MA3422 (Functional Analysis 2) Tutorial sheet 1
[January 26, 2017]

Name: Solutions

1. If V is an inner product space, show that the triangle inequality holds (for the norm arising
from the inner product). [Hint: Use Cauchy-Schwarz.]

Solution: For x,y € V we have

lz+yl> = (z+y,z+y)

(,2) + (z,y) + (v, 2) + (¥, y)
[2]1* + 2 Re(z, y) + [ly]|*

)1 + 2[{z, y)| + [lyl*

)1 + 2l ly]l + lylI”

(using Cauchy-Schwarz)

([l + llylh
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Taking square roots we get ||z + y|| < ||z|| + ||y]|-
2. In H = L?[0, 1] use the Gram-Schmidt process to find an orthonormal basis for
span{1, sin 7z, cos T }.

Solution: Let 11 (z) = 1, 9(x) = sinwz and ¥3(x) = cos .

The first step in Gram-Schmidt is to take ¢, = 11 /||¢1]| and so we need to compute

1ll = v/(or, dr) = ,//0 12dr = VI=1.

So ¢1({L‘) =1.
For ¢ we compute 1) — (19, 1) and normalise. But
! — ! ~1 b 1 2
(e, 1) = / ()1 () dx = / sin7mx dr = {— cos wx} = —cosm+—cos0 = —
0 0 T o T 7r T



So ¢, is got by normalising ¢y — ()9, ¢1) = sinma — 2/7 and

e = (o 00) | = /(i — (W, 1), {462 — (0 61))

_ \//Ol(sinmv —9/m)?dx

= \/sin2 mx — (4/m)sinmx + 4/72 dx
= /(1/2)(1 — cos 27x) — (4/7)sin7a + 4/72 dx
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Thus
bolz) = sinx — 2/7

For ¢3 we compute 15 — (13, o) da — ()3, P1)¢P1 and normalise. Now
1 1 1

(w3,1>:/ cosmx dr = [—sinmv] =0—-0=0
0 ™ 0

and

! ' ~1 P11
<77D3,Sin71'5(3>:/0 COSWxsinﬂmdx:/o isin27rxdx: Ecos?wx OZE_E:O

Thus (13, ¢1) = 0 and (13, p2) = 0. So we need to normalize 3 to get p3 = 13/]|¥s]].
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& 0
Thus ¢3 = V2 cos .
{b1, P2, 03} = {1, %, V2 cos T} is the result of Gram-Schmidt.
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