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Chapter 2: Convergence results for Fourier series
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2.1 Differentiable functions on the circle

Here we consider Fourier series of functions /' € C'(T) but often we will parametrize the circle
by ¢ = €*™ and consider the function f(x) = F(e*™*) with z € R (which is periodic and has
1 as a period).

2.1.1 Definition (Partial sums). If f € £'[0,1] and N € N U {0}, then we call the function
Snyf: R — C given by

Sxi(@)= Y fmem™  (zeR)

the N'*" (symmetric) partial sum of the Fourier series of f.
If F € C(T) we define Sy F': T — C similarly as

SvF(¢)= Y F(n)¢*  (C€T).

We would like to show (under suitable hypotheses, if necessary) that the partial sums of the
Fourier series converge to the function. One could also argue with the terminology as Sy f is
defined (it is the constant function f (0)) and so perhaps we should call that the first instead of
the zeroth partial sum.
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2.1.2 Proposition (Version of Bessel’s inequality). If F' € C(T), then

Z|F |2 /|F 2mix |2dl’

n=-—oo

Proof. For ease of notation, let f(z) = F(¢2™*). We know F(n) = f(n). Fix N € N and let

W) = fla) = 3 fn)erm

We know that fol |h(z)|> dz > 0. We expand that using

h(@)]? = h(2)h(z) = ( -3 ) <f(a:)— 3 f<m>ezmm).

So

W@ = fla)f@) = Y fla)f(m)e ™ — Z f(n)e?™ f(x)

Integrate to get

o< [hwiPar = [ IrwPdr- iﬂm)ﬂm)
_ EN_:N f(n) 01 f(z)e—2minz dg:
N i it | | prine-anin gy
_ /01|f<x>;2dx_ é\ﬂmnt :iNmn)P
+ i_Nmn)P

(using orthonormality of the complex exponentials e2™%), Hence we have

> !f(nﬂ?g/o |f(2)]? da.

Let N — oo to complete the proof. ]
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2.1.3 Corollary. If F € C(T), then limy,| ., F(n) = 0.

2.1.4 Proposition. If f: R — C has f(x + 1) = f(x) and f has a continuous derivative h = f’
(on R), then

forn € Z\ {0}.

Proof. By integration by parts

o= [ swa( o) = [im ] - [ e =0+ i)

—2min —2min —2min m™n

]

2.1.5 Corollary. If f: R — C has f(x + 1) = f(z) and f has a continuous derivative h = f’
(on R), then

> Ifm)] < oo

n=—0oo

Proof. Let h = f’. Then h is periodic with 1 as a period and there is a corresponding H € C(T)
with H(e*™*) = h(x). Applying Proposition Zgl we conclude that 32°° __|h(n)]? < co.

From Proposition we have f(n) = h(n)/(2min) for n # 0. It is elementary then (since
2ab < a® + b? for a, b > 0) that

Fo) | = i) —— < X (12 + —
o0l =l < 5 (P + 5
(forn # 0)and so 3°, ., | f(n)| < oo (using 320, 1/n? < o0). O

While this result seems very close to showing that the Fourier series of continuously differen-
tiable (periodic) functions converge to the function, we need something more to show that result.
We will now introduce some terminology and results that will also be useful for more general
classes of functions.

2.2 More formalities

2.2.1 Definition (See Definition 1.1.4.5). A seminorm on a vector space V over K =RorK = C
is a function from V' to the real numbers with the following 3 properties, where we use || - || for
the function:

(SN1) |[jv]| > 0forv eV
(SN2) (Triangle inequality) ||v + w|| < [jv]| + |Jw]|| for v,w € V/
(SN3) (scaling property) |[\v|| = |A|||v|| for A\ e K,v € V
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A seminorm is called a norm if it has the additional property that
N veVv|=0=0v=0

2.2.2 Remark. Tt is perhaps unusual not to reserve the notation || - || for norms (and to use some-
thing distinctive like p(-) for seminorms).

2.2.3 Examples. (i) We saw the definitions £'([0, 1]), £!(T) and £'(R) in Chapter 1. In each
case we defined a ‘magnitude’ ||f]|; and it is a seminorm in each case. We stated that
explicitly for £1([0,1]) in Lemma 1.1.5.2.

(i) On C(T) we can define a norm known as the uniform norm by

[Eloe = SélelﬂplF(C)\ (F e C(T)

and on C'P[0, 1] we have the analogous uniform norm

[fllc = sup [f(z)].
z€[0,1]

In fact we should recognize || f||~ for f € C[0, 1] from MA2223.

2.2.4 Proposition. If || - || is a norm on a vector space V', then we have a (naturally) associated
metric on 'V given by
d(v,w) = [lv—wl|

Proof. We omit the details. They are straightforward and should be familiar from MA2223. []

2.2.5 Proposition. If || - || is a seminorm on a vector space V, then Vo = {v € V : ||v]| = 0} is
a vector subspace and we may define a norm on the quotient vector space V/Vj by

[v 4 Vol = [lv]]
We also then have a (naturally) associated metric on V' /Vy given by
d(v+ Vo, w+ V) = [Jv —w||
Proof. If v,w € Vi and A € K, then
[o 4+ Awl| < [|vf| + [[Aw]} = [lvf| + [Al[Jw]] = 0

and so v + A\w € V4. Also 0 € Vj and so V; is a vector subspace.
To show that ||v 4+ V|| is well defined, suppose v + Vo = w + V; for v,w € V. Then
v—w € Vp,so||v —wl| =0and

[o]] = llw + (v = w)|| < [Jw]| + [lv = w]] = [Jw].

Similarly ||w|| < ||v|| and so ||v|| = ||w]|.

It is straightforward to check that the seminorm properties hold for the function v + V{, —
|v 4+ Vo|| and it is a norm since ||[v + V5| =0 = ||v|| = 0= v € Vi = v+ Vi =V} is the zero
element of V/Vj,. O



MA342A 2017-18 5

2.2.6 Definition. L'(T) is the quotient vector space L}(T)/{F € LY(T) : | F|; = 0} and we
also use || - ||; for the norm on L*(T).
Similarly for L*([0, 1]) and L' (R).

2.2.7 Remark. So the elements of any of these L' spaces are not exactly measurable functions, but
rather cosets or equivalence classes of measurable functions. Two functions in £! represent the
same coset (or class) in L' when they are equal almost everywhere (because ||f|; = 0 < f
is almost everywhere zero on the domain in question).

There is some possibility of a misunderstanding because we will tend not to distinguish
carefully between a single measurable f € L' and its almost everywhere equivalence class
f € L', but this is a standard way to proceed. If you ever find yourself tempted to prove
something about one value of f, like f(1/3) for f € L[0, 1], then it cannot be right because you
can change the value of f(x) at x = 1/3 without changing the equivalence class. You can only
hope to prove things that rely on the values of f(x) for x in a set of positive measure.

What we are aiming for is to prove convergence of Fourier series. That means to prove
limy_oo Sy f = f (and maybe variations of this) for suitable interpretations of what the limit
might mean (and we will need some hypotheses on f). We might like it to mean convergence in
the uniform norm, that is limy_,o ||Snf — fllc = 0 when f € C(T) or f € C'P[0,1]. When
f € L'(T), we might hope for limy_,, ||Sxf — f]l1 = 0.

Other norms will show up later and in We introduce a class of norms (or seminorms) that
we can manage.

2.3 Translations and convolutions

2.3.1 Definition (Translations). For f: R — C and y € R we define the translate of f by y to
be the function f,: R — C given by f,(z) = f(z — v).

