MA 419 Assignment 2
Due 15 November 2006
Solutions
1. Compute f * g where f and g are defined by
f(x) = exp(—|z])
and

1 if-1<x<1 .
0 ifl<zx

0 ifx<-—1
g(%’)z{

Solution: By definition,

+oo

(fxg)(x) = N f(r—y)g(y)dyz/_Texp(—m—yl)dy-

There are three cases to consider. If x < —1 then
+1
(f x9)@) = [ exp(e = y)dy = exp(a + 1) = explw — 1),
If -1 <z <1 then

(frg)@)= |

exp(c —y)dy + [ exply—a)dy
=2—exp(z —1) —exp(—z —1).

+1

If 1 < z then
+1
(fxg)(z) = /_1 exp(y — ) dy = exp(—z + 1) — exp(—x — 1).

2. The solution of the initial value problem for the homogeneous Wave
Equation

Upp — czum =0 U|t:o = Ut|t:0 =1

in the special case ¢ = 0 can be written in the form

u(t> ) = K(t7 ) * 1

for an appropriate function K. What is this K7
Solution:
0 ifex<—ct
K(t,x):{i if —ct<ax<ct
0 ifct<u



3. A function f is said to be a-Holder continuous if, for every z, there is
an L and a 0 > 0 such that

|f(y) — f(z)] < Lly — x|

whenever |y — x| < J. Show that if there is a positive « such that f is
a-Hélder continuous then f is continuous. Show that if f* € LP(R) for
some 1 < p < oo then f is a-Holder continuous for

1
a=1-—-.
p

Solution: Assume f is a-Holder continuous. Then, by definition, there
is an L and a 6 > 0 such that

|f(y) = f(@)| < Lly — «[*
whenever |y — x| < 6. For € > 0, set
6 = min(6, (¢/L)"*).
If |y — x| < 9 then
|f(y) = f(@)] < Lly —2|* <Lé" <
Thus a-Holder continuity implies continuity.

Now assume f' € LP(R). Assume, without loss of generality, that
x < y. By the Fundamental Theorem of Calculus,

Fw) = 1) = [ () ds

This can also be written as

where
0 ifs<x
g(s):{l ife<s<y
0 ify<s
By Holder’s inequality,

1f @) = f@)] < 1 er@llgllzem) = Lz —yl|*

where

L= fllcew)
and ¢ = 1/a. Note that 1—1) + % = 1, as required for Holder’s inequality.
Thus f € LP(R) implies a-Hélder continuity.
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4. Solve the Diffusion Equation
U — kg,
with initial data

u(0, ) = .

Solution: We use the fundamental solution

u(t, z) = (4nkt)~Y/? /_J:O exp (— (x4_k§/)2> u(0,y) dy

with the given initial data. Making the substitution
s = (4rkt) V2 (x — y + 2kAt)

gives

u(t, x) = exp(Nx + kAt)) /+OO exp(—7s?) ds = exp(A(z + kAt)).

— 00

5. With S defined, as in lecture, by

2
— (Arft) L/ _r
S(t,x) = (4mkt) exp< 4kt> ,

prove that for all positive s and ¢

S(5+t=') :S(‘S?')*S<t7'>'

Solution: By the definition of convolution,
+oo

(S(s,) % (S(t)(@) = [ S(s.2 = y)S(ty) dy

For brevity, call the right hand side . Substituting in the definition of
S,

+o00 —_ )2 2
_ 12 4k) V2 B Gl Dt el
I = (dmks) ™/ *(4mkt) /_OO exp( s 41{:t> dy

Making the substitution
2= (4rkst(s + 1)) "Y2((s + t)y — tz),

we find
2

I = (47k(s+t))"?exp <—m> /_J:O exp(—72%) dz = S(s+t,x).



