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Hemicontinuity of the budget correspondence

Last time we saw that the budget correspondence defined by
B: R} xRy =R

B(p,W):{xeR’]r:p-xgw}.

is neither upper nor lower hemicontinuous. We did however have a
partial substitute for hemicontinuity of B:

Proposition 8.1: Suppose c € R} and ¢ > 0. Define

Bc: RT xRy = R by

Be(p,w)={x€eR]:x<c,p-x<w}.

Then B is non-empty valued, compact valued, convex valued and
upper hemicontinuous, and its restriction to the set

["={(p,w) €R? xRy: w >0}

is lower hemicontinuous.



Another restricted budget correspondence
Proposition 8.2: B, defined above, is both upper and lower
hemicontinuous when restricted to the set

r”:{(p,W)ERg_XRJr:p>0,w>0}.

B|rn is also non-empty valued, compact valued and convex valued.
Proof: If (p’,w’) € I'" then p} > 0 for all i. Choose c such that
ci > w'/pl for all i. Let

N={(p,w)el: pi>w/c}.

N is open and (p’,w’) € N. If (p,w) € N and x € B(p, w) then
x>0, p-x<wandw>0. Then p;x; < w < p;c; so x; < ¢;. So
B(p, w) = Bc(p, w) for all (p,w) € N. By Proposition 8.1. B is
non-empty valued, compact valued and convex valued and both
upper and lower hemicontinuous on N, so the same is true of B.
Since this holds in a neighbourhood N of each point (p’,w’) € I'"
the correspondence B is non-empty valued, compact valued and
convex valued and both upper and lower hemicontinuous on I'".
This completes the proof of Proposition 8.2.



Proposition 8.3

The following fact will be used in the proof of Theorem 8.10.
Proposition 8.3: Define A C R, v: R" - Rand u: R” = A by

Az{peR”:pZO,Zpizl}

i=1

7(x) = max xi,  p(x) ={p € A:p-x=7(x)}.

Then p is non-empty valued, compact valued, convex valued upper
hemicontinuous and p-x < p’ - x =y(x) for all p € A, p’ € p(x).
Proof: Suppose p € A and x € R".

n n
p-x= Zp,’X,’ S Z PI’Y(X) = ’Y(X)a
i=1 i=1

with equality if and only if p; = 0 whenever x; < (x).



Proof of Proposition 8.3, continued

Let
I(x) = {I e{l,...,n}: x; =v(x) = 12;‘a<xnxj}'
J(x) = {/ e{l,....n}: x;=~(x) < 1r£/a§xn)g}‘
Then

p(x) ={peA:Vje J(x): pj=0}

u(x) is clearly non-empty, compact and convex. Also
p-x < ~(x)=p - x. Suppose x' € R". Then there is a § € R such
that x; < 0 < y(x') for all j € J(X). Let

N={xeR":Viel(X): xi>0VjeJX): x <0}
N is an open neighbourhood of x” and J(x") C J(x) so

p(x) € pu(x’). If u(x’) C V then u(x) C V, so p is upper
hemicontinuous. This completes the proof of Proposition 8.3.



Proposition 8.4

A local utility maximiser within B(p, w) is a global utility
maximiser.

Proposition 8.4: Suppose p € R, p#0, w > 0, and

u: Rl — R is continuous, strictly increasing and quasiconcave.
Let B: R] x Ry = R be as before. If x* € B(p,w) and there is
an open N C R with x* € N such that u(x) < u(x*) for all

x € B(p,w) N N then p-x* = w and u(x) < u(x*) for all

x € B(p, w).

Proof: We begin by noting that if x € NN B(p, w), u(x) > u(x*)
then p-x = w. To see this, choose v € R such that p-v >0 and
let r(t) = x4+ tv. uor is strictly increasing because u is strictly
increasing. Also, r(t) € N for t near 0. So for small positive t,
r(t) € N and u(r(t)) > u(x) > u(x*). Therefore r(t) ¢ B(p, w) for
such t, i.e. p-x+tp-v > w. This implies p-x = w. This holds in
particular for x = x*.



Proof of Proposition 8.4, continued

Suppose now that there is an x’ € B(p, w) with u(x") > u(x*).
w > 0 so there are points x” € B(p, w) with p - x” < w. Choose
one. Define

q(s,t) = (1 —t)x" +t [(1 _ S)x' + sx”}

for s, t €10,1]. u(q(0,1)) = u(x’) > u(x*), so, by continuity,
u(q(s, 1)) > u(x*) for small enough positive values of s. For such
values of s we then have min(q(s,0), u(q(s,1))) = u(x*) and so
u(q(s,t)) > u(x*) for all t € (0,1), by the quasiconcavity of u.
Because N is open and q(s,0) = x* € N there is such a t that
q(s,t) € N. Let x = q(s, t), with s and t chosen as above. Then
x € N, u(x) > u(x*) and p-x < w. The last of these follows from
p-x*<w,p-xX<wandp-x’ < w. But we've already seen that
this is impossible, we can’t have u(x’) > u(x*) for any

x" € B(p,w). This completes the proof of the proposition.



Individual demand

The indirect utility function of a household is the maximum utility
they can attain for given prices and wealth, as a function of those
prices and wealth. Their demand correspondence gives the
affordable bundles of goods which achieve that maximum. The
following theorem describes that function and correspondence,
assuming that prices and wealth are positive.
Proposition 8.5: Suppose u: Rl — R is continuous, strictly
increasing and quasiconcave. Define V: " — R and £: " = R}
by

V(p,w) = e u(x),

{(p,w) = {x € B(p,w): u(x) = V(p,w)}.

Then V is continuous and £ is non-empty valued, compact valued,
convex valued and upper hemicontinuous.



Proof of Proposition 8.5

Proof: By Proposition 8.2 the correspondence B|r» satisfies all the
properties required for the Berge Maximum Theorem (2.23), so V
is continuous and £ is non-empty valued, compact valued and
upper hemicontinuous. Suppose that x,y € {(p, w) and t € [0, 1].
Then x,y € B(p, w) and so (1 — t)x + ty € B(p, w). Also, using
the quasiconcavity of v,

u( — t)x + ty) = min(u(x), u(y)) = V(p, w).

But u(z) < V(p,w) for all z € B(p,w), so

u((1—t)x+ty) = V(p,w) and (1 — t)x + ty € {(p,w). So { is
convex valued. This completes the proof of the proposition.

We didn’t actually use the assumption that v is strictly increasing.
We can drop the positive price assumption if we introduce
rationing.



The demand correspondence with rationing

Proposition 8.6: Suppose u: Rl — R is continuous, strictly
increasing and quasiconcave ¢ > 0. Define [ C RT x Ry,
Ve: I — Rand &: " = R” by

f”:{(p,w)ERixR+:w>0},

Velp W) = B3 )

éc(pv W) = {X € BC(pv W): U(X) = V(p7 W)} :

Then V¢ is continuous and &¢ is non-empty valued, compact
valued, convex valued and upper hemicontinuous.

The proof is the same as for Proposition 8.5, except with [ in
place of I'", B. in place of B, V. in place of V, & in place of &,
and Proposition 8.1 in place of Proposition 8.2.