For f € CPJ0,1] we use the same terminology and the same definition of f, (for which
we need to consider the periodic extension of f to R — we then restrict f, back to [0, 1] to get
f, € CP[0,1].

For F' € C(T) and n = €™ € T we define F,, € C(T) by F,(¢) = F(¢n ). (Note that for
f(z) = F(e*™*) we have f,(z) = F(e*™@¥) = F, (?™), so that this is essentially the same
notion of translation again).

For f € L'(R) we define f, by f,(x) = f(x — y) and then f, € L'(R).

For f € L'[0,1] we define f, by f,(x) = f(z — y (mod 1) ) where we need to reduce z — y
tox—y—n € [0,1] withn € Z. For F' € L'(T) we define F,, € L'(T) by F,,(¢) = F({n~') as
above.

2.3.2 Definition (Convolution). If f, h € C.(R) we define their convolution f x h: R — C by

(f % )(x) = / Wl =) duy) - / " F (e —y) dy = / £ () () du(y)

(a finite integral because of the compact support of f).
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If f,h € C' P[0, 1] we define their convolution f x h: [0,1] — C by

gen@ = [ e = [ foneymd )= [ o)y

[0,1]

(with the same f * h notation even though it has a different meaning — if f and h are extended
periodically to R, they would not have compact support unless they are zero and the previous
definition could not be used).

If F, H € C(T) we define their convolution '« H: T — C by

(F+ H)(C) = (F  H)(&*) = / (e H (26 dy = / F(n)H,(C) dA(n)

(where ) is normalized arc length measure on T, ¢ = €™ € T).

2.3.3 Remark. The definition of convolution on C'P[0, 1] is really convolution on C(T), when
we regard f € C'P[0, 1] as the ‘same as” F' € C(T) with F(e?™) = f(x).

2.3.4 Theorem. (a) If F, H € L'(T), then n — F(n)H,(C) is in Ll( )for almost every ¢eT
and defining F' « H: T — C (almost everywhere) by (F' x H)(¢) = [, F( ¢) d\(n)
gives F'x H € L'(T).

Moreover ||F x H||y < ||F ||| H]|1.
(b) If f,h € L'[0,1], then y — f(y)h,(z) is in L'[0, 1] for almost every x € [0,1] and defining

1
f*h:[0,1] — C (almost everywhere) by (f * h)(z) = f[OJ] f(y)hy(x) du(y) gives fxh €
L'0,1].

Moreover || f = hlly < |[f[|1]|7[]:-

(c) If f,h € L*(R), then y — f(y)hy(x) is in Ll( )for almost every r € R and defining
fxh: R — C (almost everywhere) by (f*h)(x) = [; f( )du(y) gives fxh € L*'(R).
Moreover || f * h[y < [ f|[1[|7[]1.

Proof. For this we need Fubini’s theorem (which was not in MA2224 but is stated at Theo-

rem in Appendix [A.T].
We apply it to ¢(x,y) = f(y)h(xz — y) where f(z) = F(e*™*) and h(x) = H(e*™*). One
can check that ¢ is measurable on [0, 1] x [0, 1].

Lo L s = [ ([ b= nldut) ) duty

The inner integral is ||h||; = ||H||; and then the result is || F'||1||G||;. By Fubini, ¢ is integrable
on [0,1] x [0,1] and

1l ||G||1—/ / o y)| dia(r) duly / / o, y)| diuly) du(x)
y€[0,1] Jz€[0,1] z€[0,1] Jy€[0,1]
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Hence [ 1 |¢(z, y)| du(y) < oo for almost all z and

IFILIIGI, =/ / (2, )| duly) du(z)
z€[0,1] Jye[0,1]

- |
z€[0,1]

- / IRCRRCIETE
— |f bl = |FH]|,

/ oy S0 )| du)

This shows (a) and (b) is really the same statement as (a).
For (c) the proof is the same, using R instead of [0, 1] and omitting reference to F'and H. [J

2.3.5 Lemma. The convolution product in L*(T) makes L'(T) an algebra, or a ‘linear algebra’
to distinguish it from an algebra (Boolean algebra) of subsets, that is L'(T) is a vector space
with a product * that satisfies

(LinAlgl) F x H € L'(T) for F, H € L'(T)

(LinAlg2) Fx (H+ AK) =F « H+ \F x K and
(F+MK)«H=F«H+\K*H
hold for F, H, K € L'(T) and A € C

(LinAlg3) (associativity of multiplication)
(FxH)«* K=Fx(Hx*K)for F,H,K € L'(T)

It is in fact a commutative algebra, thatis F x H = H x F for F, H € L*(T).
The property ||F « H||; < ||F|1||H||1 (for H, K € L*(T)) is called submultiplicativity of the
norm || - ||1, and an algebra with a submultiplicative norm is called a normed algebra.

Proof. We have (LinAlgl) from Theorem and (LinAlg2) follows by linearity of integrals
(valid even for integrals of C-valued functions). Showing (LinAlg3) requires Fubini’s theorem
to exchange the order of integration.

Showing F'x H = H * F' requires a small change of variables argument. Ol

2.3.6 Remark. Tn fact L*(T) is completd]] in the distance arising from the norm || - ||; (which
we show in Appendix [A.2)) and a complete normed space is called a Banach space. A complete
normed algebra is called a Banach algebra and L'(T) is then a commutative Banach algebra.
The same is true about L'([0,1]) and L'(R) with * and || - ||; (with the same proofs).
Our aim now is results along the lines of recovering f € L!'(T) from its Fourier series, but
there are results that are more satisfactory for smaller spaces with certain properties as defined
now.

'Recall that by definition a metric space is complete if every Cauchy sequence in the space has a limit in the
space.
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2.4 Homogeneity of spaces of functions

2.4.1 Definition. If (B, || - ||5) is a Banach space of functions (or of almost everywhere equiva-
lence classes of functions) on T we call B a homogeneous Banach space on T if it satisfies

(HB1) B C L'(T) and ||F||, < ||F||5 for F € B

(HB2) (translation invariance) if /' € B andn € T, then F,, € B and || F,||p = ||F|| s (Where
F,(¢) = F(¢n™1) as in Definition [2.3.1])

(HB3) (continuity property of translates) if /' € B and n, € T, then

lim ||, — Fyp[| = 0

n—"70
2.4.2 Examples.

(i) B = C(T) with ||F||z = || F||« is a homogeneous Banach space in this sense.

Proof. Ttis very easy that || F||; < ||F||« for F' € C(T) because

Tan= / F(Q)]dA < / 1FlloedA = [|Flc

It is also clear that £, € C(T) for n € T and the last property (HB3) follows from uniform
continuity of continuous functions on the compact circle T. ]

(i) We define C"'(T) to be the continuously differentiable functions, where the derivative F” is

defined as

‘ 1 d ‘
F/ 2mix _ F 2mix ]
(™) 2mi dx (™)

So CYT) ={F € C(T) : 3F" and F’ € C(T)}. If we norm the space with
1F oo = 11Flloo + 1l

then (C*(T), || - ||oc,1) is also a homogeneous Banach space in the above sense.
Proof. The proof is not so much more complicated that the proof for (C(T), || - [|s). O

(iii) Our other main examples with be L'(T) itself and L?(T) (defined below and in §A.3).
However, to prove that L'(T) satisfies (HB3) requires knowing that continuous functions
are dense in L!(T), and also knowing that the space is complete. See Theorem and
Corollary in the appendices.

