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Section A
Credit will be given for the best 3 questions answered in this section.

1. [10 marks] Determine the eigenvalues and eigenvectors of the matrix

A =

(
6 16
−1 −4

)
.

determine eigenvalues from det(A− λI) = 0∣∣∣∣( 6− λ 16
−1 −4− λ

)∣∣∣∣ = 0

giving (6−λ)(−4−λ)+16 = (λ2−2λ−8) = 0. This factorises as (λ−4)(λ+2) = 0
so the eigenvalues are λ1 = 4 and λ2 = −2.

Using Av = λv to find the eigenvalue v for λ = 4:(
6 16
−1 −4

)(
v1
v2

)
= 4

(
v1
v2

)
.
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so, 6v1+16v2 = 4v1 and −v1−4v2 = 4v2 and these are equivalent, giving v1 = −8v2.

So, an eigenvalue is

(
−8
1

)
.

Using Av = λv to find the eigenvalue v for λ = −2:(
6 16
−1 −4

)(
v1
v2

)
= −2

(
v1
v2

)
.

so, 6v1 + 16v2 = −2v1 and −v1 − 4v2 = −2v2 and these are equivalent, giving

v1 = −2v2. So, an eigenvalue is

(
−2
1

)
.

[10 marks] Using Ak = PDkP−1, where P is the matrix whose columns are the
eigenvectors and D is the diagonal matrix of eigenvalues, find A4. so,

P =

(
−8 −2
1 1

)
so P−1 =

1

−6

(
1 2
−1 −8

)
.

and

D =

(
4 0
0 −2

)
.

Then

A4 =

(
−8 −2
1 1

)(
4 0
0 −2

)4
1

−6

(
1 2
−1 −8

)
=

(
−8 −2
1 1

)(
256 0
0 16

)
1

−6

(
1 2
−1 −8

)
=

(
−2048 −32

256 16

)
1

−6

(
1 2
−1 −8

)
=

1

−6

(
−2016 −3840

240 384

)
=

(
336 640
−40 −64

)
.

agrees with Cramer’s rule.
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2. [6 marks] Demonstrate that the matrix

A =

(
−12 −7
−7 10

)
is symmetric (ie AT = A) and invertible.

[14 marks] Use Gauss-Jordan elimination to determine A−1, the inverse of A.

[2 marks] Show that A−1 is also symmetric.

AT =

(
−12 −7
−7 10

)
.

so A symmetric. det(A) = −120 + 49 6= 0 so A invertible.

(
−12 −7 1 0
−7 10 0 1

)
R1/−12→

(
1 7/12 − 1

12
0

−7 10 0 1

)
R2+7R1→

(
1 7

12
− 1

12
0

0 169
12
− 7

12
1

)
12R2/169→

(
1 7

12
− 1

12
0

0 1 − 7
169

12
169

)
R1−7/12R2→

(
1 0 − 10

169
− 7

169

0 1 − 7
169

12
169

)

3. [5 marks] Consider the numbers below. In each case state if the number can or
cannot be a probability.

a) -0.00001; b) 0.5; c) 1.001; d) 0; e) 1; a) no; b) yes; c) no; d) yes; e) yes.

(a) [5 marks] A die is rolled, find the probability that the number obtained is
greater than 4.

(b) [5 marks] Two dice are rolled, find the probability that the sum is equal to 5.

(c) [5 marks] A die is rolled and a coin is tossed, find the probability that the die
shows an odd number and the coin shows a head.

i) from 6 possible outcomes, 2 are greater than 4 so P(number¿4)=2/6=1/3.
ii) total number of possible outcomes = 6x6=36, P(sum =5)=4/36=1/9.
iii) P(A and B) = P(A)P(B) = (3/6)(1/2) = 1/4.
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4. [6 marks] Consider a continuous random variable, X, on an interval [a, b]. State the
three conditions a function f must satisfy to be a density function on this interval.

A 3cc solution contains exactly one bacterium. The solution is slowly transferred
into a flask using a pipette. The random variable X is the amount of solution
already transferred to the flask when the bacterium enters (so X is a continuous
random variable over the interval [0, 3]). Suppose the density function is

f(x) =
1

9
x2.

(a) [5 marks] Compute the probability that the bacterium enters the flask with
the first cc of transferred solution.

(b) [5 marks] Compute the probability that the bacterium enters the flask with
the last cc of solution.

(c) [4 marks] By sketching f(x) explain the difference in magnitude of the prob-
abilities you have computed.

Conditions of f : i) f is non-negative on the interval. ii)
∫ b

a
f(x)dx = 1 and iii)

P (c ≤ X ≤ d) =
∫ d

c
f(x)dx for any subinterval [c, d] of [a, b].

Probability it enters in first cc:
Want

P (0 ≤ X ≤ 1) =

∫ 1

0

f(x)dx =

∫ 1

0

1

9
x2dx =

1

9

1

3
x3
∣∣∣∣1
0

=
1

27
(13 − 03) =

1

27
.

ie. probability is 1/27 ≈ 0.037.

Probability it enters in last cc:
Want

P (2 ≤ X ≤ 3) =

∫ 3

2

1

9
x2dx =

1

27
x3
∣∣∣∣3
2

=
1

27
(33 − 23) =

19

27
.

ie probability is 19/27 ≈ 0.7037.
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