
Proofs of lemmas stated in notes

For any n × n matrix A we have

Lemma: ‖ A ‖1=
max

1≤j≤n
(
∑n

i=1 |aij|)

For any x ∈ <n we have

‖ Ax ‖1 =
n∑

i=1





n∑

j=1

aijxj





≤
n∑

i=1

n∑

j=1

|aij ‖ xj |

=
n∑

j=1

(
n∑

i=1

|aij |

)

|xj |

≤
max

1 ≤ j ≤ n

(
n∑

i=1

|aij |

)
n∑

j=1

|xj |

︸ ︷︷ ︸

=‖x‖1

Thus
‖ Ax ‖1

‖ x ‖1

≤
max

1 ≤ j ≤ n

(
n∑

i=1

|aij |

)

(1)

for all x 6= 0.
Since the RHS does not depend on x we conclude that

‖ A ‖1 = sup
x6=0

‖ Ax ‖1

‖ x ‖1

(2)

≤
max

1 ≤ j ≤ n

(
n∑

i=1

|aij |

)

(3)

Suppose now that p is such that

max

1 ≤ j ≤ n

(
n∑

i=1

|aij|

)

=
n∑

i=1

|aip|

choose x∗ such that x∗ = δij for all j, 1 ≤ j ≤ n. Then ‖ x ‖1= 1 and

‖ Ax∗ ‖1 =
n∑

i=1





n∑

j=1

|aij ‖ x∗
j |





1



=
n∑

i=1

|aip|

=
max

1 ≤ j ≤ n

(
n∑

i=1

|aij |

)

and so

‖ A ‖1= sup
x6=0

‖ Ax ‖1

‖ x ‖1

≥
‖ Ax∗ ‖1

‖ x∗ ‖1

=
max

1 ≤ j ≤ n

(
n∑

i=1

|aij |

)

(4)

The result follows from 3 and 4.

Lemma: ‖ A ‖∞= max

1≤i≤n

(
∑n

j=1 |aij|
)

‖ A ‖∞ = sup
x6=0

‖ Ax ‖∞
‖ x ‖∞

(5)

= sup
x6=0

max
1≤i≤n

∣
∣
∣
∑n

j=1
|aij|

∣
∣
∣

max
1≤k≤n

|xk|
(6)

≤ sup
x6=0

max

1 ≤ i ≤ n





n∑

j=1

|aij |

(

|xj|
max

1≤k≤n
|xk|

)

 (7)

≤
max

1 ≤ i ≤ n





n∑

j=1

|aij |



 (8)

Also ‖ A ‖∞≥
‖ Ax∗ ‖∞
‖ x∗ ‖∞

for any given x∗.

Choose x∗ = signapj where p is such that

max

1 ≤ i ≤ n





n∑

j=1

|aij |



 =
n∑

j=1

|apj |

Clearly, ‖ x∗ ‖∞= 1 and

‖ Ax∗ ‖∞
‖ x∗ ‖∞

=
max

1 ≤ i ≤ n

∣
∣
∣
∣
∣
∣

n∑

j=1

aijx
∗
j

∣
∣
∣
∣
∣
∣

≥

∣
∣
∣
∣
∣
∣

n∑

j=1

apjx
∗
j

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

n∑

j=1

apjsignapj

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

n∑

j=1

|apj |

∣
∣
∣
∣
∣
∣
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=
n∑

j=1

apj =
max

1 ≤ i ≤ n





n∑

j=1

|aij |





Thus

‖ A ‖∞≥
max

1 ≤ i ≤ n





n∑

j=1

|aij|



 (9)

The result follows from 8 and 9.

Lemma:
max

1≤i,j≤n
|aij| ≤‖ A ‖2≤ n

max

1≤i,j≤n
|aij|

For all x 6= 0 we have

‖ Ax ‖2
2

‖ x ‖2
2

=

∑n
i=1

(
∑n

j=1
aijxj

)
2

∑n
i=1

x2

i

≤

∑n
i=1

(
∑n

j=1
|aij ||xj |

)
2

∑n
i=1

x2

i

Cauchy−Schwartz

≤

∑n
i=1

(
∑n

j=1
|aij |

2

) (∑n
k=1

|xk|
2
)

∑n
i=1

x2

i

=
n∑

i=1

n∑

j=1

|aij |
2 ≤ n2

max

1 ≤ i, j ≤ n
|aij |

2

= (n
max

1 ≤ i, j ≤ n
|aij |)

2

Hence

‖ A ‖2= sup
x6=0

‖ Ax ‖2

‖ x ‖2

≤ n
max

1 ≤ i, j ≤ n
|aij | (10)

For any i let ei = (0, . . . , 0, 1, 0 . . . , 0). Let |akl| = max
1≤i,j≤n

|aij |. Then

‖ A ‖2 = sup
x6=0y 6=0

|yT Ax|

‖ y ‖2‖ x ‖2

≥
|eT

k |el|

‖ ek ‖2
︸ ︷︷ ︸

=1

‖ el ‖2
︸ ︷︷ ︸

=1

= |akl|

Thus
‖ A ‖2≥

max

1 ≤ i, j ≤ n
|aij | (11)

10 and 11 combine to give the required bounds for ‖ A ‖2.
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Lemma ‖ A ‖2= supx6=0
y 6=0

|y∗Ax|
‖y‖2‖x‖2

|y∗Ax| ≤ ‖ y∗A ‖2‖ x ‖2 Cauchy–Schwartz

≤ ‖ A ‖2‖ y ‖2‖ x ‖2

ie. ‖ A ‖2≥
|y∗Ax|

‖ y ‖2‖ x ‖2

for all x 6= 0, y 6= 0.

Therefore

‖ A ‖2≥ sup
x6=0

y 6=0

|y∗Ax|

‖ y ‖2‖ x ‖2

(12)

Conversely, we have, on choosing y = Ax

sup
x6=0

y 6=0

|y∗Ax|

‖ x ‖2‖ y ‖2

≥ sup
x6=0

y 6=0

|(Ax)∗(Ax)|

‖ x ‖2‖ Ax ‖2

= sup
x6=0

‖ Ax ‖2
2

‖ x ‖2‖ Ax ‖2

= sup
x6=0

‖ Ax ‖2

‖ x ‖2

= ‖ Ax ‖2 (13)

Equations 12 and 13 give the required result.
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