For L'(T), property (HB1) is obvious and (HB2) follows by a change of variables in the
integral defining the norm.
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If F € C(T), then ||F||; < ||F||s by the triangle inequality for integrals. It follows that
forn,ny €T
lim [|F, — Fyl[1 < limsup [|[F) — Fiyllec =0

=10 n—1n0

(when F' € C(T)). For general F' € L(T) choose a sequence F,, € C(T) with lim,, o, || F'—
F,|ls = 0. Given € > 0 choose n so large that || F' — F,||; < /3. If 1 is fixed then, for
|n — no| small enough, ||(£},);, — (Fn)yelleo < /3. So

||F77_F770||1 < ||Fn_(Fn)n||1+||(Fn)n_(Fn)no||1+“(Fn)no—FnoHl
= ||F = Eulli + [[(Fa)y — (F)nollr + 1 Fn = Flha

£ 9
S IE)y = (Follle + 5 <

for | — no| small. This shows (HB3) for L!(T).
The definition of L?(T) is as the space of measurable F': T — C such that

/T F(OP dA(Q) < o0

and we define the ‘norm’ on L?(T) by

7= ( womw)m

There are some of the same issues here as with L'(T). Actually we should say that the
definition given is of what should be denoted £?(T) (by analogy with £'(T)) and L?(T) is
the quotient of £?(T) by {F € L*(T) : || F||o = 0}, or the almost everywhere equivalence
classes of measurable functions F' € L*(T).

While it was very easy to check that || - ||; is a seminorm, to show that for || - |2 requires a

little effort (see §A.3]).

For L%(T), to show property (HB1), observe that it follows from the Cauchy-Schwarz in-
equality that | F||; = (|F|,1) < ||F||2||1||2 = ||F||2 holds for F' € L?*(T). (Here 1 means
the constant function.) (HB2) is easy to verify by a change of variables in the integral
defining the norm.

Property (HB3) for L?(T) follows from the density of C(T) in and L?*(T) (see Corol-
lary in the same way as for L!(T).

2.4.3 Definition. If B is a Banach space and ¢: [0,1] — B is a continuous function (vector-
valued or B-valued) then we define
1
/ o(z) dx
0

using the Riemann integral approach (which can be adapted to the vector-valued case).
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So , .
| ol ds = im 37 0(G - /)

using the partition 0 < 1/n < 2/n < --- < (n—1)/n < 1 of [0, 1]. We could use other Riemann
sums with mesh sizes tending to 0 and get the same result. (The limit exists as a consequence
of uniform continuity of ¢ and completeness of B, in the same way as for R-valued Riemann
integrals. Proofs of this and simple properties of Banach space valued integrals will generally
involve considering more general kinds of Riemann sums than the one above.)

2.4.4 Lemma (Vector-valued triangle inequality for Riemann integrals). If ¢: [0,1] — B is a
continuous function with values in a Banach space B, then

o < [ lolas

Proof. This follows from

n

> 6~ 1)/n)

j=1

< S 16(6 - /)l

which is true by the ordinary finite triangle inequality. Just let n — oo. U

2.4.5 Lemma. If ¢: [0,1] — B is a continuous function with values in a Banach space B, and
T: B — C is a continuous linear transformation with values in a Banach space C, then

1 1
T de | = T d
([ otorae) = [ Totnas

Proof. Since T is linear

(Zw—l/n) ZT 5~ 1))

we can take limits of both sides as n — oo and use continuity of 7" to prove the result. L

2.4.6 Proposition. Suppose that ¢, F' € C(T). Then the convolution ¢ * F' may be written as the
C(T)-valued integral

1 .
(b * F - / ¢(€27I'7,$)F627r“: dQJ € C(T)
0

Proof. Because of (HB3) for the example B = C(T) we know that for F' € C(T), n — F, is a
C(T)-valued continuous function on T. Hence = + F 2« is continuous on [0, 1] (and periodic),
as the composition of continuous functions. So then also x +— ¢(e* ) F_2x is continuous (as
the product of continuous functions, even though one is a vector-valued function). Hence, the
C/(T)-valued integral [ ¢(e*™)F,2nic d makes sense in C(T).



MA342A 2017-18 11

If we fix ¢ € T, then there is an associated point evaluation linear transformation
Tgi C (T) —C

given by T, (H) = H(() for H € C(T). This is continuous because if ¢ > 0 and H, K € C(T)
have |H — K || < &, then |H({) — K(¢)| < ||H — K| < €. So in the definition of continuity
we can take 0 = €.

If we apply Lemma [2.4.5|to the linear transformation 7, we find

TC (/0 ¢(€2mx)F62mz dﬂf) = /0 TC(QZﬁ(eQmm)Feme) dr = /0 ¢(€2ﬂi$)F627rix (C) dx
= (¢ F)(Q)

holds for each ¢ € T. That says

1
/ ¢(e2ﬂ—ix)Fe2wiz dx — ¢ * F
0

in C(T). 0

2.4.7 Proposition. Suppose that B is a homogeneous Banach space such that C(T) C B is a
dense subspace of B and ||F||p < ||F||o for F € C(T).
Then, for ' € B and ¢ € C(T) continuous, ¢ = F' is equal almost everywhere to

1
/ ¢(627Tix)Fe27rim dZE G B
0

Proof. Fix ¢ € C(T).
As in the case B = C(T) we can use (HB3) to show that x — ¢(e*™®)F,2r0 is continuous
from [0, 1] to B and that the B-valued integral

1
/ ¢(e*™ ) F omin dx € B
0

makes sense for F' € B.

For F' € Bthere is a sequence (F,)22 ; in C(T) such that lim,, ,, F,, = F, thatis lim,,_,. || F,—
F||5 = 0. Then lim,_. || F, — F||; = 0 by (HB1).

It follows from Proposition that

/0 H(e* ) (Fy) g2rin dr = ¢ % (F,) € O(T) (n=1,2,...).

Applying Lemma to the the continuous (linear) inclusion C'(T) C B these equations also
hold in B. (That is the C'(T)-valued integral is the same as the B-valued integral for each n.)
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Next

1 1 1
/ ¢(62ﬂ—i$)(Fn)627‘rim dCL’ - / gb(eQﬂ—ix)FeQﬂiz dl‘ / QS(@QTFim)(Fn - F)CQﬂ'iz dl’
0 0 0

B B

Bd[L‘

S(KMWMWH—EWM

IN

de

1
A\w&ma—pmm

1
!wu/ua—me

0
16]lscllF — Flls = 0

Hence )
lim ¢ * F, = / P(e*™ ) Fomic dx:
0

n—o0

holds in B. Applying (HB1), it also holds in L*(T).

[ () = @ x Fllv = [l¢+ (Fn = )| < [[9ll1 ]| = Fllv < [|@[l1]|[ 7 — Fl[5 — 0.

This means that in L'(T) we have two limits, for the sequence (¢ * F},)°;, the B-valued integral

! p(e2iz F2rix dx and the element ¢ * F' € L'(T). They must agree and so we get the result.
fo y g g
]

One case of interest to us is the case B = L(T).

