MA342A (Harmonic Analysis 1) Tutorial sheet 5
[November 1, 2017]

Name: Solutions

1. Let f € £10,1] be f(z) = 1for0 < z < 1/2and f(x) = 0 for 1/2 < z < 1. Compute
Sof, S1f and Sy f.

Solution:

fo= [ s duto) = |

. 1/2 .
1672mna¢ d,u(:c) — / 672mnx dl’
[0,1] [0,1/2] 0

(as the Lebesgue integral of a continuous function is the same as the Riemann integral).
So f(0) =1/2and forn # 0

[e%mr” e (=r—1 o n even
—2min |, —2min  —2min  —2min | 1/(min) = —i/(7n) nodd

Sof(x) = :(0)60 =1/2 A
Sif(x) f(0) + f( e 2™ 4 f(1)e?m
)

= (1/2) + (i/m)e™™™" — (i/m)e*™
= (1/2) +2R((i/m)e ™)
= (1/2) 4+ 2R((i/7)(cos(—2mx) + isin(—27wz))
= (1/2) +2R((i/7)(cos 2mz) — isin(27wz)))
= /2 + 2 snfzn)
Sof(x) = Sif() + f(-2)e e 4 f(2)ehm
= Slf( )
= (1/2) + (2/7)sin(27x)

2. For F € LY(T) and x,(¢) = ¢" (for € T, n € Z), compute F * x,.
Solution: By definition

(Fox)€) = [ Fobaen™) dxm

T



and we can compute this as

(F*xa)(C) =

3. For F, H € L'(T), show that

[Hint: Fubini and use the fact that [ F'(Cn~") dA(¢) = [; F(¢) dA(C) holds for n € T
(translation-invariance of the normalised arc-length measure A on T and of the integral)]

Solution: By definition

(F H)(C) = / F(n)H(Cr™) dA(n)

T

and

—

Fall(n) - /T (F + H)(C)C™ dA(C)



So we get an iterated integral
Feti) = [ [ Papmer)axneaxo)

= [ [ Focy e axm an)

(using Fubini now)
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(using translation invariance in the inner integral now)
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Technical aside: To justify using Fubini, we need to know that ({,n) — F(n)H({n )™
is measurable on T x T and that it is integrable. We did not prove that (¢,n) — H((n™')
is measurable, but we did use that already in showing that F' x H is defined. It is rather
easy that (¢,n) — F(n) and (¢,n) — (~™ are measurable, and then we have a product of
measurable functions. In showing F' x H is defined we showed that the absolute value

|[F()H ()

has a finite integral over T x T and the function we want here has the same absolute value
because |(~"| = 1. So, Fubini is justifiable.

Richard M. Timoney



