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1. Determine the Jacobian for the transformation from Cartesian to spherical polar
coordinates in three dimensions.

Find the volume of the solid that lies inside the sphere
P24 =2,

and outside the cone
22 =2+

2. Consider a smooth vector field defined in a connected domain, D C R3. Define
what is meant by a path-independent vector field. Prove that any conservative
vector field is path-independent.

Given the vector field, F = (322 + 6y)i — 14yzj + 20222k, evaluate / A -dl from
c
(0,0,0) to (1,1,1) along the curve C' given by

(a) C={(z,y,2) |[z=ty=12=1}
(b) the straight line from (0,0,0) to (1,1,1).

3. The Laplace transform of a function f(t) is defined, for ¢t > 0, as

L(f(t) = F(s) = / " Ftyedt,

for s € C.
Show that
1
(i) L(e*") = — for s >w and (ii) L(cos(wt)) = 524—%’ for Re(s) > 0.

The Laplace transform satisfies the derivative equation

L(f) = sF(s) = f(0),

for f(t) a continuous function.
Derive this expression, using integration by parts and assuming lim; ., f(t)e %" = 0.

Use this property of the Laplace transforms to solve the differential equation
f/ - f = 07

with inital condition f(0) = 1.
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. Consider the periodic function,

with f(x 4 27) = f(x).
Sketch the function f(z) on the interval —27 < z < 27.

Determine the Fourier series of f(z).
. Let S be the surface obtained by rotating the curve

r = cos(u)
z = sin(2u)

for —% <u< %, around the z-axis.
Use the divergence theorem to find the volume of the region inside S.
. Determine the Fourier integral representation of
e’ <0
f({L‘)—{ e—at tZO

for a > 0.

Show that the fourier transform of the cosine function can be written as the sum of
two delta functions.

. Show that away from the origin the vector field

r
F=- 3
r r

has zero divergence, where r = xi + yj + zk.
Prove the identities
(a) V- (VxF)=0
(b) Vx(VxF)=V(V-F)-AF.
. Obtain the general solution of the ODE
y'(t) +3y'(t) + 2y(t) = f(1)
for f(t) a periodic function given by

0 —7<t<—a
f) =49 1 —-a<t<a
0 a<t<nm

with a € (0,7) a constant and f(t) = f(t + 27).
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1 Some useful formulae

1. A function with period [ has a Fourier series expansion

flo) — +Zan . <27mx> Zb o <27mx>

where

1/2
ag = %/ dx f(x),

—1/2

2 (12 2
a, = —/ dx f(x) cos e :
L) iy [

12
b, = g/ dx f(x) sin 2mna :
UJ 1 l

2. A function with period [ has a Fourier series expansion

o0

o 3 o (227,

n=—oo

IR —2i
Cp = —/ dx f(x)exp e

3. The Fourier integral representation (or Fourier transform) is

where

f@) = [ aeer,

00
—_— 1 o0

Jh) = 5 | du f(w)e”™.
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