2.5 Summability kernels

2.5.1 Definition. A sequence K,(() € C(T) (n = 1,2,...) is called a (positive) summability
kernel if it satisfies

(SK1) K,(¢)>0(¥neN,(€T)
(SK2) fT K, d\=1(Vn)

(SK3) for0 <6 <2
lim K (C) dA(Q) = 0

0 J{CET:[¢~1]>6}
We can also refer to k,(x) = K, (e*™") as a summability kernel (on [0, 1]).

Notice that (SK3) implies that /&, must be concentrated close to ( = 1 (to satisfy (SK2)) for
n large. For k,, the bulk of the mass (or the area under the graph) of k, () must be where x is
close to the endpoints of [0, 1] (when n is large).
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2.5.2 Proposition. If B is a homogeneous Banach space that contains C(T) as a dense subspace
and satisfies |F||lp < ||| for F € C(T), and if (K,,)S>, is a summability kernel, then for
FeB,

Tim | K, F — Fllp =0

Proof. Fix F' € B and ¢ > 0. Then (by (HB3)) there is ¢ > 0 such that ||F' — F, ||z < ¢ for
| — 1] <o6.

To help our notation, we write E5 = {x € [0,1] : |e*™ — 1| < §}. By Proposition [2.4.7, we
can express K, * [ as a B-valued integral

1
K,xF = / K (e*™)F onia dv
0

= K (e*™)F omia dv + / K (e*™)F ori d (2.5.1)
Es [0,1\E;5

(Here we split the B-valued integral as a sum where the first integral extends over two intervals

at either end of [0, 1] and the second over one interval. We have not actually developed B-valued

integrals over intervals other than [0, 1] or proved that these integrals can be split in this way, but

it can be done in the same way as for Riemann integrals of continuous scalar-valued functions.)

We will compare that to

"1 -1
F = (/ K, (e?™) d{l:) F —/ K, (e’™)F dx = / K, (™) F d:1:+/ K, (™) F dx
0 0 Es

[071]\E6

Applying Lemma [2.4.4] (or a strictly speaking a variant of it) we can estimate the second

integral in (2.5.1)

H / K, (e*™)F oria d
[0,1]\Es

N

Bdl’

-~ / Kn (6271'21‘) ||F627riz
B [0,1\Es
— IFls [ K@
[071]\E5

and this is small for large n by (SK3). Similarly f[o 1\ Es K, (e*™®)F dx also has small norm for
large n.
On the other hand

K (e?™)E orie dx — / K, (e*™)F dx

Es

Es

< | Ku(e¥®)||Finie — F|lp do

Es

B

K, (e*™)(Foamiz — F)dx
Es

B

< e K,(e*)dr<e
Es
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Hence
K (e¥™)F e dv — ( K, (e¥™) dx) F|| <e
Es Es B
Since the first integral is close to K, * F' and
K (e¥™) dw ~ / Ko (e™)dr = 1
Es 0
for n large, we deduce that K, * F'is close to F' for n large. ]

2.5.3 Lemma. Recalling the notation x,(¢) = (" (n € Z),
Xn ¥ F = F(n)xn
for F € L(T).
Proof.
(Otn * F)(*™7) = (F * xa)(e*™)

1
_ / F(€27riy) (627ri(ac—y) )n dy
0

= @ [ Ry
= (@) ) = Fln) (™)
]

2.5.4 Definition. The Dirichlet kernel is the sequence Dy (¢) = S ¢" of functions Dy : T —
C(for N =0,1,2,...).

2.5.5 Proposition. For F' € L'(T), the N*® partial sum Sy F of the Fourier series for I is given
by
SvF =Dy« F

Proof. Use Lemmal[2.5.3] O

2.5.6 Lemma.
_ sin((2N + 1)7x)

D 2mix
(e sin(mx)

for 2™ £ 1,
Proof. By the formula Z?Zo ar’ = a(1 — r**1) /(1 — r) for a geometric sum (valid for r # 1)

Nl o g2N+1 B ng _ gNJrl

Dy(¢) =¢~ 1—¢  1-¢
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Multiply above and below by (/2 to get

(N=1/2 _ N+1/2
Dy(¢) = (12 — (12

Replacing ¢ by €™, this reduces to (—2isin((2N + 1)7z))/(—2isin(wz)) and so we have the
result. -l

2.5.7 Remark. The Dirichlet kernel does not provide a summability kernel since it is not positive.
Thus we cannot apply Proposition with Dy. (If we could, we would have a quick proof
that Fourier series converge in many different norms || - || 5. However, not only does this way
of attempting to prove it fail but it is not always true in homogeneous Banach spaces, and in
particular in L'(T) and C(T) too.)

2.5.8 Definition. If (z,,)°, is a sequence in a normed space E, the Cesaro averages are defined
as

1
ﬁ(x1+x2+---+xn)

The sequence of Cesaro averages is called the Cesaro mean of the original sequence ()5 ;.
If Zzozl x, 1S a series in a normed space F, the series is said to be Cesaro summableto s € E
if
.1
lim —(s; 4+ s2+-+s,) =5

n—oo M

in £/, where s; = g Ty = X1 + To + - - - + 2. is the ' partial sum of the series.
j k=1 j J-Pp
(So this is the limit of the Cesaro averages of the partial sums.)

2.5.9 Proposition. If Y °  x, is a convergent series in a normed space E, then y ~  x, is
Cesaro summable to the same sum s = lim,,_, (T + T3 + - - + xy).

Proof. Let s, = ) ._, x; denote the partial sums, so that lim,, o ||s, — || = 0.
If £ > 0 is fixed, by assumption there is ng such that ||s,, — s|| < /2 all n > ny. It follows
that for n > ny

_ S;— 8
Zn—]no+1

Jj=no

n

:Z [ls; — sl < £
n—ng+1 2

J=no

3n0+3n0+1+"'+3n
n—mny+1

— S

Hence

-1
St s S

_ — 5 —
n

n n
-1
_ 1 "OZ n—ng+ 1|2 jp Si— S
< - s; — s|| +
n| = n n—ng+1
-1
1] n—no+1le
< = sj— S|+ ————=<e¢
- n jzl J n 2

for n large enough. [
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2.5.10 Example. Consider the series > - |, in R where x,, = (—1)"*!. The partial sums s,
are 1 for n odd and 0O for n even. It follows that

1 1

%(81—1—32—1—"""3271):5
and

1 2n — 2 1

g T ) =g oy

Thus the series is Cesaro summable to 1/2 (but not summable in the usual sense).

2.5.11 Definition. The Fejér kernel is the sequence Ky (¢) = (1/N) >N D,.(¢) of functions
Ky: T—C({orN=1,2,...).

2.5.12 Proposition. . For F' € L'(T), the convolution Ky x F is the N''" Cesaro average

1
KN*F:N(SOF+SIF++SN71F)

of the partial sums of the Fourier series for F'.

Proof. This follows immediately from the definition of Ky and Proposition O
2.5.13 Proposition.
iz 1 /sin(xNz)\> 11— cos(2rNz)
KEnEe@™) = —|——) ==
N \ sin(7z) N 1 — cos(2mz)
for0 <z <1
Proof. We have
| NV
Enx(Q) = <> D,
MO = D0
1 — sin((2n + 1)7mz)
N — sin(mx)
1 N-1
— I I (2n+1)miz
N sin(mz) o ; e
1 I e 62N7ri:v -1
= ————Ime™———
N sin(mz) e2riz —
1 €2N7ria: -1

N sin(mz) EET—T

1 62N7rix -1
= m
Nsin(rx)  2isin(nx)
1 1 —e?Nmiz 1 — cos(2N7x)
= ——— Re = —
N sin®(7x) 2 2N sin®(mx)

The two formulae for Ky follow from the trigonometric identity cos(26) = 1 — 2sin? 6. O
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2.5.14 Proposition. The Fejér kernel sequence (K y)_; is a summability kernel.

