Rd+1 : f (x) � t � 0
}
to be Lebesgue measurable.



Integrals

There are three versions of the Lebesgue integral in the book:

unsigned (extended non-negative real valued), real, and complex.

There's also a theory for simple functions, i.e. measurable

functions that take �nitely many values, and a theory for more

general functions. In the unsigned theory more general means

measurable. In the real or complex theories it means absolutely

integrable.

As with Darboux, there are upper and lower (unsigned) Lebesgue

integrals. Unlike the Darboux upper integral, the Lebesgue upper

integral is nearly useless.

This is like the di�erence between Jordan measure and Lebesgue

measure. We had Jordan inner measure and outer measure.

Jordan measurable sets were those for which the two agreed.

There's Lebesgue inner and outer measure, but Lebesgue inner

measure is nearly useless. Only outer measure is needed for

de�ning Lebesgue measurable sets.
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What can you use upper and lower integrals for?

If the upper integral is �nite then the function is bounded and is

supported, i.e. non-zero, in a set of �nite measure.

It's only for

those functions that upper integrals are useful. Other measurable

functions can be approximated from below by those though

(Exercise 1.3.10, (viii) and (ix)). That's used to prove �nite

additivity (Corollary 1.3.14). It's never used again.
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Unsigned vs real or complex

Unsigned simple integrals are used to de�ne unsigned integrals in

of measurable unsigned functions. (1.3.13)

There is no sensible

integration theory for real or complex measurable functions, only

for real or complex absolutely integrable functions. f is absolutely

integrable if its measurable and the unsigned integral of jf j is

�nite. The de�nition of the integral for absolutely integrable real

or complex functions is not based on real or complex simple

functions. Instead it's based on unsigned functions. Any real

function is the di�erence of unsigned functions:

f (x) = f+(x)� f
�

(x)

f+(x) = max(f (x); 0)

f
�

(x) = �min(f (x); 0)

By de�nition
∫
f =

∫
f+ �

∫
f
�

. Absolute integrability is needed

for this subtraction to make sense. Complex integrals are de�ned

in terms of real integrals.
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What are the real and complex simple integrals used for?

The real and complex simple integrals are de�ned (1.3.6) for

absolutely integrable simple functions.

What are they used for?

Not much. They're practice for the theory of real or complex

absolutely integrable functions, but they're not used to construct

that theory. You can approximate absolutely integrable functions

by absolutely integrable simple functions in the L
1(Rd) \norm".

That can be used to show that you can also approximate them by

compactly supported continuous functions. See Theorem 1.3.20

and the discussion around it.
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