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Section A
Credit will be given for the best 3 questions answered in this section.

1. Consider the system of linear equations

5x− y = 14

2x+ 3y = 26

(a) [4 marks] Write the corresponding matrix equation.

(b) [6 marks] By calculating the determinant of the matrix A in your matrix
equation, determine that it is invertible.

(c) [10 marks] Use Gauss-Jordan elimination to find the solution of this system
of equations.

(a) (
5 −1
2 3

)(
x
y

)
=

(
14
26

)
.

(b) det(A) = 5(3)− (−1)(2) = 15 + 2 = 17. Since 17 6= 0 the matrix is invertible.

(c) (
5 −1 14
2 3 26

)
R1−2R2−→

(
1 −7 −38
2 3 26

)
R2−2R1−→

(
1 −7 −38
0 17 102

)
R2/6−→

(
1 −7 −38
0 1 6

)
R1+7R2−→

(
1 0 4
0 1 6

)
.

2. Consider an n× n matrix A.

(a) [5 marks] Write down its characteristic equation and identify each term in the
equation.

(b) [15 marks] Given a matrix

A =

(
1 2
2 5

)
.

Determine the eigenvalues of A and AT and verify that they are equal.

(a) det(A− λI) = 0. A is the matrix of coefficients, λ the eigenvalues of A and I
the identity matrix.
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(b) for A, determine λ from

det

(
1− λ 2

2 5− λ

)
= 0

⇒ (1−λ)(5−λ)−2(2) = 0 ie λ2−6λ+5 = 0 and factoring gives the eigenvalues
λ1 = 5, λ2 = 1.

Now the transpose of A is

AT =

(
1 2
2 5

)
.

so the matrix is symmetric and the eigenvalues are the same.

3. (a) [6 marks] Define the addition and multiplication rules for probabilities.

(b) [5 marks] Given two events A and B what is the conditional probability
P (B|A)?

(c) [9 marks] Consider a five-day school week. The probability that it is Friday
and that a student is absent is 0.03. What is the probability that a student is
absent given that today is Friday?

(a) addition: If A and B are disjoint events then P (AorB) = P (A) + P (B)
multiplication: Let A and B be two events then P (AandB) = P (A)P (B|A).

(b) Conditional probability P (B|A) is the probability event B happens given A
has occurred.

(c) Considering a 5-day week, the probability today is Friday is 1/5 = 0.2. The
probability that it is Friday and a student is absent is 0.03. Then P (FridayandAbsent) =
P (Friday)P (Absent|Friday) so

P (Absent|Friday) = P (FridayandAbsent)/P (Friday) = 0.03/0.2 = 0.72 = 72%.
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4. Consider a continuous random variable, X, on an interval [a, b].

(a) [4 marks] State the three conditions a function f must satisfy to be a density
function on this interval.

(b) [8 marks] Verify that the following are probability density functions

(i). f(x) = 4x3 on [0, 1].

(ii). f(x) = 3
26
x2 on [1, 3].

(c) [8 marks]

(i). For f(x) = 4x3 on [0, 1], determine the probability P (1/4 ≤ X ≤ 3/4).

(ii). For f(x) = 3
26
x2 on [1, 3], determine the probability P (1/4 ≤ X ≤ 3/4).

(a) Conditions are:

(i). f is nonnegative over [a, b]; that is f(x) ≥ 0∀x ∈ [a, b]

(ii).
∫ b

a
dxf(x) = 1

(iii). P (c ≤ X ≤ d) =
∫ d

c
dxf(x) for any subinterval [c, d] of [a, b]

(b) (i). f(x) = 4x3 on [0, 1]. This is always positive and
∫ 1

0
dx4x3 = 4/4x4|10 = 1.

(ii). f(x) = 3/26x2 on [1, 3]. Always positive and
∫ 3

1
3/26x2 = 1/26x3|31 =

1/26(27− 1) = 1.

(c) (i). P (1/4 ≤ X ≤ 3/4) =
∫ 3/4

1/4
dx4x3 = x4|3/41/4 = (3/4)4 − (1/4)4 = (81 −

1)/256 = 20/64 = 5/16 = 0.3125 ∼ 32%.

(ii). P (1/4 ≤ X ≤ 3/4) =
∫ 3/4

1/4
dx3/26x2 = 1

26
x3|3/41/4 = 1

26

[(
3
4

)3 − (1
4

)3]
=

1/64.
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Section B
Credit will be given for the best 3 questions answered in this section.

5. Let f(x) = 3x− 5, x ∈ R g(x) = 4
6− x, x ∈ R, x 6= 6, h(x) = x2 + 4x− 1, x ∈ R.

(a) [5 marks] Find the value of f(3), g(4), h(−1),

(b) [6 marks] Compute g(f(x)), h(f(x)).

(c) [9 marks] Sketch f(x) = 3x− 5, h(x) = x2 + 4x− 1. State their domain and
range.

6. Solve the following equations

(a) [5 marks] ln(2x− 5)− lnx = 1
4

(b) [5 marks] e5t = 4e2t+1.

(c) [5 marks] 2 csc2 x− cotx− 12 = 0

(d) [5 marks] sin(x+ 4π
3 ) =

√
2

2 , 0 ≤ x+ 4π
3 ≤ 2π

7. (a) Differentiate each of the following:

(a) [2.5 marks] y = ex

x3 − 3
(b) [2.5 marks] y = cos(5x+ 4) ln(3x+ 1)

(b) [7 marks] Find the equations for the normal and the tangent to the curve
y = 3x2 − e−2x at the point where x = 2.

(c) [8 marks] Find the coordinates of the stationary points of the curve

y = x3

3 − 4x.

8. (a) Compute the following integrals

(a) [5 marks]
∫

cos 4x dx

(b) [5 marks]
∫
xex dx

(b) [10 marks] Find the area below 2x cos(x2), between x = 0 and x = 1.
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