Proof. ltis easy to see that fol Dy (e*™) dx = 37, fol e?™% dz = 1 and then

1 ) 1 N-1 1 )
/0 Fn(e*™) dx = i 2/0 D, (e*™) dx = 1

From Proposition|2.5.13} Ky (e*™@) > 0 for0 < z < 1 (and Ky (1) = N > 0).
If [e*™* — 1| > ¢, then dividing by 1 = [e™*| we get [e™* — e~ ™| > § or 2| sin(7x)| > 4.
Hence

: 2 )
K (€2 = 1 (SlH(WN$)> _ Lsin (TNx) _ 4

N \ sin(mz) - N 0%2/4 T No?
for |e*™@ — 1| > § and

, 4
Kn(e*™)der < — — 0
/{zE[O,l]:e27"iz—l>6 N§?

Thus (SK3) holds and the proof is complete. ]

2.6 Fejér’s theorem

2.6.1 Corollary (Fejér’s theorem). If B is a homogeneous Banach space that contains C(T) as
a dense subspace, and satisfies | F||p < ||F||« for F € C(T), then the Fourier series of each
F' € B converges to F' in the Cesaro sense

SoF F+- 4+ Sy F
hm‘OJrSlJr Toval gl g
N—oo N B
Proof. This is immediate from Propositions [2.5.2]and [2.5.14] ]

2.6.2 Theorem (Continuously differentiable functions have convergent Fourier series). If f: R —
C has f(xz + 1) = f(x) and f has a continuous derivative f', then

( 5 f<n>e2”"m) )

In other words, the partial sums Sy f(x) converge to f(x) (as N — oo) uniformly in x.

lim sup =0

N—oo xE[O,l]

Proof. From Corollary we know that > 7 | f(n)| < oo. Since absolutely convergent
series are convergent, we may now define fo: R — C as

folw) = Y f(m)e*™ = lim Sxf(x)

n=—oo
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and the limit is uniform in x because

[fole) = Snf@)l < Y 1f)]  (z€0,1])

|n|>N

gives

1o = Snfllee = sup folw) = Snf@)] < Y 1f(n)] = 0(as N = o0).

[n|>N

Then Proposition [2.5.9| gives

lim Sof+51f+"‘+SN71f_f —0

N—oo N 0 o
But Fejér’s theorem (Corollary [2.6.1)) (applied to F(e*™®) = f(z)) implies the same with f,
replaced by f. Hence fo = f and limy .o || f — Snf]|cc = 0. ]

Fejér’s theorem has several other consequences.
2.6.3 Notation. For F' € L'(T) we use oy F to denote the Cesaro average

Sol +S1F+---+ Sy F
N

O'NF:

Then the conclusion of Fejér’s theorem can be stated more concisely as limy_,o ||onF — F||p =
0.
Note that ox F(¢) = (1/N) SN0 S, F(¢) = (1/N) M D ien F(5)¢/ and this can be

rearranged as
N-1

Y. A —Inl/N)En)C”

n=—N+1
2.6.4 Corollary (Wierstrass theorem). The trigonometric polynomials are dense in C(T).
Proof. By Fejér’s theorem (Corollary [2.6.1) applied to B = C(T), for F € C(T) we have

thﬁoo ||O'NF - FHoo = 0.
But o F(() is a trigonometric polynomial for each N. O

2.6.5 Corollary (Fourier series determine L'(T) functions). An element F € L*(T) is uniquely
determined by its Fourier series. R R
(In other words, if F, H € L*(T) have F(n) = H(n) for eachn € Z, then F = H.)

Proof. If F,H € L'(T) have F'(n) = H(n) for each n € Z, the oy F = oy H for each N. By
Fejér’s theorem (Corollary 2.6.1) applied to B = L'(T), we have

F= lim oyF = lim onH=H
N—oo N—o0

(limits in (L*(T), || - |[1). O
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2.6.6 Corollary (L? convergence of Fourier series). If ' € L*(T), then
N—o00

Proof. In L(T) we can write Fourier coefficients as inner products F'(n) = (F,x,) where
N
SNE =) (F.xu)Xn
n=—N

for F € L*(T). A
We can also write o F as a linear combination oy F' = Zg;_lNH (1—|n|/N)F(n)xy of the

Xn With |n] < N. (We will not need the exact values (1 — |n|/N)F (n) of the coefficients in our
proof.)

As in the proof of Proposition it is easy to verify (X, Xm) = Onm (thatis 0 if n # m
and 1 if n = m). It follows that (F' — Sy F, x,,) = 0 for |n| < N and then that (F'— Sy F,p) =0
for any trigonometric polynomial p of degree ast most V.

Observe that

F—O’NF: (F—SNF>+(SNF—O'NF)

is a sum of F' — Sy F' and a trigonometric polynomial Sy F' — on F' of degree at most N. It
follows that F' — Sy F' is orthogonal to Sy F' — on F.
For orthogonal vectors v, w in an inner product space we have

o+ wl* = (v+w, v+ w) = (v,0) + (w,w) = ||v]|* + |Jw|®
and so
|F —onF|; = [[(F—SxF)+ (SyF—onF)|;
|F — SyF|5+ |SvF — onFll3
> ||F - SnF|3

But Fejér’s theorem (Corollary [2.6.1)) applied to B = L?(T), we have limy_, || —onF|l2 = 0
and so the preceding inequality now implies limy_,, [|[F' — Sy F'||2 = 0. O

2.6.7 Corollary (Parseval’s identity for Fourier series). If F' € L*(T), then

12 = ( > IE(n )1/2

n=—oo

Proof. Using orthonormality of the caracters x,,
1SN Flj3 = (SxF, SnF) = Z |F(n
Since limy o0 [|[FF— SN F||l2 = 0, imy o0 (|| F'||2— || Sn F||2) = O (because the triangle inequality

for norms implies |||v]| — ||w||| < ||v — w]|| for vectors v and w in any normed space). Hence
| F||l2 = limy 00 || SN F||2 gives the result. O
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2.6.8 Corollary (Fourier characterization of L*(T)). If F' € L'(T), then F' € L*(T) holds if and

only if
PRADIk

n=—oo

In fact, if (a,)nez is a sequence of scalars with > 0~ ___|a,|*> < oo, then there is F € L*(T)

with F'(n) = a, foralln € Z.

n=—oo

Proof. We already know (from Parseval’s identity, Corollary that if ' € L?(T), then the
Fourier coefficients are square summable.

For the converse, if > |F(n)[?> < o0, let sy € L*(T) be the trigonometric polynomial
sn(€) = SvEF(Q).

We claim that (sy) is a Cauchy seqeunce in L? and that the Fourier coefficients of the limit
s = limy_,o Sy € L*(T) agree with those of F'.

If N < M, we have s); — sy = ZT]Y:NH F(n)x, + Z;f:]\z F(n)xn (where y,(¢) = ™).
Using orthonormaility of the y,, we get

n=—0oo

lss = snllz =Y [F@)P = llsull3 = llswll®
N<|n|<M
By assumption
oo
S 1E(n) 2:]315;02 Em)? = lim_(sx]f3 < oo
n=—oo

and so ||sy||3 — ||sn||? is small if M > N with N large enough. Thus ||sy; — sy |2 is small for
M, N large, which verifies the Cauchy condition of (sx)%_, in L*(T).

Let s = limy 00 sy € L%(T). Then 8(n) = (s, Xn) = limy_.oo(Sn, Xn) (using continuity
of the inner product, something that follows quickly from the Cauchy-Schwarz inequality). But
(Sn: Xn) = 0if N < |n] and (sy, xn) = F(n) for |n| < N. So imy_ee(sn, Xn) = F(n).

Thus $(n) = F(n) for all n € Z. We have F € L*(T) and s € L*(T) € L'(T). Thus F = s
by Corollary[2.6.5] Hence F € L*(T).

If we do not assume that we have F' € L!(T) to begin with, but just assume that we have
scalars a, with 3>.°° __ |a,|* < oo, then we can define sy (¢) = SN a,¢". We get in the
same way as above that there is a limit /' = limy_,, sy in L?*(T). To show that a (n) = a, for
eachn € Z, use F'(n) = (F, xn) = imy_o0(Sn, Xn) Where x,,(¢) = ¢". (This is by continuity
of the inner product on L*(T).) But (Sy, x») = a, once N > |n| by orthonormality of the y,,
and hence the limit is a,,. That is F'(n) = a,,. O

2.6.9 Corollary (Riemann Lebesgue lemma). If F' € L'(T), then limj,_,« F(n) =0.

Proof. We have F' = limy_,o, oy F in L(T), or in other terms limy_, ||onF — F||; = 0 by
Fejér’s theorem (Corollary [2.6.1) applied to B = L'(T). So if ¢ > 0 is given, then we can find
N sothat [[onyF — F||; < e.
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Let H = F —oyF. Then H(n) = F(n) forn > N since oy F is a trigonometric polynomial

of degree at most IV (and so @V/F)(n) = 0forn > N). But |H(n)| < ||H|, < ¢ for all n.
Thus |F(n)| = |H(n)| < e forn > N. O

2.6.10 Remark. We cannot have uniform convergence of o F' to F unless F' € C(T) because
the oy F' are trigonometric polynomials, so that o F' € C(T), and uniform limits of continuous
functions are continuous.

But we can have pointwise converegence in some cases, that is limy_,., onF({) = F(()
for all ¢ € T (or for almost all {). For instance we say that F'(¢) has a jump discontinuity at
¢ = e?™®0 if both one-sided limits

£y _ 13 2mi(xzoth)
Flad) = lim F(etonsh)

exist. In this case, taking f(z) = (f(xd) + f(xg))/2 we have that f(z) = F(e*>™*) satisfies

h
lim [ BT f@o—T) F(zo)| dr =0 (2.6.1)
h—0+t 0 2

2.6.11 Theorem. If F' € LY(T), f(x) = F(e*™) and vy € R is a point where there exists a
value f (o) € C satisfying (2.6.1)), then

lim oy F(e2™%0) = f(x)
N—o00

Proof. We will not give this. See Y. Katznelson, An introduction to Harmonic Analysis (Dover
edition, 1976), p. 20, where it is attributed to Lebesgue. ]
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A Appendix

A.1 General measures and Fubini’s theorem

A.1.1 Definition (MA2224 Definition 3.1.2). If X is a set, then a collection > of subsets of X is
called a o-algebra of subsets of X if it satisfies

(0Alg-1) f € %
(cAlg2) E€Y = X\EeX
(0Alg-3) Ey,E,,... € Yimplies | J - | E, € X
The pair (X, ) is then called a measurable space.

A.1.2 Definition (similar to MA2224 Definition 3.2.1). If (X, Y) is a measurable space, then a
function f: X — R is called X-measurable if for each a € R

{reX:f(z)<a}=f"(~00,d]) € 2.

A.1.3 Definition (MA2224 Definition 3.1.3). If (X, ¥) is a measurable space and p: > — [0, 00|
is a function, then we call ;1 a measure on . if it satisfies

(Meas1) u(0) =0

(Meas2) (i is countably additive, that is whenever Ey, Es, ... € X are disjoint, then o (U~ E,,) =

Dot H(E).
The triple (X, 3, 1) is then called a measure space.

A.1.4 Definition. A function f: X — R s called a simple function if the range f(X) is a finite
set.

If (X, X x) is a measurable space, then we have also measurable simple functions f: X — R,
that is simple functions that are measurable.

A.1.5 Definition. If (X, X, 1) is a measurable space and f: X — [0,00) is a (nonnegative)
measurable simple function with range f(X) = {y1,%2,...,Yyn}, then the Lebesgue integral

[ [ dp is defined as
Z yiu(f {yJ

A.1.6 Definition. If (X, 1) is a measurable space and f: X — [0,00) is a (nonnegative)
measurable function then the Lebesgue integral | + J dp is defined as

/ fdu =sup {/ sdp : s simple measurable and 0 < s(z) < f(z)Vz € X}
X X
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A.1.7 Definition. If (X, Y, 1) is a measurable space and f: X — R is a measurable function f
is called integrable if [, |f|du < co. If f is integrable then [, f dy is defined as

/deuz/xﬁdu—/xfdu

where [, f7: X — R are defined by
1+ (2) = max(f(x),0) and f~(x) = max(— (), 0).

A.1.8 Definition. If (X, X)) is a measurable space and f: X — C is a function, then f is called
measurable if Re f and Im f are both measurable (R-valued functions on X).

If (X,%, p) is a measure space and f: X — C is a function, then f is called integrable if
Re f and Im f are both integrable (equivalently if f is measurable and | « |fl dp < 00) and then

we define
/fd,u:/Refdu—Fi/Imfd,u
X X X

A.1.9 Example. If (X, d) is a metric space and ¥ is a o-algebra of subsets of X that contains all
the open sets, then every continuous f: X — C is measurable.

Proof. Then v = Re f: X — R is continuous and for each a € R, u™'((—o0, al) is closed
(as the inverse image of a closed set under a continuous function). The complement X \
u~!((—o0, a]) is open, hence in ¥ by hypothesis and so u~!((—o00,a]) € ¥ by the definition
of a o-algebra.

Similarly for v = Im f. O]

A.1.10 Definition. If (X, X, i) is a measurable space and P(x) is a statement about z € X that
may be true or false for each = € X, we say that P(x) holds for almost every x € X (strictly for
p-almost every x € X) if there is a set £ € 3 with ;(£) = 0 such that

{r € X :P(x)isfalse} C F

A.1.11 Definition. If (X, X y) and (Y, ¥y ) are measurable spaces, then a subset of X x Y of the
form

AxB (A€Xx,BecYy)

is called a measurable rectangle in X x Y.
The smallest o-algebra of subsets of X x Y that contains all measurable rectangles is denoted
by x X Ey.

A.1.12 Theorem. If (X, Yy, pux) and (Y, Xy, py) are measure spaces, then there is a measure
Aon (X XY, Xx x Xy) called the product measure with the properties

(PM1) if A x B is a measurable rectangle in X x Y, then \(A X B) = pux(A)uy(B)
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(PM2) if QQ € Xx X Xy and

Q:={yeY:(r,y) €eQLQ'={re€X:(r,y) €Q}
then QQ, € XyVr € X and QY € XxVy €Y.

(PM3) if Q € ¥x X Xy and
P(x) = py(Qz), ¥(y) = px(QY)

then ¢ is measurable on (X, X.x), 1 is measurable on (Y, Xy ) and

NQ) = [ oy = [ vy

A.1.13 Theorem (Fubini’s theorem). Let (X, Yy, ux) and (Y, Xy, uy) be measure spaces,
the product measure on X x Y and f: X xY — C a function which is measurable with respect
to Xx X Dy.

Then x — f(x,y) is measurable (with respect to (X, X x)) for eachy € Y and y — f(z,y)
is measurable (with respect to (Y, Xy )) for each x € X.

If
0@ = [ 15 0)lduy(y) < o0
yey
for almost every x € X, and iffX @* dux < oo, then f is integrable.

If f is integrable, then ¢*(x) < oo for almost every v € X, ¢(x) = fer f(z,y) duy (y)
defines an integrable function on X (where we take ¢(x) = 0 when ¢*(x) = oo) and

XxY far= /X P = /zeX </y€Y f@y) duy(y)) drix ()

Similar statements hold with the roles of X and Y reversed and in particular, if f is inte-

grable, then
fd\ = f dux dpy
XxY /er </J;6X (. v) du (x)) )

For proofs, see W. Rudin, Real and complex analysis, McGraw-Hill (1974) [Chapter 7]
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A.2 Facts about L'

We need to know that L*(T) is complete in the norm || - ||; and that this is also true about L'[0, 1]
(which is the same space up to a change of variables in our definition) and L'(R).

We will also need to know that C(T) C L'(T) is dense and that C.(R) C L'(R) is dense.
(Recall that a subset of a metric space is called dense if its closure is the whole space.)

Here we outline how these are proved.

A.2.1 Definition. If (£, || - ||) is a normed space then a series in E is just a sequence ()22 ; of
terms z,, € F.

We say that the series converges in E if the sequence of partial sums has a limit — lim,, ., s,, =
lim,, o Z;;l x; exists in F, or there exists s € E so that

()

We say that a series Y~ | x,, is absolutely convergent if > | ||z, || < oc.

lim =0
n—oo

A.2.2 Lemma. Let (X,d) be a metric space in which each Cauchy sequence has a convergent
subsequence. Then (X, d) is complete.

Proof. Omitted. ]

A.2.3 Proposition. Let (E, ||-||) be a normed space. Then E is a Banach space (that is complete)
if and only if each absolutely convergent series » | x,, of terms x,, € E is convergent in E.

Proof. Assume E is complete and >~ ||z,|| < oo. Then the partial sums of this series of

positive terms
n
S = Izl
j=1

must satisfy the Cauchy criterion. That is for ¢ > 0 given there is N so that |S,, — S,,| < € holds
for all n,m > N. If we take n > m > N, then

n m
D Nl =Dl
i=1 j=1

Then if we consider the partial sums s, = Z?Zl
m > N (same N)

n
=) lul<e

j=m+1

|Sn = Sl =

x; of the series >~  x,, we see that for n >

n

2.

j=m+1

n

<3 gyl <=

j=m+1

|80 — sml| =

n m
E l’j — E ij
Jj=1 Jj=1

It follows from this that the sequence (s,)>° is Cauchy in E. As E is complete, lim,,_, s,
exists in E' and so ) > | x, converges.
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For the converse, assume that all absolutely convergent series in £ are convergent. Let
(u,)22; be a Cauchy sequence in E. Using the Cauchy condition with ¢ = 1/2 we can find
ny > O so that

n,m > ny = ||u, — unl| < 3

Next we can (using the Cauchy condition with ¢ = 1/22) find ny > 1 so that

n,m > ng = ||u, — Uyl < = 5
We can further assume (by increasing n, if necessary) that n, > n,. Continuing in this way we
can find n; < ny < ng < --- so that

n,m > nj = |u, — unl < = 5

Consider now the series ZOOZ T; = Z?;(“nj .1 — Uy, ). Itis absolutely convergent because

Z Iz = Z [ Z ~ 1<

By our assumption, it is convergent. Thus its sequence of partial sums
J
= Z(U"J'H — Up;) = Un,y, ) — Un,
j=1
has a limitin F (as J — oo). It follows that

lim wy,,,, = tp, + hm (un”l — Up, )

J—00
exists in £. So the Cauchy sequence (u,,)5°; has a convergent subsequence. By Lemma
E is complete. D

A.2.4 Theorem. (L'[0,1],] - ||1) is @ Banach space.

Proof. We have discussed the fact that it is a normed space earlier.
To show completeness, we use Proposition I | fallh < oo, let

= lim Z|fn (z €[0,1])

with the understanding that h(z) € [0, +oc]. By the monotone convergence theorem

/[o,uh(x)dﬂ(x) - Nhféo/ Z|fn )| dp(

N
.S | Ute)ldute) = im S 15l
*)Oon 1 [071] n=1
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It follows that h(z) < oo almost everywhere on [0, 1] and so we can define f(x) by taking
flx) =>2"" fu(z) when h(x) < oo (and say f(z) = 0if h(z) = o0).

This f(z) will be measurable and integrable because |f(z)| < h(z) (and so f € L'[0, 1)).
We also have

‘f(w)—an(x) = > f@]< Y fal@)] < h(2)
n=1 n=N+1 n=N+1

for each x. The dominated convergence theorem then implies that

N N
lim |lf = f) = lim . f@) = fal@)| dp(x)
n=1 1 ’ n=1
N
- / Jim | f(@) = fule)| dpz) =0
[0’1} = n=1

Thus each absolutely convergent series in L'[0, 1] converges and so the space is complete (by

Proposition [A.2.3)). O
A.2.5 Remark. The same proof works for L!(R).

A.2.6 Theorem (Lusin’s theorem). Suppose that f: [0, 1] — C is measurable and M = sup,¢o 1) | f(7)] <
oo. If € > 0 is arbitrary, then there is a continuous h: [0,1] — C such that

(a) p({z €10,1] : f(z) # h(x)}) <&, and
(b) sup,cpoq [h(z)| < M.

A proof can be found in W. Rudin, Real and complex analysis, McGraw-Hill (1974) [Theo-
rem 2.23].

A.2.7 Corollary. C(T) C L(T) is dense (or, more formally, the equivalence classes in L'(T)
which have a continuous element are dense).

Proof. We will show instead that CP[0,1] = {f € C[0,1] : f(0) = f(1)} is dense in L'[0, 1]
(which is equivalent in view of our definitions 1.1.18, 1.2.23 and [2.2.6).

Although there is a distinction between C' P[0, 1] and C[0, 1], this distinction turns out to
be not important in this proof, because C[0, 1] is contained in the closure of C'P|0, 1] in the
| - |ls norm. If f € CJ0,1] we can define f,, € CP|0,1] by saying that f,(z) = f(z) for
0<z<1-(1/n)and f,(z) is linear on the remainder, matching f(0) at x = 1, that is

Fu(z) = <1—$> f(1—%)+ <$) F0) (-—Y<z<i)

n

n

n

Then || f, — f|l1 = ff_l/n |fu(z) — f(z)|dz — 0asn — oo.
Thus if we establish that C[0, 1] is dense in L'[0, 1], it will follow that C' P[0, 1] is dense.
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If we consider first f € L[0,1] (or a representative f € £'[0, 1] of its almost everywhere
equivalence class) such that M = sup,cq)|f(z)| = M < oo, then we can apply Lusin’s
theorem [A.2.6) with ¢ = 1/n to find f, € C[0,1] with || fu|lec < M and p({z : f(z) #
fn(z)}) < 1/n. Then

Vo — £l :téumm»—ﬂwmmm

- / fale) — f(@)] dp(x)
{z:f(x)Zfn(x)}

< p({z: f(z) # ful@)})2M < %

(using | f(z) — f(2)] < [fu(2)] + [ f(2)] < 2M).
For general f € L0, 1], let h,(z) = f(x) for |fu(x)| < nand h,(z) = 0 for | f,.(z)| > n.
Then h,, € L[0,1] and h,, is in the closure of C|0, 1] by the previous paragraph. We have

1w — £l :‘Aumam—f@wmu>
= [ hale) - fe)] dut)
{z:[f(z)|>n}

:¢/ (@) du(z)
{z:|f(x)|>n}

_ Amxwmme@V@WM@)

— Oasn — >

by the dominated convergence theorem. (Here the notation x g denotes the characteristic function
of a subset E.) It follows that f is in the closure of C'[0, 1], hence that C[0, 1] is dense. O

A.2.8 Definition. If (X, d) is a metric space, the a completion of (X,d) is a complete met-
ric space (Y, p) together with a distance-preserving map a: X — Y (i.e. one that satisfies
d(z1, ) = p(a(zy), axs)) for x1,z9 € X) such that (X ) is dense in Y.

A.2.9 Remark. For each y € Y there is a sequence (z,,)5°; such that lim, . a(z,) = v.
The sequence (z,,)7°, must be a Cauchy sequence and if (z/,)°°, is another choice of such a
sequence then lim,, ., d(z,, z),) = 0. This latter relation is an equivalence relation on Cauchy
sequences in X and the points of Y must correspond bijectively to equivalence classes of Cauchy
sequences in X. This allows one to construct a completion and to show that all completions of
X are ‘essentially’ the same.

One often treats the completion Y as ‘containing’ the original metric space, so that the map
a becomes inclusion.

A.2.10 Corollary. L'(T) with the distance arising from the norm || -||1 is the completion of C(T)
with the same distance.
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L0, 1] is the completion of C'P[0,1] and of C|0,1] (in the distance arising from the norm
- 110
A.2.11 Theorem. (L'(R),| - ||1) is a Banach space.

C.(R) is dense in L*(R) and L*(R) is the completion of C.(R) (in the distance arising from
the norm || - ||1).

Proof. The proof of completion is basically identical to that of Theorem[A.2.4]

The proof that C..(R) is dense relies on Lusin’s theorem more or less as in Corollary
but one has to reduce to L![— N, N| and continuous functions supported in [N, N]. This is not
hard because if f € L'(R), then

Aim [ x-vmy = fll =0

by the dominated convergence theorem. O]
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A.3 Facts about L2

We defined L?(T) in Examples Here we repeat the definition a little more formally. Recall
that KK denotes one of R or C. We usually deal with the case K = C but the definitions and
results in this section are also valid over R, with the same proofs.

A.3.1 Definition. The space £2[0, 1] is the space of measurable f: [0, 1] — K such that
| 1f@P dute) < o0
[0,1]

We define a ‘magnitude’ || f||» for £2[0, 1] as the square root of the above integral.

The space L£2(T) is the space of measurable F': T — K such that f(z) = F(e*™®) is in
£2[0,1]. We define ||[F||2 = || f]|2-

The space £?(R) is the space of measurable f: R — K such that

/R F@)P dulz) < oo

1/2

We define [|f] for f € L2(R) as [1flla = (fy |/ dn) "
A3.2 Lemma. If (V, (-, -)) is an inner product space, then ||v|| = +/(v,v) defines a norm on V.

Proof. We take this as familiar. (See Lemma 1.1.4.6.) The triangle inequality follows from
the Cauchy-Schwarz inequality |(v, w)| < \/(v,v)+/{w,w), which holds for v,w € V. The
inequality follows from (v 4+ Aw, v + Aw) > 0 by choosing a suitable \ € K. O

A.3.3 Proposition. £%([0,1]) is vector space over K and || - ||5 is a seminorm on the space.
The associated normed space L*([0,1]) = L([0,1])/{f : ||fll2 = 0} is an inner product
space with inner product given by

(f;hy = f@)h(x)dp(x)
(0,1]
Proof. 1t is quite straightforward that \f € £2([0,1]) if f € £%([0,1]) and A € K, also that

[Afll2 = ALl
If f,h € £2([0,1]), then

[f(@)h(@)] < S(1f(2)]” + [a(@)[)

N | =

and it follows that f(z)h(x) is integrable. As

£ (@) + h(@)* = (f(2) + h(2))(f(2) + h(z)) = (@) + f(@)h(x) + h(x) f(x) + |h(z)]"

it follows then that | f + h|? is integrable and f + h € L£2([0, 1]). So £%(]0, 1]) is a vector space.
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The subset {f € L£2([0,1]) : ||f|l2 = 0} coincides with those f € L£2([0,1]) such that
f(x) = 0 almost everywhere and it can be checked that this is a vector subspace. So L?[0,1] is a
vector space quotient, hence a vector space.

We also have observed that the integral giving ( f, h) makes sense for f, h € £2([0,1]).

It is easy to check that the function (-, -) satisfies the properties of an inner product, except
that (f, f) = 0 only implies that f(z) = 0 almost everywhere. It then follows as in the proof
of Lemmathat I fll2 = \/{f, f) defines a seminorm on £?([0, 1]) and that the analogue of
the Cauchy-Schwarz inequality |(f, )| < || f||2||»||2 holds for f, h € £L2([0,1]).

If f(x) = f1(z) almost everywhere and h(x) = hy(z) almost everywhere, then f(z)h(z) =
fi(z)hi(x) almost everywhere and so (f, h) can be defined for almost everywhere equivalence
classes of f,h € L£2([0,1]), that is for f,h € L*([0,1]). Then (L*([0,1]),{-,-)) is an inner

product space and || f||> = \/(f, f) is anorm on L?[0, 1]. O

A.3.4 Theorem. (L?[0,1], ] - ||2) is @ Banach space.

Proof. Following the lines of proof of Theorem we take an absolutely convergent series
>0 | fa, Where f,, € L?[0.1] for each nand > || ful]2 < oc.

Let
Z|fn )| € [0, 00].

By the monotone convergence theorem
2
h(z)*du(zr) = lim \fn dp(x)
- 2 ]
n= 2
N 2
< 1
< lim @anuz)

where we have used the triangle inequality for || - ||2 plus ||| fu|ll2 = || full2-
Now proceed almost exactly as in proof of Theorem by taking f(z) = > fu(x)
almost everywhere. From |f(z)| < h(z) we get f € L£*0,1] and then use the dominated

= 0. ]

convergence theorem to show limy_, H f— ZnNzl I

A.3.5 Corollary. L*(T) is a Banach space.
A.3.6 Theorem. C P[0, 1] is dense in L?[0,1].

Proof. This follows from Lusin’s theorem in a way that is very similar to the proof of Corol-

lary =
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A.3.7 Corollary. C(T) C L*(T) is dense (or, more formally, the equivalence classes in L*(T)
which have a continuous element are dense).
L*(T) with the distance arising from || - ||5 is the completion of C'(T) with the same distance.

Proof. This is really just a restatement of Corollary[A.3.6|and Theorem[A.3.4] O
We can also show, as in Theorem [A.2.T1] that there is are similar results for functions on R.

A.3.8 Theorem. (L?(R), || - ||2) is @ Banach space.
C.(R) is dense in L*(R) and L*(R) is the completion of C.(R) (in the distance arising from
the norm || - ||2).

Changes 2/11/2017: Fix typos in Definition [A.3.1] Add remark in proof of Lemma[A.3.2] Re-
move obsolete Remark before Proposition

Changes 27/11/2017: Add word Banach in Definition[2.4.1] Add remark in Definition[2.4.3]
Fix comment following Definition[2.5.1] Clarify proof of Proposition [2.53.2}2 Fix typo in Corol-

lary[2.6.5] Fix typo in Definition
Richard M. Timoney (November 27, 2017)
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